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varks and leptons
nd their interactions

; igh energy particle physics is concerned with the study of the fundamental
ponstituents of matter and the interactions between them. Experiments in this
ficld have been carried out with giant accelerators and their associated detection
pquipment, Which have probed the structure of matter down to very small scales,
bf order 10~!7 m, which is about one hundredth of the radius of a proton.
In contrast, astrophysics is concerned with the structure and evolution of the
hniverse in the large, including the study of the behaviour of matter and radiation
bn enormous scales, up to about 10%° m. Experimental observations have been
Inade with telescopes on the Earth or on satellites, covering the visible, infrared,
hnd ultraviolet regions of the spectrum, as well as with detectors of radio waves,
; -rays, y-rays, and neutrinos. These have revealed an astonishing range of
Bxtra-terrestrial phenomena from the most distant regions of the cosmos. The
bject of this text is to show how studies of particles on a laboratory scale have

Iped in our understanding of the development of the universe, and conversely,
ow celestial observations have, in turn, shed light on our understanding of
article interactions. Although, in this chapter, we discuss the constitution of

d lepton constituents of matter. The unit of length is the femtometre (1 fm =
0= m), an appropriate unit because, for example, the charge radius of a
omposite particle such as a proton is 0.8 fm. The typical energy scale is the
iga-electronvolt (1 GeV = 10° eV); for example, the mass energy equivalent
f a proton is Mpc2 = 0.938 GeV. Table 1.1 lists the units employed in high
nergy physics, together with their equivalents in SI units. A list of appropriate
hysical constants is given in Appendix A.

In the description of particle interactions at the quantum level, the quantities
and c¢ frequently occur, and it is often convenient to employ the so-called
atural units, which set 4 = ¢ = 1. Having chosen these two units, we are free
0 specify one more unit, which is taken as that of energy, the GeV. The unit of
fnass is then Mc?/c? = 1 GeV, of length Aic/Mc? = 1 GeV~! = 0.1975 fm,
Tnd of time, ic/Mc® = 1 GeV~! = 6.59 x 10~ s,
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2 Quarks and leptons and their interactions

Table 1.1 Units in high energy physics

Quantity High energy unit Value in ST units

Length 1fm 10715 m

Energy 1GeV 1.602 x 10710 §

Mass, E/c? 1 Gev/c? 1.78 x 10727 kg

h=h/2n 6588 x 1072 GeVs 1.055 x 1073*Js
c 2:998 x 102 fms™!  2.998 x 108 ms~!
he 0.1975 GeV fm 3.162 x 1072 I m

1.2 Quarks and leptons @

In the so-called Standard Model of particle physics, which is strongly supported
by extensive laboratory experiments and is further discussed in Chapter 3, the
material universe is assumed to be built from a small number of fundamental
constituents, the quarks and the leptons. The names of these, together with their
electrical charges are given in Table 1.2. All these particles are fermions, that is,
they have half-integral intrinsic angular momentum or spin, %h For each of the -
particles in the table there is an antiparticle, with the opposite value of electric
charge and magnetic moment, but with identical mass and lifetime to those of *
the particle. For example, the positron (see Fig. 1.2) e is the antiparticle of
the electron, e™. In contrast to the proton and neutron, which are extremely
small but nevertheless extended objects, the quarks and leptons are considered
to be pointlike: as far as we know today, they are truly elementary and are not
composed of other, even more fundamental entities.

Let us first consider the leptons, of which the electron is familiar to everyone.
The muon p and the tauon t are heavier, highly unstable versions of the electron,
with mean lifetimes of 2.2 x 1076 s and 2.9 x 10713 s, respectively. Associated
with each charged lepton is a neutral lepton, called a neutrino, denoted by
the generic symbol, v. A different neutrino ve, vy, or v is associated with
each different type or flavour of charged lepton. For example, in nuclear beta
decay, a (bound) proton in a nucleus transforms to a neutron together with a
positron e, which is emitted together with an electron-type neutrino, that is,
p = n+et 4 ve. In a subsequent interaction, this neutrino may transform into

an electron, that is, v +n — ™ + P, but not into a chareed muon or tauon

1 CICCUOL, Al 1S UL 0 1IN0 a ChAlged MU0 O 1auln
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(see Fig. 1.1 for examples of such transformations).

All the particles (and their antiparticles) in Table 1.2, with the exception of the
neutrinos, are fermions with two spin substates each; relative to the momentum
(z-)axis, the spin components are s, = j:%h. However, a neutrino has only one
spin state, s; = —%Fz, while an antineutrino has s, = +%h only. This fact, and
the violation of parity in weak interactions is discussed in Sections 3.4 and 3.5.

The quarks in Table 1.2 have fractional electric charges, of +2|e| /3 and —|e|/3
where |e| is the numerical value of the electron charge. As for the leptons, the
masses increase as we go down the table (see also Tables 1.3 and 1.4). Apart
from charge and spin, the quarks, like the leptons, have an extra internal degree
of freedom, again called the flavour. The odd names for the various quark
flavours—‘up’, ‘down’, ‘charm’ etc.—have arisen historically. Just as for the
leptons, the six flavours of quark are arranged in three doublets, the components
of which differ by one unit of electric charge.






4 Quarks and leptons and their interactions

of the strong force between the quarks that they are always found assocmted in
quark composites called hadrons. These are of two types: baryons consist of
three quarks, QQQ, while mesons consist of a quark—antiquark pair, QQ. For
example,

While the Ienmnq exist as free particles, t he uarks do not. Ttis ap CJ_]]@_I‘i[y

Proton =uud Neutron=ddu

Pion: nt =ud, n~ =ud

The common material of the world today is built from u and d quarks, forming
the protons and neutrons of atomic nuclei, which together with the electrons e~
form atoms and molecules. The heavier quarks c, s, t, and b are also observed
to form baryon composites such as sud, sdc, . .., and mesons such as bb, cc,
cb, ..., but these heavy hadrons are all highly unstable and decay rapidly to
states containing u and d quarks only. Likewise, the heavier charged leptons p
and t decay to electrons and neutrinos. These heavy quarks and leptons can be
produced in collisions at laboratory accelerators, or naturally in the atmosphere
as a result of collisions of high energy cosmic rays. However, they appear
to play practically no role in today’s relatively cold universe. For example,
while several hundred high energy muons (coming down to earth as secondary
components of the cosmic rays) pass through everyone each minute, this is a
trivially small number compared with the human tally of electrons, of order
10?8, Of course, we believe that these heavier flavours of quarks and leptons
would have been as prolific as the light ones at a very early, intensely hot stage
of the Big Bang, when the temperature was such that the mean thermal energy
kT far exceeded the mass energy of these particles. Indeed, it is clear that the
type of universe we inhabit today must have depended very much, in its initial
evolution, on these heavier fundamental particles.

The masses of the quarks and leptons are given in Tables 1.3 and 1.4. The
masses shown for neutrinos in Table 1.3 are upper limits deduced from energy
and momentum conservation in decays involving neutrinos (e.g. from the kin-
ematics of the decay m — w + v,). Indirect evidence, from oscillations of
neutrino flavour in very long baseline experiments, described in Sections 6.8
and 6.9, indicates neutrino masses that are very much smaller than the limits
given in the table,

As discussed below, the quarks are held together in hadrons by the gluon |
carriers of the strong force, and the ‘constituent’ quark masses in Table 1.4 ¥
include such quark binding effects. The u and d quarks have nearly equal masses -

= (each of about one-third that of the nucleon) as indicated by the smallness of the
neutron—proton mass difference of 1.3 MeV/c2. Isospin symmetry in nuclear
physics results from this coincidence in the light quark masses. '

High energy scattering experiments often involve ‘close’ collisions between .
the quarks. In this case, the quarks can be temporarily separated from their |
retinue of gluons, and the so-called ‘current’ quark masses which then apply
are smaller than the constituent masses by about 0.30 GeV/c?. So the current u
and d quark masses are a few MeV/c? only.

In the strong interactions between the quarks, the flavour quantum number
is conserved, and is denoted by the quark symbol in capitals. For example.
a strange s quark has a strangeness quantum number § = —1, while a strange
antiquark § has S = +1. Thus, in a collision between hadrons containing u and
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6 Quarks and leptons and their interactions

Suppose, for example, that it were possible to put two identical fermions in the
same quantum state. Then, under interchange, 1 would not change sign, since
the particles are indistinguishable. However, according to the above rule 1 must
change sign. Hence two identical fermions cannot exist in the same quantum
state—the famous Pauli Principle. On the other hand, there are no restrictions
on the number of identical bosons in the same quantum state, an example of -
this being the laser. :

One exciting development in connection with theories unifying the fun-
damental interactions at very high mass scales, has been the postulate of a =
fermion—boson symmetry called supersymmetry. For every known fermion
state there is assigned a boson partner, and for every boson a fermion part-
ner. The reasons for this postulate are discussed in Chapter 3, and a list of
proposed supersymmetric particles given in Table 3.2, At this point we content §
ourselves with the remark that supersymmetric particles created in the early
universe could be prime candidates for the mysterious dark matter which, as
we shall see in Chapter 4, constitutes the bulk of the material universe. However,
at the present time there is no direct experimental evidence for the existence of

supersymmetric particles. = Fig,
mol
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1.4 Antiparticles

In 1931, Dirac wrote down a wave equation describing an electron, which had
four solutions. Two of these were for the electron, and corresponded to the
two possible spin substates with projections s, = +%h and —%h along the
quantization axis. The other two solutions were attributed to the antiparticle,
with properties similar to that of the electron except for the opposite value of
the electric charge. These predictions followed from the two great conceptual
advances in twentieth century physics, namely the classical theory of relativity
and the quantum mechanical description of atomic and subatomic phenomena.

The relativistic relation connecting energy E, momentum p, and rest mass
mis

E? =pzc2 + m?c* (1.1)

(The reader is referred to Appendix B for a summary of relativistic transforma-
tions.) From this equation we see that the total energy can, in principle, assume
both negative and positive values:

E = +,/p2c?2 + m2ct (1.2)

While in classical mechanics negative energies appear to be meaningless, in
quantum mechanics we represent a stream of electrons travelling along the
positive x-axis by the plane wavefunction

Et — px

where the angular frequency is w = E/k, the wavenumber is k = p/h, and
A is a normalization constant. As 7 increases, the phase (Er — px) advances in
the direction of positive x. However, (1.3) can equally well represent a particle
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Fig. 1.2 The discovery of the positron by Anderson in 1932, in a cloud chamber operated at a
mountain station to investigate the cosmic rays. The cloud chamber consists of a glass-fronted
cylindrical tank of gas saturated with water vapour. Upon applying an expansion by means of a
piston at the rear of the chamber, the gas cools adiabatically, it becomes supersaturated and water
condenses as droplets, especially on charged ions created by the passage of a charged particle. A
magnetic field applied normal to the chamber plane allows the measurement of particle momentum
from the track curvature. Note that this curvature is larger in the top half of the chamber, because
the particle loses momentum in traversing the central metal plate. Hence, it was established that
the particle was positive and travelling upwards, and that its mass was very much less than that of
a proton, and consistent with that of the electron. Since Anderson’s experiment, many other types
of antiparticles have been observed, including the antiproton in 1956 and the anti-hydrogen atom
in 1995.

of energy —E and momentum —p travelling in the negative x direction and
backwards in time, that is, replacing Er by (—E)(—f) and px by (—p)(—x):

E>0 E <0

t1— b t < B (2 > 1)

A stream of negatively charged electrons flowing backwards in time is equival-
ent to a positive charge flowing forwards, thus with E > 0. Hence, the negative
energies are formally connected with the existence of a positive energy anti-
particle e, the positron. This particle was first observed by Anderson in 1932,
quite independently of Dirac’s prediction (see Fig. 1.2). The existence of anti-
particles is a general property of both fermions and bosons, but for fermions
alone there is a conservation rule. One can define a fermion number, +1 for a
fennion and —1 for an antifermion and postulate that the total fermion number
is conserved. Thus, fermions can only be created or destroyed in particle—
antiparticle pairs, such as eTe™ or QQ. For example, a y-ray, if it has energy
E:> 2mc? where m is the electron mass, can create a pair (in the presence of
&0'atom to conserve momentum), and an ete~ pair can annihilate to y-rays.
As another example, in massive stars reaching the supernova phase, fermion

llm_l)ber conserving reactions such as et + e~ — v + ¥ are expected to be
commonplace.

1.4 Antiparticles 7




8 Quarks and leptons and their interactions

1.5 The fundamental interactions:
| boson exchange

The elementary fermions—the quarks and leptons—are postulated to interact
! via the exchange of boson mediators, the boson carrying momentum from one
1 fermion to the other. The rate at which momentum is exchanged in this way
provides the force between the interacting particles. There are four known types
of interactions, each with its characteristic boson exchange particle. They are
as follows:

e The electromagnetic interaction occurs between all types of charged
particles, and is brought about by the exchange of a photon, with spin 1
and zero mass.

| o The strong interactions occur between the quarks, via exchange of the
gluon, a particle again with spin 1 and zero mass. Such interactions are
responsible not only for the binding of quarks in hadrons but also for the
force holding neutrons and protons together in atomic nuclei.

e The weak interactions take place between all types of quarks and leptons.
They are mediated by the exchange of weak bosons, W and Z°. These
particles are also of spin 1 but have masses of 80 GeV and 91 GeV,
respectively. Weak interactions are responsible for radioactive beta decay
of nuclei.

¢ The gravitational interactions take place between all forms of matter or
radiation. They are mediated by the exchange of gravitons, of zero mass
but spin 2.

For orientation on the magnitudes involved, the relative strengths of the
. different forces between two protons when just in contact are approximately

! Strong 1

; Electromagnetic 1072

’ (1.4)
Weak 1077
Gravitational 1073

It turns out that the electromagnetic and weak interactions are in fact different
aspects of a single electroweak interaction, as described below.

Figure 1.3 shows diagrams depicting the above exchange processes, and
Table 1.5 lists some of the properties of the interactions. In these diagrams
_ (called in a more sophisticated form, Feynman diagrams after their inventor)
: solid lines entering or leaving the boundaries represent real particles—usually,
quarks or leptons—with time flowing from left to right. The arrows along
these lines indicate the direction of fermion number flow. An arrow indicating
an electron flowing backwards in time is equivalent to a positron (i.e. anti-
fermion) moving forwards: the convention is to use such time-reversed arrows
g for antiparticles.

Wavy, curly, or broken lines run between the vertices where the exchange
interactions take place, and they represent the mediating bosons, which are
virtual particles; that is, they carry energy and momentum such that the mass
does not correspond to that of the free particle. To understand this, consider
for example an electron of total energy E, momentum p, and mass m being
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scattered as another electron absorbs the exchanged photon. The relativistic
relation between E, p, and m is given in (1.1), which in units ¢ = 1 is

E—p? = m?

If the electron emits a photon of energy AE and momentum Ap then
EAE —pAp=0
so that the mass of the exchanged photon is

2 2
_m?A
Am?=AE2 A= 2P

= (1.5)

Thus, as we know from common sense, a free electron cannot spontaneously
emit a real photon, and the exchanged photon mass is imaginary—hence, the
term virtual. The energy AE has been ‘borrowed’ by the photon, and this is
pemitted for a time At limited by the Uncertainty Principle: AEAt ~ h.
However, if the virtual photon is absorbed by the second electron within the
time At, energy and momentum balance can be satisfied. The quantity Am?
in ({\.5) is defined in the rest frame of the exchanged particle and is, therefore,
a reldtivisticafly invariant quantity. It is usually called ¢?, the square of the
four-momentum transferred between the electrons.

Note that, if AE is large, At is correspondingly small and the range of the
interaction Ar ~ cAr is correspondingly short. In 1935 Yukawa showed that
the interaction potential V (r) due to a spinless exchange boson of mass M had
the form (as shown in Appendix D)

1 -r
V(r) « (—) exp (—)
r ro

Where 7y = hi/Mc is the effective range of the interaction. The W- and Z-bosons
have large masses and so the range rg is very short (of order 0.0025 fm). This

(1.6a)

Fig. 1.3 Diagrams representing examples of
single quantum exchange processes in elec-
tromagnetic, strong, weak, and gravitational
interactions. (a) The electromagnetic inter-

" action between a muon p and proton p, via

photon (y) exchange with coupling e. (b) The
strong interaction between quarks Q via gluon
(G) exchange with coupling gs. (¢) The
weak interaction involving charged W boson
exchange, transforming an electron-neutrino
ve to an electron e, and a neutron (quark
composition ddu) to a proton (duu). (d) The
weak interaction involving neutral Z boson
exchange, showing a muon—neutrino v, scat-
tering from an electron, e. In both (c) and (d),
the couplings have been denoted gy, but there
are different numerical coefficients (of order
unity) associated with the W and Z exchanges,
as described in Chapter 3. (e) Gravitational
interaction between two masses M, mediated
by graviton (g) exchange. For macroscopic
masses, multiple graviton exchanges will be
involved.
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is the reason why weak interactions are so much feebler than electromagnetic.
The free photon associated with electromagnetism has rest mass M = 0 and
7o = 00 so that the value of AE of the virtual photon can be arbitrarily small
and the range of the interaction can, therefore, be arbitrarily large.

Instead of discussing the range of a static interaction, these features can be
taken into account in a scattering process by defining a so-called propagator,
measuring the amplitude for scattering with a momentum transfer q. Neglect- |
ing spin, this has the general form, following from the Yukawa potential (see |
Appendix D),

1
FE

F(g") = (1.6b)

where ¢ = AE? — Ap? is the (negative) four-momentum transfer squared in
(1.5) and M is the (free particle) rest-mass of the exchanged boson. So, for
photons M = 0, for a weak boson M = Mw and so on. The square of F &)
enters into the cross section describing the probability of the interaction, as
discussed below. As an example, for Coulomb scattering M = ( and the differ-
ential cross section do/dg? varies as 1/4%, as given by the famous Rutherford
scattering formula.

1.6 The boson couplings to fermions

1.6.1 Electromagnetic interactions

Apart from the effect of the boson propagator term, the strength of a particular §
interaction is determined by the coupling strength of the fermion (quark or‘
lepton) to the mediating boson. For electromagnetic interactions, shown in
Fig. 1.3(a), the coupling of the photon to the fermion is denoted by the electric
charge |e| (or a fraction of it, in the case of a quark), and the product of the
couplings of the two fermions to each other is

e’ = dnahe

more usually written as 47 in natural units with 4 = ¢ = 1. Here, o & 1 /137
is the dimensionless fine structure constant. The cross section or rate of a par-
ticular interaction is proportional to the square of the transition amplitude. This
amplitude is proportional to the product of the vertex factors and the propag-
ator term, that is «/|¢?| for the electromagnetic interaction, corresponding to a
factor a? /g* for the rate.

1 1.6.2 Strong colour interactions

L For strong interactions, as in Fig. 1.3(b), the coupling of the quark to the gluon
is denoted by g with gf = 4mas. Typically, o is a number of order unity.

| While in the electromagnetic interactions there are just two types of electric
. charge, denoted by the symbols + and —, as in Fig. 1.4(a), the interquark
! ;' ? interactions involve six types of strong charge. This internal degree of freedomy

i is called colour. Quarks can carry one of three colours, say red, blue or green,|
' while antiquarks carry the anticolour. Gluons, unlike photons, carry a charge.
consisting of one colour and one anticolour. As an example, Fig. 1.4(b) shows
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(@) + +  (b) r b

©

Fig. 1.4 The electromagnetic interaction in (a) involves two types of electric charge, + and — and
is mediated by an uncharged photon. In (b) the strong interquark force involves six types of colour
charge. The diagram depicts the interaction of a red quark with a blue quark via the exchange of
a red-antiblue gluon. Diagram (c) depicts two quarks, connected by a gluon ‘string’, being pulled
apart. Because of the confinement term in equation (1.7) the potential energy in the string grows
linearly with the distance, and eventually it requires less energy to create a fresh quark-antiquark
pair, involving two short strings, rather than one long one.

i
a red quark r interacting with a blue quark b via the exchange of an rb gluon. ‘

The potential between two quarks due to the colour force is usually taken to be
of the form

V (colour) = _‘5‘2‘5 +kr 1.7
r

where r is the interquark separation, to be compared with the Coulomb potential
between two unit charges of

V(Coulomb) = — % (1.8)
r

The factor % in (1.7) is a colour factor. Basically, this comes about because there
are eight possible colour-anticolour combinations of gluon (32 = 9, minus 1
which s a colourless singlet combination) to be divided between the six colours
and anticolours of quark and antiquark. Both potentials have a 1/r dependence
at small distances, corresponding to the fact that both photons and gluons are
macelans T

assiess. riowever, at larger distances the second term in (1.7) is dominant and
is responsible for quark confinement. The value of k is about 0.85 GeV fm™!.

V) Die , he j‘v,ﬁcgint

Because gluons carry a colour charge (unlike photons, which are uncharged)
is a strong gluon—gluon interaction. Thus, the ‘lines of colour force’
©en a pair of quarks, analogous to the lines of electric field between a pair : i
of charges, are pulled into a tube or string. In Fig. 1.4(c) such a gluon ‘string’
icted connecting a quark-antiquark pair. If one tries to pull apart the two i
Qoarks, the eénergy required to do so grows linearly with the string length as in 5;
(k7). and eventually it requires less energy to produce another quark-antiquark !
pair, thus involving two short strings instead of one long one. Thus even the
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"l i ‘i most violent efforts to separate quarks just result in the production of mani
I quark—antiquark pairs (mesons).

1l We may note at this point a peculiar property of the quark and lepton quantu

! 13‘5 numbers. Each of the three ‘families’ consists of a doublet of quarks of charg

I +%|e| and —%Iel, respectively, and a pair of leptons with charges —1]e| an

0. If allowance is made for the colour degree of freedom, the total charge

i the quarks is 3 x (% - %)lel = +1le| per family, while for the leptons it i
‘ ]‘ (—1 4+ 0)|e|] = —1|e|. This is true for each family, so the total electric ch

‘ of the fermions is zero. It turns out that this is a crucial property, in makin
| t the theory free of so-called ‘triangle anomalies’ and ensuring that it is reno
malizable. However, the fundamental reason for the existence of three famili
’ which are, so to speak ‘carbon copies’ of one another, is at present unknow
! It may, however, be of interest to remark that, as discussed in Chapters 2 and
|
1
|

the observed matter—antimatter asymmetry of the universe is connected wi

\
, violation of symmetry under the CP operation (charge conjugation followed
spatial inversion). In the unlikely event that the universe could be complete

described in terms of the present Standard Model of particle physics, such C
violation would imply an arbitrary phase in the quark wavefunctions, whi
could only exist if there are at least three generations.

The confining force associated with the interquark potential (1.7) has d
matic effects on the process of high energy electron—positron annihilation
hadrons. A first stage of the process is annihilation to a quark—antiquark p:
which in a second stage transforms into hadrons, ete™ — QQ — hadro
The transverse momentum of a hadron is of order 0.3 GeV/c that is, /i/a whe
i a ~ 1 fm is the force range, while the typical longitudinal momentum of a h
ron from a high energy collision is much larger; hence, the usual appearance
two oppositely directed ‘jets’ of secondary particles. Such ‘jets’ of hadrons
the nearest that one ever gets to ‘seeing’ an actual quark. It may be remark
here that the observed cross section for this process, compared with that fi
ete™ — wT~ via photon exchange at the same energy, gave the first conv.
cing evidence for the colour degree of freedom (see Fig. 1.9). Both are reactio
proceeding via photon exchange, with a rate proportional to the square of
electric charges of the particles involved. The observed two-jet event rate
consistent with that expected, provided a factor 3 enhancement was include
. ' to take account of the fact that the quark—antiquark pair could be emitted

three colours (1f or bb, or gg).
Figure 1.5 shows an event containing three, rather than two, jets of particlg
In this case one of the quarks has radiated a high energy gluon at wide ang}
- ete” — Q + Q + G. The ratio of three-jet to two-jet events clearly gives}
i measurement of the strong coupling os.

1.6.3 Weak interactions

Figure 1.3(c) and (d) show the W and Z exchanges of the weak interactio}
with couplings that we can generically denote by the symbol g,,. Thus,
product of the propagator term and the coupling would give an amplitude
this case of '




e e UL

We have made the identification here with a point coupling Gg between the
fermions involved, which Fermi had postulated in the earliest days of nuclear
beta decay (1934). In those processes |g%| <« M3, so that Gr = g%/Mg,. The
process of W exchange in Fig. 1.3(c) involves a change in the charge of the
lepton or quark, and is therefore, sometimes referred to as a ‘charged current’
weak interaction, while the Z? exchange in Fig.1.3(d) does not affect the charges
of the particles and is termed a ‘neutral current” weak interaction.

Asstated above, the electromagnetic and weak interactions are unified. The elec-
roweak model was developed in the 1960s, particularly by Glashow (1961),
Salam (1967), and Weinberg (1967). Basically, what this means is that the
couplings of the W- and Z-bosons to the fermions are the same as that of the
photon, that is gw = e. Here, for simplicity, we have omitted certain numencal

. flﬂors of order unity. If one inserts this equality in (1.9) for the limit of low q*

obtains the expected large masses for the weak bosons:

e dna
My 7 ~ = | —— ~ 100 GeV 1.10
W.Z 7o VG (1.10)

e the value of Gr = 1.17 x 10~> GeV~? has been inserted from the meas-
irate for muon decay (see also Table 1.5). So what (1.9) and (1.10) are
us is that, although the photons and the weak bosons have the same

Wfﬂgs to leptons (to within a constant), the effective strength of the weak
ion is much fess than that of the electromagnetic interaction because
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Fig. 1.5 Example of hadron production
following e&*e~ -annmihilation observed in
the: JADE detector at the PETRA collider
at DESY, Hamburg. The total centre-of-
momentum energy is 30 GeV. Trajectories of
charged pions are shown as crosses, and of y-
rays from decay of neutral pions as dotted
lines. The y-rays are detected when they pro-
duce electron—photon showers in lead glass
counters. Note the collimation of the had-
rons into three distinct ‘jets’. (Courtesy DESY
laboratory.)
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i Fig. 1.6 One of the first examples of the production of a W boson at the CERN proton—antiproton
"‘ collider in 1983. This reconstruction is of signals from drift chamber detectors surrounding the
‘ horizontal vacuum pipe: 270 GeV protons coming from the right collided with 270 GeV antipro-
tons from the left. Among the 66 tracks of secondary particles, one, shown by the arrow is an
il energetic (42 GeV) positron identified in a surrounding electromagnetic calorimeter. This positron
: has transverse momentum of 26 GeV/c, while the missing transverse momentum in the whole
il event is 24 GeV/c in the opposite sense, consistent with that of a neutrino, produced in the decay
W= — et + v, (from Arnison et al. 1983).

the larger mediating boson mass implies a much shorter range for the interac-

; tion. Because of this difference in boson masses, from zero for the photon to
f 80-90 GeV for the weak bosons, the electroweak symmetry is a broken sym-
metry. Figure 1.6 shows an example of the first observation of a W particle, in
proton—antiproton collisions in 1983. Electroweak interactions are described in
detail in Chapter 3.

1.6.5 Gravitational interactions

Finally, Fig. 1.3(e) depicts the gravitational interaction between two masses,
via graviton exchange. The force between two equal point masses M is given
by GM?/r* where r is the separation and G is the Newtonian gravitational
constant. Comparing with the electrostatic force between two charges |e| of
€% /r?, the quantity GM? /kic is seen to be dimensioniess. If we take as the unit
j of mass Mc? = 1 GeV, then,

M :
%EE =53x107% (1.11a)

to be compared with
- e 1
4mhe  137.036

: Thus, for the energy or mass scales of GeV common in high energy physics]
i experiments, the gravitational coupling is negligible. Of course, on a macro-
scopic scale, gravity is important and indeed dominant, because it is cumulative:§
, since all particles with energy and momentum are attracted by their mutual gravi
‘ itation. Thus, the gravitational force on a charged particle on the Earth’s surfac§§
is the sum of the attractive effects of all the matter in the Earth. Since the E ‘
{ is electrically neutral, however, the enormously larger electrical force due to al§
‘ the protons in the Earth is exactly cancelled by the opposing force due to
electrons.

(1.11b)
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However, even on subatomic scales the gravitational coupling can become i
strong for hypothetical elementary particles of mass equal to the Planck mass,
defined as

e R R IR R A T

he 1/2
Mp = (5) = 1.2 x 10'° GeV/c? (1.12)

The Planck length is defined as Lp;, = #/MpLc, that is, the Compton wavelength

£ narticle of Planck mass. Two nointlike narticles each of the Planck mass and
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separated by the Planck length would, therefore, have a gravitational potential
energy equal to their rest masses, so quantum gravitational effects can become
important at the Planck scale.

“'We should emphasize here that, although we have drawn a parallel between |
the inverse square law of force between point charges and point masses in
(1.11) and (1.12), there is a fundamental difference between the two. Due
to the attractive force between two masses, the latter can acquire momentum
and kinetic energy (at the cost of potential energy), which is equlvalent to
an increase in the effective mass through the Einstein relation E = mc?, and
©  thence in the gravitational force. For close enough encounters, therefore, the
force will increase faster than 1/72. Indeed, one gets non-linear effects, which
i§ one of the problems in formulating a quantum field theory of gravity. The
effects of gravitational fields (including the non-linear behaviour) are enshrined
in the Einstein field equations of general relativity, which interpret these effects
in terms of the curvature of space. In this book, we do not discuss the general
theory of relativity, which would require a text on its own, although we shall
where necesssary quote predictions from it.

While for the strong, electromagnetic and weak interactions, there is direct
laboratory evidence for the existence of the mediating bosons—gluons, photons,
and weak bosons, respectively—so far, the direct detection of gravitational
waves (gravitons) has escaped us. Even the most violent events in the universe
* are expected to produce only incredibly small (10~ 22y fractional deviations in

detecting apparatus on Earth, caused by the compressing and extending effects
of gravitational radiation. However, indirect evidence from the slow-down rate
of binary pulsars discussed in Section 6.13, shows that gravitational radiation
does indeed exist, and at exactly the rate predicted by general relativity.
At this point, we may note in passing that the gravitational, electromag-
. netic and strong interactions can all give rise to (non-relativistic) bound states.
{5 A planetary system is an example of gravitational binding. Atoms and molecules
j . are examples of b1nd1ng due to electromagnetic interactions, while the strong
Interquark forces lead to three- -quark (baryon) states as well as quark—antiquark

bﬁlﬁd states—for example, the ¢ meson ss and the J/{ meson cC, appearing

I‘monances in electron—positron annihilation at the appropriate energy (see
‘ Pig. 1.9). Strong interactions are of course also responsible for the binding of
, atomic nuclei. The weak interactions do not lead to any bound states, because
§  ofthe rapid decrease of the potential with distance as mentioned above.

T S AR R TR
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ns, mediated by a weak boson of mass M and weak couplmg gw




To summarize this section, the characteristics o
are listed in Table 1.5 (page 5).

1.7 The quark-gluon plasma

As already stated, laboratory experiments indicate that quarks do not exi
as free particles, but rather as three-quark and quark-antiquark bound stat,

stages (the first 25 s) of the Big Bang would have certainly resulted in su
a state existing, before the temperature fell as the expansion proceeded and
quark—gluon ‘soup’ froze out into hadrons.
Attempts have been made over the years to reproduce the quark—gluon plas
in the laboratory, by making head-on collisions of heavy nuclei (e.g. lead g
lead) accelerated to relativistic energies. The critical quantity is the ener,
density of the nuclear matter during the very brief (1073 g) period of th
collision. Inlead-lead collisions at 0.16 GeV per nucleon in each of the collidin
beams, a threefold enhancement has been observed in the frequency of strang
particles and antiparticles (from creation of s§ pairs) as compared with proton
lead collisions at a similar energy per nucleon. Obviously, present and futuf
studies of such plasma effects in the laboratory (specifically at the RHIC hea
- ion collider at Brookhaven National Laboratory, and the Large Hadron Collidé

at CERN), could be very important in shedding light on exactly how the ea _
universe evolved. {

| 1.8 The interaction Cross section

i The strength of the interaction between two particles, for example in &
[[ ! two-body — two-body reaction ]

a+b—>c+d
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is specified by the interaction cross section o defined as follows. Suppose the

particles a are in a parallel beam, incident normally on a target of thickness dx

containing ny, particies of type b per unit volume (see Fig. 1.7). If the density of »
incident particles is n, per unit volume, the flux—the number of particles per ¢ >
unit area and per unit time—through the target will be >

i = nav; (1.13)

where v; is the relative velocity of beam and target. If each target particle has
an effective cross section of ¢, then the fraction of the target area obscured, and . o e
ire .. . . ° .. Fig. 1.7 Diagram indicating a beam of
the probability of collision, will be o ny, dx. The reaction rate per unit time @d particles of type a incident on a target con-
per unit area of the target will then be $io ny dx. Per target particle the reaction  taining particles of type b.
rate will be
W = ¢io (1.14)

so that the cross section is equal to the reaction rate per target particle and
per unit incident flux. Cross sections are measured in units called the barn:
Ibarn = 1b = 1072 m?2. This is roughly the geometric area of a nucleus of
mass number A = 100. Appropriate units in particle physics are the millibarn
(1 mb = 1073 b), the microbarn (1 ub = 10-6 b), the nanobarn (1 nb =
10=? b), and the picobarn (1 pb = 10"12p).

The quantity W is given by an expression from (non-relativistic) perturbation
dnory, usually referred to as ‘Fermi’s Second Golden Rule’, and derived in

staindard texts on atomic physics. It has the form
2w
W = 1Tl pr (1.15)

where the transition amplitude or matrix element T; ¢ between initial and final
states is effectively an overlap integral J YUY dV between initial and final
state wavefunctions brought about by the interaction potential U. The quantity
pr = dN /dEx is the energy density of final states, that is, the number of states
in phase space available to the Product particles per unit interval of the final
state energy Er. The number of states in phase space available to a particle in
the momentum interval p — P + dp and directed into the solid angle dQ2 and
enclosed in a volume V is

dpdQ
(2mth)3

Inthe reaction a+b — c+d, the final state wavefunction ¥¢ will be the product
wavefunction v 14, so that to ensure that we end up with just one particle of
¢each type when we integrate over the volume in the transition matrix, a V~1/2
normalization factor is needed for the wavefunction of each final state particle.
When 7;; is squared, the resulting 1/V factor cancels with the V factor in
® phase space in (1.16), for each particle in the final state. Similarly, the
Rormalization factors for the wavefunctions of the particles in the initial state
cancel with the factors proportional to V for the incident flux and for the number
of target particles. Hence, the arbitrary normalization volume V cancels out, as

It must, i

«h i8most convenient to express the cross section in terms of quantities defined it

the centre-of-momentum frame (CMS) of the collision, that is, in a reference '
in which the vector sum of the momenta of the colliding particles is

dN = vp? (1.16)
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formulae one obtains (with n, = 1 per normalization volume)

do W W Tt d 1
_“=_=_=(| il )p%(—pf)( 4) (117
aQ ¢ v Vi dE; ) \4n2h

where pr is the numerical value of the oppositely directed momenta of ¢ and

zero (see Appendix B for definitions and a discussion). Then, from the above
)l

d in the CMS, and E; = E. + Ej is the total energy in the CMS. Energy
conservation gives
P2+ o+ mE = Ee
and thus
dpf ECEd 1

dEf ~ Efppr vt

where vs is the relative velocity of ¢ and d. Then,

do 1 2P%
Go@+b—ctd) = —gITiel -m

1.
d (1.18

Vive
We have so far neglected the spins sy, Sb, Sc, and sq of the particles involved.
a and b are unpolarized, that is, their spin substates are chosen at random,
number of possible substates for the final state particlesis gr = (2sc +1)(2s59+1
and the cross section has to include the factor gs. For the initial state, the fact
is gi = (25, + 1)(2sp + 1). Since a given reaction has to proceed through
particular spin configuration, one must average the transition probability ov
all possible initial states, all equally probable, and sum over all final states. Thi
implies that the cross section has to be multiplied by the factor gr/gi.

The reduction in the number of incident particles n = n, after passa
through a thickness dx of absorber in Fig. 1.7 is

dn=—-nopdx
where p = ny, is the density of target particles. Integrating, we obtain
n(x) = n(0) exp(—opx) (1.1%

\ ‘ Thus, the proportion of incident particles that survive without interaction faf

to 1/e in a distance )

'i A= — (1.
ap

‘ The quantity A is called the mean free path for interaction. It is left as §

| exercise to show that, from the distribution (1.19) and the definition (1.20)4

is the mean path length between collisions. ]

1! 1.9 Examples of elementary particle
1 cross sections

The two-body to two-body reactions described above are important in discul
ing the role of elementary particle interactions in the early universe, and hég
we give some examples. A full evaluation of the cross sections would in 08
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cases involve rather lengthy Dirac algebra, so that all that we shall do here is
to give approximate expressions which can be Justified simply on dimensional
i grounds, and which will give orientation on the dependences and magnitudes
7) . involved. For simplicity we also neglect considerations of spin at this stage.

& Spin and helicity factors are taken into account later in the text, when exact
cross sections are required.

As (1.18) indicates, the differential cross section for an extreme relativistic [
Y ¢ two-body to two-body elastic collision has the form [
i do Tit|%s . l
— = I il 5 (extreme relativistic two-body — two-body) 125 {

AN LA 4
s 47T~ |

where we have used units & = ¢ = 1, so that s — E? and E; = 2py, since the
masses involved are small compared with the energies, and v; = v = 2. In
this case also, the four-momentum transfer squared is |g?| = Zp%( 1 —cos9),
where 6 is the angle of emission of the secondary particles in the CMS, so that -

df* = p? d2/7 and (1.21) can aiso be written as

do |74
dg?  16m

Examples of electromagnetic cross sections are as follows: :

(1.22)

(et > et

This is an example of the Coulomb scattering between singly charged leptons, \
as shown in Fig. 1.8(a). The couplings and photon propagator term together ‘
give |Ti¢| = €?/|¢| so that from (1.21)

do a’s

— ~ 1.23
Q@ 44 (1.23)

b
{1

where @ = ¢2/4m. This is just the Rutherford formula for pointlike scattering,
and if 8 is the angular deflection of the incident particle, then g = 2psin(6/2)
and one obtains the famous cosec? (6/2) dependence on the scattering angle:
b)ete - ptp-.

The diagram for this process, in Fig. 1.8(b), is just that in (a) rotated through

i %0° and with outgoing leptons replaced by incoming antileptons and vice versa.

R R ST

—_—

| o . ® w © 9
) v Y Y
; . i
§ M R = e W e Q
: ; [
¢ e ¥ ¥ € Fig. 1.8 Feynman diagrams for various ele- |
e* " N mentary two-body to two-body reactions. In
¢ € these diagrams, time flows from left to right.
¥ &~~~ Y Y ~~~~~8— o~ The convention is that right-pointing arrows

denote particles, while left-pointing arrows
v denote antiparticles. Diagrams (a)—(d) refer
(]

: e et A to electromagnetic interactions, and (e) and
iz : zZ0 (f) refer to weak interactions. (a) e"p*t —
w* € twr + et () ete” > ptuT: () ete —
v B v ~ QQ — hadrons; (d) ey — ey,ete” — yy,
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S

Fig. 1.9 The cross section for the reaction
ete~ — anything, as a function of CMS
energy. The prominent peaks are due to vari-
ous boson resonances, as described in the
text. The overall 1/s dependence, typical of
a pointlike scattering process, is clear. The
magnitude of the cross section for ete”™ -
anything, compared with that for muon pair
production, shown as a dashed line, provides
evidence for a factor 3 for the hadronic cross
section due to the colour degree of freedom of
the quarks. The data are taken from measure-
ments at various electron—positron colliders,
the largest of which was the LEP collider at
CERN, Geneva, in which 100 GeV electrons
collided head-on with 100 GeV positrons.

These two diagrams are said to be ‘crossed’ diagrams. In this case |g?| = s, the
square of the CMS energy, so that

AVALY AAR

2
do o (1.24)
dQ K
In fact, a full calculation gives for the total cross section
4 2
o= 2 (1.25)
3s

This is the cross section based upon single photon exchange, as shown by the
dashed line in Fig. 1.9. There will also be a contribution from Z° exchange,
but because of the propagator term in (1.9), this is strongly suppressed at GeV
energies. The above result is also expected on dimensional grounds. In units
i = ¢ = 1, the cross section has dimensions of GeV 2 and if the CMS energy
dominates over the lepton masses involved, the 1/s dependence must follow.
Since, from Table 1.1, 1 GeV~! = 1.975 x 10~!6 m, the above cross section
is readily calculated to be 87/s nb, where s is in GeV2.

(c)ete” — QQ — hadrons
The same formula (1.24) applies, again assuming the quarks have relativisti
velocities, replacing the unit charges by the fractional quark charges at the right
hand vertex (Fig. 1.8(c)), and multiplying by a factor 3 for the number of qu

colours. Of course, one does not observe the actual quarks: they ‘fragment’ inl
hadrons by gluon exchanges, but thisisa relatively slow and independent seco
stage process. Except near meson resonances, the cross section is determine
entirely by the elementary ete~ — QQ process.

a(e*e” — anything)
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with incident electrons. This inverse Compton effect is believed to be important
in the production of high energy y-rays from point stellar sources.

At the other extreme of low CMS energy, the electron mass will dominate the
energy scale and s is replaced by m?, so that & ~ &?/m?. In fact, the classical
Thomson cross section, which applies for Compton scattering as £, — 0, has
the value

8na?
o (Ye = Y€)Thomson = ——5- = 0.666 b (1.26)
3m?
For the process yy — ete™, the threshold energy is s,y = 4m? and ¢ ~

ﬂaz/mz, where B = (1 — 4m2/s)1/ 2 is the CMS velocity of the electron or
positron. Thus, the cross section at first increases with energy, and reaches
a maximum of about 0.250Thomson at s ~ 8m?, before falling off at higher
s values.

* In summary, the above processes involve massless or almost massless photon
or electron propagators and their effect is to introduce a 1/s dependence to the
cross sections. We now discuss weak processes that involve the massive W and
Z propagators.

(€) vee — vee; ete” — veie

Figure 1.8(¢) shows the diagram for neutrino—electron scattering via W
exchange. There is also a contribution from Z exchange, but we consider here
Oiiiy.ﬂle former. The propagator gives a term 1/(|g%| + M%v) in |Ti|. Because
of ithe large value of the W mass (80 GeV), |¢?| < M3, at normal (<1 TeV)
neutrino energies and, therefore,

4
~ 8w’
4

MW

o ~ Gis (1.27a)

where Gr is the Fermi constant defined in (1.9). An exact calculation gives

GZ
P W (1.27b)
T

again assuming that lepton masses can be neglected in comparison with the

collision energy. For the ‘crossed’ reaction ete™ — vV, shown in Fig. 1.8(f),

the cross section is (see Section 3.6)

Gis

oete™ = veve) =
67

(1.28)

In addition t&" W* exchange, this reaction can also proceed through Z°

exchange, and indeed this is the only possibility for the reactionsete™ — v, ¥,

or v; V. These processes are also discussed in Section 3.6. They are of astro-

physical significance, both in the very early stages of the universe, and in the
Supernova stages of giant stars.

L10 Decays and resonances

Yol
e

As indicated in (1.15), an unstable state has a decay rate W, usually quoted as
Swidth I in energy units, which corresponds to the fact that a non-stationary

1.10 Decays and resonances 23
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state with a finite lifetime must have a spread in energy, in accord with the
Uncertainty Principle, that is, I' .= AW = h/t where T = 1/W is the mean
l lifetime of the state.

‘ ‘i | As an example of a decaying state, let us consider muon decay, p+ —
B et +v. + V. Clearly the transition amplitude for this weak decay |Tif| o Gg,

! the Fermi coupling constant, which has dimensions (energy) ~2—see Table 1.5.
e ' Hence, the square of the transition amplitude has dimensions (energy)* while

x

|

|

the decay rate or width has dimensions of energy. Thus, by dimensional argu-
ments the phase space factor in (1.15) must vary as (energy)’, and since the
largest energy or mass involved is m,,c? it follows that the muon decay rate
'~ G%ma. In fact a full (and quite lengthy) calculation gives

1
| G2m5
; Tt - etud,) = —% (1.29)

1 19273
Itis left as an exercise to verify the value of the Fermi constant in Table 1.5 fro,
the measured lifetime 7, = //T" = 2.197 ps and mass m,,c? = 105.66 MeV.
: One can understand that a state with a measurable lifetime usually has
| unmeasurably small width, while one with a broad and measurable width, fo;
example, one decaying through the strong interactions, usually has an unmeas
|[‘ urably short lifetime, and is referred to as a resonance. Such resonances c
| ‘ readily be formed in collisions between the particles into which they deca
The exponential nature of the time distribution of decays determines the fo
of the line shape of the resonance.
| Denoting the central angular frequency of the resonant state by wg, th
o wavefunction describing this state can be written as

¥ (#) = ¥ (0) exp(—iwg?) exp(_—t) =y (0) exp{

—t(Eg + T'/2)

where the central energy is Er = Awg and the width I' = A/7. The intensi
1(t) = ¥*(£)y (¢) obeys the usual radioactive decay law

0
K \ 7@3 = exp(—I't/h) (1.31

The energy dependence of the cross section for forming the resonance is
Fourier transform of the time pulse in the same way that, in wave opti
! the angular distribution of the beam diffracted by a slit system is the Fourid
L . transform of the slit profile. The Fourier transform of (1.30) is ]

LR ﬂ@=/¢®ﬂwwmt

With E = hw, the amplitude as a function of E is then (in units A =c = 1) }

ry . K i

where K is some constant. The cross section o (E), measuring the probabili
of two particles a and b forming a resonant state ¢ will be proportional to A*
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that is,

A

(1.33)

o (E) = omax F2/4

(E — Er)*>+T?/4
which s called the Breit-Wigner resonance formula. The shape of the resonance
is shown in Fig. 1.11, from which we note that the cross section falls to half its
peak value for E — Eg = £T'/2. The value of the peak cross section in (1.33)
can be evaluated as follows. An incident particle beam of momentum p will be
described by a plane wave, which can be decomposed into a superposition of
spherical waves of different angular momenta ! with respect to the scattering
centre, where [ = pb and b is the ‘impact parameter’. Particles of angular
momentum in the interval / — [ + 1, therefore, impinge on an annular ring of
cross sectional area

o = (bl — b?) = nx2Q2+1) (1.34)

where 2 = /i/p. If the scattering centre is totally absorbing, o in (1.34) will be
the reaction or absorption cross section. More generally, we can write the radial
dependence of the outgoing amplitude (for the Ith partial wave) in the form

ri(r) = explikr]

so that the total flux 42|y (r)|? through radius r is independent of r. This is
for the case of no scattering centre, while if the scattering centre is present

ry(r) = nexplitkr + 8)]

Here 0 < n < 1 and § is a phase shift. By conservation of probability, the
reaction cross section o; will be given by the difference of intensities with and
without the scattering:

o =a(l-17%

The scattered amplitude will clearly be
A = explikr] — nexplitkr + 8)]
giving for the scattered intensity
A*A =14 n* = 2ncosé

Thus, for n = 0 (total absorption) both elastic and reaction cross sections
are equal to o in (1.34). The elastic cross section in this case corresponds to
the elastically diffracted beam from the absorbing obstacle. The other extreme

' case is that of pure scattering ( = 1) without absorption but just a shift in

phase. Then,

i 8
Ocl = 4o sin? (5)

maximum effect is for a phase shift of 7 radians, leading to a scattering
amplitude equal to twice that for total absorption, or a cross section

oei(max) = 4nx22l + 1) (1.35)

So f‘f‘. we have omitted the effects of particle spin. The appropriate spin mul-
tplicity factors were given in Section 1.6. Putting all these things together, the
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Fig. 1.11 The Breit-Wigner resonance curve.
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|
1 ! ' complete Breit~Wigner formula becomes-
1

i _ 4nx2(2J + 1)I'2/4 I
Ll o(E) = (2sa + D2sp + DIE — Er)? +T2/4] (1.36) I

| where s, and sy, are the spins of the incident particles and J is the spin of
: the resonant state (all in units of %). Usually, the resonance from the reaction
| a+b — c can decay in a number of modes, each one with a partial width I'; for
j the ith mode, so that the fractional probability of decaying through that mode is
i i/ T. In general, the resonance is formed through channel i and decays through
ﬂ 1 channel 2] and the cross section is then given by multiplying (1.36) by the ratio
4 I,/ T2

I . Xam r 1an
We cite here three examples of resonances, of importance both in particle
| ) physics and in astrophysics. Figure 1.12 shows the cross-section for the pro-
being the mediator of the neutral current weak interaction). The central mass

cess ete™ — anything, in the neighbourhood of the Z° resonance (the Z°
Er = 91 GeV and the total width I' = 2.5 GeV. This resonance has many
possible decay modes; into hadrons via pairs of u, d, s, ¢, or b quarks and anti-
quarks, into pairs of charged leptons ete™, wtu™, or tH1~, or into neutrino
pairs vebe, VU, OF Viir. At the time that this resonance was first investig-
ated, there was some question about the total number of families of quarks
| and leptons (and the top quark had not yet been discovered). Could there be
‘ more than three types or flavours of neutrino? The curves in Fig. 1.12 show the
j . effect on the width of assuming two, three, or four flavours of neutrino, based
[ . on the couplings of the Z to quarks and leptons as prescribed by the Standard
5 Model. Clearly the observed width bears out the Standard Model assumption
i of three families. The number of flavours of neutrino, as discussed in the next
1 chapter, has an effect on the primordial helium/hydrogen ratio and thence on

camiiant A ke A ot

Lo ok I . £ ¢+l
tuc SULNCYUCIIL CvLiulLiL UL tuc stard.

physics, namely the A (1232) pion—proton resonance observed in 1952. It
central mass 1232 MeV/c? and width I' = 120 MeV. This observation
followed by that of many other meson—meson and meson—baryon resona

essential clues that led to the development of the quark model by Gell-Mann at v
by Zweig in 1964. The A resonance is also of present astrophysical significa
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in connection with the very highest energy cosmic rays, since it can be excited
in-collisions of protons above 10%° eV energy with the cosmic microwave
und, with quantum energy of the order of 0.25 meV (milli-electronvolt).
as the GKZ effect after Greisen, Kuzmin, and Zatsepin who suggested it,
the resonance could lead to a cut-off in the cosmic ray spectrum above 1020 eV
(see Section 6.6).
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|

l
5 \ From the viewpoint of the human race, possibly the most important resonance
| [ is that of the 0F excited state of the 12C nucleus at an excitation energy of
ik 7.654 MeV. The width is about 10 eV only. The production of carbon in helium-
! burning red giant stars, discussed in Chapter 7, is achieved through the so-called
l triple alpha process, 3¢ — !2C. First, two alpha particles combine to form $Be
’ in its ground state, which is unstable with a lifetime of only 10716 5. It may,
i ‘ nevertheless, capture a third alpha particle to form carbon, which however|

usually decays back into beryllium plus an alpha particle, but can with a smal]
(10~3) probability decay by gamma emission to the ground state of carbon|
. The rate of 12C production depends crucially on the existence of this resonanc
| level, occuring just 400 keV above the threshold energy, to enhance the trip}
b alpha cross section. Indeed, Hoyle had predicted the need for such a resonanc
and its properties in 1953, before it was finally found in laboratory experiments
Without the existence of this resonance, it is almost certain that carbon-bas
‘ biological evolution in the universe could not have taken place.
!

it 1.12 New particles

The Standard Model of the fundamental quarks and leptons, and their inter
actions described here and in Chapter 3, is able to account for essentially
laboratory experiments at accelerators to date, and describes with great acc
acy the physics of the fundamental particles, at least in our particular corner
the universe. However, it apparently does not describe the building blocks
1 the universe on large scales: indeed on such scales it may account for only abo
‘ | ‘ 5% of the total energy density! As described in detail in Chapter 4, the study
, the kinematics of large-scale cosmic structures—galaxies, galaxy clusters, an
Dol superclusters—indicates that the bulk of the matter in the universe is invisibi
t | ' (i.e. non-luminous) dark matter. The nature of this dark matter is presentl
‘ . unknown. There is so far no direct experimental evidence for the detecti
| of individual dark matter particles. It is possible that the proposed massi
[ supersymmetric particles mentioned in Section 1.3 could be candidates.
Lo Present experiments in astrophysics, to be described in the followi
‘ 1 chapters, also suggest that, although in the past the universal expansion folloy
! ‘ ing the Big Bang was indeed slowing down (on account of the restraining pull
gravity), the expansion is now accelerating, this being ascribed to dark energ
which actually exerts a gravitational repulsion. This dark energy appears
exceed the energy density in all other matter and radiation. Again, the actu
= nature and origin of this dark energy is presently unknown. |
; The possibilities of new particles and new interactions also follow from '
! very successes of the Standard Model, in being able to unify electromagne§
il [ interactions with weak interactions in the electroweak theory. This sugges
i that it might also be possible to unify strong and electroweak interactions 1
so-called grand unified scheme. There is, however, essentially no experime
support for such higher levels of unification at the present time. The reas o
for these schemes, and their consequences for the experimental situation :

O

o ‘ discussed in Chapters 3 and 4. The evidence for higher mass scales, well abd
' anything attainable in the laboratory, may also be suggested by inflation§
models of the early universe, described in Chapter 5, and by the evidence
finite neutrino masses, described in Chapter 6.
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1.13  Summary

e Matter is built from elementary fermion constitue

Problems 29

o
nts, the quarks and :

leptons, occurring in three ‘families’. Each family consists of a quark
with charge +2le|/3 and one of —lel/3, a charged lepton with charge
—lel and a neutral lepton (neutrino). The antiparticles of these states
have electric charges of opposite sign but are otherwise identical to the

particles.

e The observed strongly interacting particles (hadrons) consist of bound
quark combinations, Baryons consist of three quarks, and mesons of a

quark—antiquark pair,

e Quarks and leptons interact via exchange of fundamental bosons, char-

acteristic of four fundamental interactions:

strong, electromagnetic,

weak, and gravitational. The exchanged bosons are virtual particles.

e Strong interactions occur between quarks and are mediated by gluon
exchange; electromagnetic interactions are between all charged particles
and are mediated by photon exchange; weak interactions are mediated by
W+ and 70 exchange; gravitational interactions via graviton exchange.
Photons, gluons, and gravitons are massless. W and Zbosons have masses

of 80 GeV/c? and 91 GeV/c?, respectively.

o The basic boson exchange process can be visualized by diagrams called
Feynman diagrams, depicting the exchange of a virtual boson between
two interacting fermions. The amplitude for this process is the product

of the couplings &1 and g; of the fermions to the exch

anged boson, mul-

tiplied by a propagator term which depends on the (free) boson mass M

and the momentum transfer g, of the form 1 J(M?* ~
Negative quantity. The cross section for the interaction is
square of the above amplitude and a Phase space factor.

2), where q2 is a
the product of the

e The strength of an interaction is also measured by the decay rate or width
of unstable hadronic or leptonic states. If the width is large enough to be

measurable, the state is referred to as a resonance.

e Under normal conditions, quarks are confined as combinations in baryons

(QQQ) or mesons (QQ). At sufficiently high temperatures, with k7 >
0.3 GeV, itis expected that quarks would no longer be confined, and that
hadrons would undergo a phase transition to a quark—gluon plasma,

\

Problems

A table of physical constants can be found in Appendix A. More
lenging problems are marked with an asterisk.

(L.1) Find the fractional change in total energy (including
: restenergy and gravitational potential energy) when two
€qual and isolated point masses M are brought from
infinity to a separation R. Calculate what this is when

(@M= 1My andR = | pc, and (b) when M = Mp;
andR =1 fm.

*(1.2) The bombardment of a proton target by a pion beam of
energy 1 GeV results in the reaction TT+p—> A+K°
with a cross section of about 1 mb. The K° particle is a
meson of strangeness § — +1, while the A is a baryon
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of strangeness § = —1. Write down the above reaction
in terms of quark constituents.

Both of the product particles are unstable. One under-
goes decay in the mode A — p + n~ with a mean
lifetime of 10719 5, while the other decays in the mode
K® — n+ + 2=, also with a lifetime of 10~1° s, Both
decay rates and interaction cross sections are propor-
tional to the squares of the coupling constants associated
with the interactions responsible. Explain qualitatively
how the long lifetimes for the above decays can be
reconciled with the large production cross section.

(1.3) Calculate the energy carried off by the neutrino in the
decay of a pion at rest, n* — pt 4+ vy (mac? = 139
MeV, m,c* = 106 MeV, m, ~ 0). Pions in a beam
of energy 10 GeV decay in flight. What are the max-
imum and minimum energies of the muons from these
decays? (See Appendix B for formulae on relativistic
transformations.)

(1.4) The A*+ resonance shown in Fig. 1.13 has a full width
of I' = 120 MeV. What is the mean proper lifetime of
this state? How far on average would such a particle, of
energy 100 GeV, travel before decaying?

(1.5) The Q- is a baryon of mass 1672 MeV/c? and strange-
ness S = —3. It decays principally toa A baryon of mass
1116 MeV/c? and S = —1 and a K~ meson of mass
450MeV/c? and § = —1. Express the decay process in
terms of quark constituents in a Feynman diagram.
State which of the following decay modes are possible
for the 2 particle.

=0

@ Q2 - B4 z- (mg = 1315 MeV/c?,
‘ S=-2)
b) Q~ > - 410 (ms = 1197 MeV/c2,
S=-1)
© Q@ = A4 - (mpy = 1116 MeV/c2,
S=-1)
d Q - Tt +K +K-

*(1.6) The following decays are all ascribed to the weak inter-
action, resulting in three final-state particles. For each
process, the available energy Q in the decay is given
together with the decay rate W:

@t > et + v+, 0=1775 MeV

W =6.1x 10" !
Gyt > et v, + 5, 0 = 105 Mev

W =46x10°s"!
©)nt - 7 +et 41,0 =4.1MeV

W =0.395"!

(1.7)

*(1.8)

*(1.9)

(1.10)

(1.11)

@ 0> N*+ et 41, 0 = 1.8 MeV
W=51x10"3s"!

Q = 0.78 MeV |
W=113x10"3s"1

@n—>p+e +7,

Using dimensional analysis show that within one ¢
two orders of magnitude, the Q values and decay ra
are compatible with the same weak coupling. Commentj
on any trends with the values of Q. ‘ 4§

same weak coupling, give a rough estimate of the valy i
of Mx which would result in a proton lifetime of 10°%
years (yr), given the quoted lifetime and mass of the}
muon in the previous questions (1.3) and (1.6). |

The cross section for neutrino—electron scattering via §§
W exchange is given in (1.27b) as o (ve +e — Vete) = i
Gts/, where s is the square of the CMS energy. Athigh ¥
energies, deep inelastic neutrino—nucleon scattering can
be treated as elastic scattering of a neutrino by a quasi- §
free quark constituent of the nucleon, the scattered quark
then “fragmenting’ into secondary hadrons. Assuming %
that the struck quark carries on average 25% of the mass @
of the nucleon, calculate the neutrino—nucleon cross
section in cm? as '
energy in GeV.

a function Af tha 1.1~

& Iunction of the laboratory neutrino §

In the previous problem, the cross section formula
assumes a pointlike interaction specified by the Fermi : :
constant Gr. However, at very high energies, the
effect of the finite W-boson mass in the propagator §
term (1.6) must be taken into account. Write down an §
expression for the differential cross section do/dq? for b
neutrino—lectron scattering in this case, based on equa- 8
tion (1.27b) and the fact that the maximum value of §
momentum transfer squared is q2(max) = s. Show that, }
as g* (max) — oo, the neutrino—electron cross section 4
tends to a constant, and find its value. At what neutrino

energy does the cross section reach half of its asymptotic
value?

When electron-antineutrinos Ve traverse interstellar
matter, they can interact with electrons to form the
W-boson resonance: v, +e~ — W~ Assuming the tar-
get electrons are at rest, calculate the ‘resonant’ energy
required for these antineutrinos.

The charmed meson D+ (mass 1.87 GeV/c?) undergoes
weak AC = 1 decay in the mode D+ — KO 4 j+ + v
where ! = eorp, witha 15% branching ratio. The quark
constitution of the charmed meson is D+ — cd and of
the kaon is K® = sd, so the decay can be written as the



Baryon Quark 0 MeV) Decay mode Lifetime
structure or width
£0(1192) uds 74 Ay r=74x102s
T+(1189) uus 187 prl, nmt r=8x10"1s
£0(1385) uds 208 AT° I =36 MeV

transformation of a charmed to a strange quark (witha (1.14) The following transitions have Q values and mean

d-quark as ‘spectator’):

lifetimes as indicated:

-
Transition Qvalue Lifetime (s)

c—as+IT 4w
(MeV)

in close analogy with muon decay in Problem 1.6. Draw N " N e

the Feynman diagram for ¢ quark decay, and assuming (@ w i —)ue + ‘;e2 + 105 22 x 10_6
, a mass of the ¢ quark of 1.6 GeV/c?, and neglecting ®u A +2C—>“B+w 93 2 x 1(1)7
¢ v the mass of the decay products, estimate the lifetime ©= _;’ 2y . 135 10_23
| of the D-meson from that of the muon as given in @A+t —p+T 120 10
Problem 1.6.

State which interactions are responsiblein each case, and
estimate the relative coupling strengths from the given

(1.12) The ¥ -baryons are combinations of s, u, and d quarks, quantities.

with strangeness S = _1. The first two entries in the
Table at the top of this page are for the ground-state *(1.15) Calculate the ratio R of the cross section for ete™ —>
combination of spinJ = 1, while the third is an excited QQ —> hadrons to that for the rea_ction ete” - urp”
state of J = 2. The rest-masses in MeV/c? are given in (1.25), as a function of increasing CMS energy up to
: 2 - 20 GeV. Assume the quark masses iven in Table 1.4.
in brackets, followed by the quark constitution, the Q : q gve e
value, principal decay mode and lifetime or width. All O‘Aft a certain energy, the process e+_e -t +
the decay products have § = 0 except for the A-baryon, 70 is observed. Draw a Feynman diagram to illustrate
which has § = —1. such an event.

State which of the fundamental interactions are  *(1.16) The A pio
responsible for the above decays, and from the decay
rates estimate the relative values of their coupling
strengths.

n—nucleon resonance (see Fig. 1.13) has
acentral mass of 1232MeV/ (2 andspinJ = 3.Itdecays
predominantly into a pion of J = 0 plus a nucleon of
J = % but also decays in the mode A — n+y with
a branching ratio of 0.55%. Using equation (1.33), cal-
culate the peak cross section for the process Y+P —> At
The cosmic microwave background consists of photons
with a temperature of T = 273 K and density of
400 cm—>. Estimate the energy that primary cosmic ray
protons would require in order to excite the A resonance
in collisions with the microwave background. Assume
a mean photon energy of 2.7kT and head-on collisions.
What is the mean free path for collision of such protons?

(1.13) Draw the Feynman diagram representing electron—
electron scattering to first order in the coupling constant.
= If you carefully jabel the incoming and outgoing elec-
tron states, in fact, you will find that two diagrams are
possible. Draw some second-order diagrams involving
exchanges of photons and/or electron—positron pairs.
Compare the interaction rates with those for the first-
order process.
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2.1 The Hubble expansion

Everyone is familiar with the fact that the universe is populated by stars an‘

H

that these occur in huge assemblies called galaxies. A typical galaxy such a ; :
our own Milky Way will contain of the order of 10!! stars, together with clouds§

of gas and dust. Various forms of galaxies are observed, the most common§

being the elliptical and spiral galaxies. In spiral galaxies, the older, popula-:

tion II stars are located in a central spherical hub, which is surrounded by a!

Cloud, forms part of the Local Group of around thirty galaxies. The total num-§
ber of observabje galaxies is enormous, of the order of 1011, They occur ing
clusters—see Fig. 2.2(a) for the Coma cluster—and superclusters separated by 1
enormous voids as in Fig. 2.2(b). In other words, the material of the universe 3
is not distributed at random, but there is structure op the very largest scales.

Typical sizes and masses are given in Table 2.1,

From the last line of Table 2.1 we note that the (negative) gravitational poten- @&
tial energy GM?2 /R and the mass energy Mc? of the universe are about equal at &
1070 3, so that the total energy is near zero. Ag indicated later, it turns out that 38
the measured value of the curvature parameter on very large scales is consistent x

with it being exactly zero,

In 1929 Hubble, observing the spectral lines from distant galaxies with the
new 100-inch Mount Wilson telescope, noted that the lines were shifted towards ;

of recession of a galaxy, v, interpreting the redshift as due to the Doppler effect. ‘B

The wavelength in this case is increased from A to A’ so that

r_ oy (148
A= T =21+ 2.1)

where B = v/c and the redshift z = A /. Hubble discovered a linear relation
between v and the distance r:

v = Hor (2.2a)
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where H is called the Hubble constant. In Hubble’s early measurements, its
value was vastly overestimated. The accepted value today is approximately

Hy =70+ 10 kms™! Mpc~! (2.2b)

where the megaparsec has the value 1 Mpc = 3.09 x 10! km. The subscript ‘0’
to H is to signify that this is the value measured today. Clearly if the universal
expansion implied above is accelerating or decelerating, H will be a function
of time.

The interpretation of the redshift in terms of the Doppler effect is permissible
for the small redshifts of z < 0.003 observed by Hubble. For such nearby
galaxies, Newtonian concepts of space and time are applicable. Expanding
(2.1) for small values of v/c we get

VAl +B)

and hence
z=v/c

However, for distant galaxies and large redshifts z ~ 1, the Doppler formula is
certainly inapplicable, since at such distances additional, gravitational redshifts
FOUId then become important (see Appendix B). The empirical relation observed
1, therefore, of a linear dependence of the redshift on the distance of the
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Fig. 2.1 (2) The spiral galaxy M31 in
Andromeda, believed to be very similar in
form to our own galaxy, the Milky Way. Two
dwarf elliptical galaxies appear in the same
picture. (b) Sketch of edge-on view of the
Milky Way. As well as stars and dust, the
spiral arms of the disc contain gas clouds, pre-
dominantly of hydrogen, detected from the
21 cm wavelength emission line due to flip-
over of the electron spin relative to that of the
proton. The Milky Way contains at least 150
globular clusters (see Fig. 7.3), each contain-
ing of the order of 100000 very old stars of
similar age. The halo region may contain dark
matter as described in Chapter 4, and the cent-
ral hub, a massive black hole of order 3 x 10°
solar masses.
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Table 2.1 Approximate sizes and masses in the universe
(1 parsec = 1 pc = 3.09 x 10'6 m = 3.26 lightyears)

Radius Mass
Sun 7 x 108 m 2 x 103 kg = Mg
Galaxy 15 kpe 101! Mg
Cluster 5 Mpc 1014 Mg
Supercluster 50 Mpc 1015 Mg
Universe 4500 Mpc 105 Mg
103 -

Hy=T72kms ' Mpc™

0.001 0.01 0.10

In fact astronomers use a logarithmic scale of luminosity, called magnitude,
running (perversely) from small values of magnitude for the brightest stars
to large values for the faintest. The defining relation between the apparent
magnitude m(z) at redshift z, the so-called absolute magnitude M (equal to the
value that m would have at D; = 10 pc) and the distance Dy in Mpc, is given
by the distance modulus

m(z) — M =5log; DL(z) + 25

In the Hubble diagram, (m — M) or log;, Dy is plotted against log,q z.

A modern version of the Hubble plot at small redshifts is shown in Fig. 2.3,
for events of z < 0.1. The various sources in this plot include, for example,
Cepheid variable stars for z < 0.01, and Type Ia and Type II supernovae for
higher redshifts. Cepheid variables can be used as ‘standard candles’, since
they vary in luminosity due to oscillations of the envelope, the period T being
determined by the time for sound waves to cross the stellar material—t o< L98.
Supernovae, discussed in Chapter 7, signal the death throes of stars in the final
stages of evolution, and when they occur, their light output for a time—typically
weeks or even months—can completely dominate that from the local galaxy.
So, in principle, they are useful for probing out to large distances and redshifts,
or equivalently, back to earlier times. The absolute distance scale to the thirty
Of so nearest spiral galaxies where a few Type Ia or Type II supernovae have
occurred, has been established by observations on Cepheid variables, and this
provides a means of calibrating supernova luminosity.

23)
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Fig. 2.3 Log-log plot of distance versus red-
shift, for small redshifts, z < 0.1. The points
for z < 0.01 are from Cepheid variables
(open circles), and those of higher z (full
circles) include results from Type Ia and Type
II supernovae. The straight line is that for the
Hubble parameter Hy = 72 kms~! Mpc™!
(after Freedman et al. 2001). The absolute
distance scale has been established by paral-
lax measurements of nearby sources, working
out to larger distances, eventually reaching the
nearest Cepheids.
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The data in Fig. 2.3 is seen to be consistent with a very constant and unifonn’._zg
Hubble flow, and th;s particular sample leads to Hy = 72 kms~! Mpc—!, As

in fact constant with time, that it wag smaller in the past and that the universe
is now acceleraﬁng. However, the evidence for and implications of all this are

=S al

deferred to Chapter 4.

1
t(Hubble) = B =14Gyr (14 10" years) 2.4)

where Hj is the current value of the Hubble parameter. The actua] or physical
coordinate distance from the Earth, say, to some distant galaxy at time ¢ js
written as the product

r(®) = R(t)ry (2.5)

where R(?) is the value of the scqle Parameter and ) is the comoving coordinate
distance measured in areference frame that is €omoving with the expansion (or
equivalently the trye distance measured today if we define the scale parameter
at the present time as R(0) = 1). The quantity rg is time-independent constant
(for the distance to a particular galaxy), while according to the cosmological
principle discussed below, the €Xpansion parameter R(?) is the same over all
Space and depends only on time, in a way determined by the exact geometry
(curvature) of the universe, ag indicated ip Fig. 2.4. Its value at time t, as
compared with the vajue today, is of course Just equal to the reciprocal of the
redshift factor in 2.1):
R(0)

1+

Substituting (2.5)in (2.2)it is seen that the Hubble law is thep a Statement about
the rate of change of the scale parameter:

R(t) = (2.6)

R = HR(z) (2.7)

cosmological principle, namely, that on large scales the universe was both iso-
tropic and homogeneous, so that no direction or location was to be preferred over
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any other, and thus it must appear the same to all observers no matter where they
are. Observationally, the universe is indeed found to be isotropic on large enough
scales, and this also implies homogeneity, since a non-homogeneous universe
would appear isotropic only to a favoured observer stationed at its centre, if it
had spherical symmetry. So the ‘Big Bangs’ occur everywhere at once and the
expansion appears the same to all observers irrespective of their location.

2.2 Olbers’ paradox

In the nineteenth century, Olbers asked the question ‘Why is the sky dark at
night?’ He supposed the universe to be unlimited in extent and filled uniformly
with sources of lght (stars). The light flux reaching us from a star at distance »
varies as #~2, while the number of stars in the spherical shell » — r+ dr varies
asrdr. Hence, the total light flux will increase as r(max), which is infinite in
the model.

There are several reasons why Olbers’ arguments are invalid. First, we believe
the observable universe is not infinite but has a finite age, and began at a time
%o in the past with the Big Bang, which started off the Hubble expansion. This
Means that light can only reach us from a maximum horizon distance czy and
e flux must be finite. A second point is that the light sources (stars) are finite

size, so that nearby sources will block out light from more distant sources.
Their light is absorbed exponentially with distance by the intervening stars and
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Fig. 2.4 The scale factor R as a function
of time in a matter-dominated universe, for
three different values of the curvature para-
meter K. Present evidence is that the value of
K = 0, corresponding to a flat universe. For a
vacuum dominated universe, on the contrary,
the scale factor would increase exponentially
with time (see Table 2.2). In the distant past,
when the universe was less than a third of its
present age, it seems that it was indeed mat-
ter dominated, but that at the present time,
the contributions to the total energy density
from vacuum and matter are comparable (see
Section 2.5).
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dust. Third, stars only emit light for a finite time 7, and the flux from the mog
distant stars will therefore be reduced by a factor #/1,. Finally, the expansia
of the universe results in an attenuation at large enough redshifts of light of an
particular frequency; for example, red light will disappear into the infrared an
the flow of light energy will fall off. However, we may remark that, as indica edl:
below, the 2.7 K microwave background radiation, which is the cooled -’, i
redshifted remnant of the original expanding fireball of the Big Bang, althoug " i

invisible to the eye, is just as iniense at ni ght time as during the day. So in thidl’
sense Olbers was right! = E

vl
&

k4

2.3 The Friedmann equation

The evolution of the universe is described theoretically by the solution :;
Einstein’s field equations of general relativity. The ‘Standard Model’ off§
present day cosmology is the solution proposed by Friedmann-Lemaitre—
Robertson-Walker (FLRW for short), which assumes a completely isotropic
and homogeneous distribution of matter and radiation, behaving like a per-§
fect frictionless fluid, and these assumptions and that of energy conservation §
are enough to fix the form of the evolution equation. Of course, certain con- 4
stants are needed to specify the evolution quantitatively, and these are found |
by reference to general relativity and to Newton’s law of gravity.

The FLRW assumption of isotropy and homogeneity is a statement of the
cosmological principle mentioned above. However, it is obvious that, whatever -
the case at early times in the universe, matter today shows enormous fluctu-}
ations in density in the form of galaxies and larger structures. But the average §
separation between galaxies is of the order of 100 times their diameter, and the
overall expansion of the universe of billions of galaxies on large enough scales, ; ;
thatis orders of magnitude larger than the intergalactic separations, still appears §
to be well described by the FLRW model. Thus, the universe is homogeneous 3
in the same sense as is a volume of gas on a scale large compared with the §
intermolecular separation. The best evidence for isotropy and homogeneity in 5
fact comes from observations of the cosmic microwave background discussed §
in Section 2.7, which reflects the distribution of matter and radiation when the 7
universe was only 300 000 yr old (as compared to 14 Gyr today) and long before |
either stars or larger structures had started to form.,

The solution for the temporal development of the universe predicted by this
model was first found by Friedmann (1922) and has the form (see also 2.17) 3

R 8nGor  Kc?
H2= (=) = 22Tt R 8) i
(R) 3 R2 (2.8) ;

where R = R(r) is the expansion parameter in (2.4) and (2.5), py is the total
density of matter, radiation and vacuum energy, as described below, and G is
Newton’s gravitational constant. The term Kc2 /R? is the so-called curvature
term. One of the consequences of general relativity is that the ‘flat’ Euclidean
space of special relativity is replaced by curved space. Light beams travel
along paths of least time called geodesics, which are straight lines in Euclidean
space, but, in the presence of gravitational fields, the paths are curved ( justasin
the two-dimensional case, the shortest path between two points on a spherical

~ surface is along a great circle). In the language of particle physics, one could say
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that space appears curved because photons are deflected by gravitational fields,

mandintad h it h
mediated by graviton exchange. The curvature parameter X can in principle

assume positive, zero, or negative values, corresponding to positive, zero, and’

negative curvature, respectively. The two-dimensional analogy for positive or
convex curvature is the surface of a sphere, while that for negative or concave
curvature is as in a saddle.

Equation (2.8) has been quoted without derivation, but as pointed out by
Milne (1934), we can understand in terms of Newtonian mechanics what it
implies in the special case where the energy density is dominated by non-
relat1v1stlc matter. For, consider a point mass m being accelerated by gravity
at the surface of a sphere of radius r, density p, and mass M = 4773 /3.
According to Newtonian mechanics, the assumed spherically symmetric and
homogeneous distribution of matter outside the sphere can make no contribution
to the force. It turns out that this is also true in general relativity (by a theorem
due to Birkhoff). So, the force equation is simply

mMG
)

mi = — 2.9
In this equation, if we express M in terms of r and p, factors of ry from (2.5)
cancel out, and, for brevity in what follows, we choose units such that rp = 1
(but must remember that all cosmological distances are the product R(f)rp).
After integrating (2.9) we then get

mR2  mMG mKc?
—— — ——— = constant = —
2 R 2

(2.10)

If we multiply through by 2/mR?, we obtain an equation in agreement with
(2.8), after setting the constant of integration equal to the value given by gen-
eral relativity. We note that the terms on the left-hand side of (2.10) correspond
to the kinetic and potential energies of the mass m, and, therefore, the so-called
curvature term on the right simply represents the total energy. K < 0 corres-
ponds to negative curvature and positive energy, that is to say an open universe
expanding without limit. For K = -1, R(t) = roR(t) — c at large enough
values of R. A value K > O corresponds to a closed universe with negative
total energy and positive curvature, which reaches a maximum radius and then
collapses. K = 0 is the simplest case, where the kinetic and potential energies
just balance and the total energy and curvature are both zero. The universe
expands forever but the velocity tends asymptotically to zero at large ¢. This
case is called the flat universe. The three cases for K values of 41, —1, and 0
are illustrated  Fig. 2.4.

Present data indicate that on large scales the universe is extremely close to
being flat, with K 2 0. In that case, the constant of integration on the right-hand
side of (2.10) representing the total energy, potential plus kinetic, is practically

aple 2.1  Show that for a curvature term with K = +1 the Big Bang
followed by a Big Crunch at time t = 2nGM /c where Mis the
bd conserved) mass of the universe. :

K= 41, the Friedmann equation becomes (R/}'t)2 = 26M /R3
R2 From this expression it is clear that R = 0 when R = 2GM/c?,

which is the maximum radius. The element of time 1s then given by
dt = dR/(2GM /R — ¢*)!/2. Substituting 2GM /R — ¢? = c?tan? 6 the
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Upon integrating (2.8) for the case K = 0 and a universe dominated by
non-relativistic matter of conserved mass M one finds
9GM\ '/
R(®) = (—2—) 3 (2.11)
so that the Hubble time (2.4) is 1/Ho = R/
universe is then

D Qs /7 e a
R = 3ip/2, and the age ©

2
th=—=8-11G 2.12
= 3H, yr (2.12)

Other estimates of the age of the universe give larger values. They come,
for example, from the study of the luminosity—colour relation (Herzsprung-
Russell diagram) in the oldest star populations, the globular clusters (see the
caption to Fig. 7.3); from cooling rates of white dwarf stars; and from dating
using isotopic ratios of radioactive elements in the Earth’s crust and in very old
stars. All these estimates straddle the usually accepted range for the age of the

universe:

1o = 14+ 2 Gyr @13

The discrepancy between this figure and that for a flat, matter-dominated uni- JiH
verse (2.12) could be due, in principle, either to curvature (K # 0) or to the JiE
existence of a cosmological constant (see (2.19)). However, measurements to
be described later indicate that K =~ 0. In fact, as shown in Example 2.3, when
account is taken of the effect of the vacuum energy/cosmological constant,
the age of the universe estimated from the Hubble parameter is in excellent
agreement with the result (2.13). Indeed, it is quite remarkable that completely
independent estimates of the age come out in agreement to within 20% or so.

4'were plo
ima and minima in Example 2.1 are found by setting 6 =
(2.14).
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2.4 The sources of energy density

The conservation of energy E in a volume element dV of our perfect cosmic
fluid can be expressed as
dE = —-PdV

where P is the pressure. Then, with pc? as the energy density, this becomes
d(pc’R?) = —Pd(R?)
which ieads to .
p=-3 (Ri;z) (P + pc?) (2.16)

Differentiating (2.8) and substituting for 6 we get the differential form of the

Friedmann equation:
. 4nGR 3P
R=— P+ = (2.17)
3 c?

which is the same as (2.9) for the case P &~ 0 for non-relativistic matter.
Generally, the quantities p and P will be connected by an equation of state
(see Table 2.2).

The overall density p in the Friedmann equation will be made up of three
components, corresponding to the contributions from matter, radiation, and the
vacuum state:

Prot = Pm + pr + pv (2.18)
The quantity py (also denoted p, in some texts) can be incorporated in the
Friedmann equation as a cosmological constant A, such that

A
~ 8nG
The quantity A had originally been introduced by Einstein, before the advent

of the Big Bang hypothesis, in an attempt to achieve a static (non-expanding
and non-contracting) universe. Clearly, if a term A /3 is added to the right-hand

Py (2.19)

- side of (2.8), then at large enough R(?), this term will dominate and the expan-

sion will become exponential, that is, R(f) «x exp(ar) where a = (A/3)1/2.
Present evidence, discussed in Chapters 4 and S, indicates a finite value of A,
with p, comparable with and indeed somewhat larger than pp,.

Table 2.2 Energy density and scale parameters for different regimes

Dominant regime Equation of state Energy density  Scale parameter

Radiation P =pc?/3 p xR R t1/2
Matter P=32pc? x (/c?) pxR3 R o 1?3
Vacuum P=—pc? o = const. R o exp(ar)

24
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M M

Positive (attractive)
gravitational pressure

Vacuum dv

Negative vacuum pressure
= gravitational repulsion

(a) (b)
Fig. 2.5

In Table 2.2, the dependences of p on R(f) and of R(¢) on ¢ are given for
different possible regimes, namely a radiation-dominated, matter-dominated
or a'vacuum-dominated universe. The equations of state for radiation and for
non-relativistic matter are found as follows. Suppose we have an ideal gas con-
sisting of particles of mass m, velocity v, and momentum mv, confined within a
cubical box of side L with walls with which the particle collides elastically (see
Fig. 2.5(a)). A particle with x-component of velocity v, will strike a particular
face normal to the x-axis at a rate of v,/2L collisions per unit time. As the
component of momentum py = mvx is reversed at each collision, the rate of
change of momentum and, therefore, the force exerted by the particle will be
2mvy,(v¢/2L). The pressure exerted by the particle on the face of the box, which
has area A = L2, is therefore mv,zc /L3, where V = L3 is the volume. If there
are n particles per unit volume, it follows that the pressure they exert will be
mn(v%) where (v%) is a mean square value. Since the gas is isotropic, the mean
square values of the x-, y-, and z-components of velocity will be equal and the
pressure will be

P= % mn(v?) = %n(pv) (2.20)
Let us first assume that the gas consists of non-relafivistic particles. Then, the @8
values of the kinetic energy density & and of the pressure are !

1 2 '
e=§mn(v)

2 2 y?2 ]
Pron-rel = 58 = gpcz % (;) 220

where pc? is the total energy density of matter, including the mass energy-
Since, for cosmic matter in general, v2 & c?, the pressure it exerts is very]
small.

If the gas particles have extreme relativistic velocities v = c, then the energy]
density and the pressure, usually called the radiation pressure, have the valuesy

pct =n mc?

= n{pc) !
C2 a
P = p—3— (2. .

That the vacuum may contain an energy density and exert a pressure equivarg
ent to a gravitational repulsion may seem strange, since in classical physics &
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' vacuum supposedly contains absolutely nothing. However, in quantum field the-
ory, as will be discussed for the electroweak model in Chapter 3, the Uncertainty
Principle actually requires that the vacuum contains virtual particle-antiparticle
pairs that spontaneously appear and disappear, and the vacuum itself is defined,
not as nothing but as the state of lowest possible energy of the system. Because
the virtual particles carry energy and momentum, if only on a temporary basis,
. general relativity implies that they must be coupled to gravitation. Indeed, the
i measurable effect of such vacuum energy is through its gravitational influence.
é Speculations on the magnitude of the vacuum energy density are discussed in
" Chapter 4.

The relation P = —pc? for this lowest energy vacuum state can be formally
shown to follow from Lorentz invariance, that is, the requirement that the state
must look the same to all observers, implying also that the energy density
must have the same constant value everywhere and for all time. A plausibility
argument for the pressure—density relation is as follows. Assume that we have
a piston enclosing an isolated cylinder filled with the vacuum state of energy
" density pc? (see Fig. 2.5(b)). If the piston is withdrawn adiabatically by an
element of volume dV, the extra vacuum energy created will be pc? dV, and
this must be supplied by the work done by the vacuum pressure, P dV. Hence,
by energy conservation P = —pc? and f.r_om (2.16), p = constant.

Note that in (2.17), the deceleration R is due to the gravitational attraction
associated with the density p plus the pressure P. An increase in pressure due
to relativistic particles is proportional to an increase in their energy density and
hence in their gravitational potential, through the Einstein relation E = mc?.
Thus, a negative pressure will correspond to a gravitational repulsion and the
exponential expansion indicated in Table 2.2.

SR
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2.5 Observed energy densities: the age of the
universe

For the case K = 0, (2.8) gives a value for the critical density that (today) would
just close the universe:

3 0 - -3
pCZS—TtE 0 =9.2x10 27kgm
=51GeVm™ (2.23)

£

tking Hy from (2.2). In the second line, we have quoted a critical energy
density, p.c?. The ratio of the actual density to the critical density is called the

dosure parameter 2, which at the present time from (2.8) and for arbitrary
Kis

_p Kc?
#= T HROP @29

ch sees that a flat universe with K = 0 will have Q = 1 for all values of ¢. The
different contributions to the total value of Q2 are then, in parallel with (2.18),

H
13
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for radiation, non-relativistic matter and vacuum densities, respectively:

Q= Q + m + Qv (2.25)

If K # 0, one can express the curvature term as Qx = Pk/Pc = —Kc?/
[H2R(0)2], when from (2.24) one obtains

Q+Qk=gr+ﬂm+9v+9k'—“l (2.26)

At the present time, as described in the next section, the density of radiation
l corresponds to §; = 5 X 10~5 as in (2.43), and is completely negligible in

comparison with that of matter. To anticipate later results, the overall density
\ is made up of several components as follows:

1 1. For luminous baryonic matter (i.e. visible protons, neutrons, and nuclei)
in the form of stars, gas, and dust it is found that

Pum ~ 9 X 1072 kg m~>

or
Quum ~ 0.01 2.27)

‘; ‘ 2. The total density of baryons, visible or invisible, as inferred from the
model of nucleosynthesis described below, is about 0.25 baryons m™3,

or an energy density
pp 4.5 % 10728 kg m>

and
Qp ~ 0.05 (2.28)

3. The total matter density, as inferred from the gravitational potential |
energy deduced from galactic rotation curves (see Section 4.1) and the §
kinematics of large-scale structures in the universe (see Section 5.7)]
is found to be '

a3 x 1077 kg m~>

D
Min

and .

! ' Qm ~ 0.30 (2.29)]
4. The vacuum energy density can be estimated from the evidence for a|
upward curvature in the Hubble plot, obtained from the study of Type I
supernovae at large redshifts, discussed in detail in Section4.10, and als¢
from the observation of ‘acoustic peaks’ in the temperature fluctuations

‘ of the microwave background radiation at small angular scales, discussed
in Section 5.7. These suggest values of 4

Q, ~ 0.70 2.

to bring the value of the total density parameter £ in (2.25) close
unity. Such a flat universe with K = 0 is predicted by the inflatio
model described in Section 5.2.

There are several important conclusions from equations (2.25)—(2.30). Fi :
most of the baryonic matter is non-luminous. Second, baryons account for ofg
a small fraction, of the order of 15%, of the total matter. The bulk is ascri
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dark matter, as discussed in detail in Chapter 4. The nature of such dark matter
is presently unknown. Lastly, it appears that at the present epoch, the bulk of
the energy density is in the form of dark vacuum energy. Here, as in Chapter 4,
[ we identify this dark energy with vacuum energy, but other possibilities have
been proposed, such as a fifth type of fundamental interaction, with the dark
| energy density being a function of time. Like dark matter, the source of the dark
energy is unknown at the present time.

It is also perhaps worth stating here that as a result of recent measurements,
the postulated partition of energy among the various components has changed
dramatically over the last decade. It was thought originally that vacuum energy
would make only a minor contribution, and that the value  ~ 1 was made up
largely of dark matter. It should also be emphasized that all the numbers quoted
above are still very approximate, with uncertainties that could well be of the
order of 30%.

Finally, we note that, afier atiowing for the contribution from the vacuum
energy density, it appears somewhat miraculous that, of all the conceivable
values of €2, the one observed today appears to be quite close to the value of
unity expected for a flat universe with zero total energy, exactly as predicted by
. inflationary models (discussed in detail in Chapter 5).

An estimate of the age of the universe, including all the sources of energy
L density, can be made as follows. From (2.8) and (2.23)-(2.26) the Hubble
parameter at time ¢ is given by

8nG
C HW = —E—[pm(r) + or®) + () + (D))

= H§[Qum (1) + (1) + (1) + (0]

= H2[Qm(0)(1 +2)° 4+ 2001 + 2)* + ©y(0) + (0)(1 +2)*]
(2.31)

where we have used the fact that R(0)/R(f) = (1 + 2) from (2.6), and
that matter, radiation, and curvature terms vary as 1 /R3, 1 /R4 and 1/R2,
respectively. The vacuum energy, by definition, is independent of z, while
Q4 (0) = —Kc?/(R(0)Hp)? as in (2.24) and (2.26). Furthermore,

He 1dR (dz/dt
TRdt \(1+2)
dz
(1+2H’
We integrate to obtain the interval from the time ¢ when the redshift was z, to the

present time, 7, when z = 0:

1
—_— = —
lo Ho

and hence

dr = (2.32)

Z dZ
X /o (1 + 2)[Q2m0)(1 +2)3 + (1 + 2)* + 2,(0) + A (0)(1 +2)?]1/2
(2.33a)

The age is found by setting the upper limit as z = oo at # = 0. In the general
case this integral has to be evaluated numerically, but there are a few cases




46 The expanding universe

Age of universe
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: 051K
: Fig. 2.6 Plot of the age of the universe versus
the parameter Qn, the ratio of the matter dens- )
‘ ity to the critical density. The solid curve is for

Hyto >

an open Universe, in which the curvature term
Q4 = 1—Qm, and radiation and vacuum
energy terms are assumed to be zero. The
dashed curve is for a flat universe (Q = 0),
in which radiation energy is neglected and

the vacuum energy v = 1 — Qn. The
present best estimate relates to the flat uni- 05 .
verse with Qm ~ 0.30. The curves have been v 0.5 1.0
\ calculated from the analytical expressions in Q
I ‘ Example 2.3 and in Problem 2.14. m ’
i
i
{ - where analytical solutions are possible, for example, when the radiation te

can be neglected and either Q, = 0or Qk = 0, as shown in Example 2.3 and iy

Problem (2.14), and illustrated in Fig. 1.6. The result (2.12) obviously follo

\ when radiation, vacuum, and curvature terms are all zero and the universe i
' flat and matter-dominated. '

Example 2.3 Estimate the age of a flat universe (K = 0) if radiationf}

T kéé?éétédﬁii@ifispresmﬂji‘madefupfbfmﬂerw&hﬂ = 0.30 and vacud
‘ energy with %, =070,
o 4 dz |

Hotp = 2.3%

o0 fo droed+2° + (- 172 1
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: 26 The deceleration parameter: the effects of
vacuum energy/cosmological constant

One can express the time dependence of the expansion parameter as a Taylor

series |
R(t) = R(0) + R(O)(t — to) + E}'é(())(z — 1)+ .
or
R() 1, 5
4 — = =14 Ho(t —to) — =qoH5(t — t)* + - - -
@ RO) o(t — to) 590 0t — 1)
' where the deceleration parameter, which can be time dependent, is defined as
| : _RR
| ="
4nG .
= (3021_12) [pc” + 3P] 2.34)

from (2.17). Inserting the values of p and P for the components in Table 2.2, it
is straightforward to show that this dimensionless parameter has the value

q=8m/2+Q — Qy (2.35)

Today, 2, > €, so that if Q, could be neglected, a flat universe would
have @ = Q,, = 1 and ¢ = 0.5, that is, the universal expansion must be
decelerating, because of the retarding effects of the gravitational attraction of
matter. In fact, early attempts to measure g seemed to give results consistent
with this value (within large errors). We may note that if €2y is large enough,
however, ¢ < & and the expansion would be accelerating, the vacuum energy
having the same effect as a gravitational repulsion. At least two independent
surveys on Type Ia supernovae at high redshifts, treating them as ‘standard
candles’, appear to indicate that g is indeed negative, as discussed in Chapter 4
and shown in Fig. 4.11. This plot suggests that several billion years ago, that
i8, for redshifts z > 1, the universe was indeed decelerating, but that more
recently this has been replaced by an acceleration. We note here from (2.35)
that an empty universe, that is, one with 2, = Q, = $; = 0, and hence
8 = 1, is neither accelerating nor decelerating, with H independent of time
(see (2.8)). Thus, an empty universe is the yardstick against which, in Chapter 4,
we judge that a particular model results in acceleration or retardation.
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Fig. 2.7 Data on the spectral distribution
of the cosmic microwave radiation obtained
from the COBE satellite. When satellite data
and those from balloon-borne experiments are
combined, a very exact fit to a black body
spectrum is obtained with T = 2725 £
0.001 K and kT = 0.235 meV as shown by
the curve.

2.7 Cosmic microwave radiation

One of the major discoveries in astrophysics was made in 1965 by Penzias and
Wilson. While searching for cosmic sources of radio waves at a wavelength
of approximately 7 cm, they discovered an isotropic background of microwave
radiation. Although they were unaware of it, this had been predicted by Gamow
many years before, as a relic of the Big Bang, a photon fireball cooled by
expansion to a temperature of afew degrees kelvin. Figure 2.7 shows data on the
spectral distribution of radiation recorded by the COBE satellite. Satellite and

balloon-borne detectors as well as ground-level interferometers have mapped
out the spectrum over an enormous range of wavelengths, from 0.05 to 75 cm.
Recent data shows precise agreement with the spectrum expected from a black
001 K; indeed, the cosmic microwave
par excellence. It proves, among other
things, that at the time the radiation last interacted significantly with matter, i

body at a temperature of 2.725 £ 0.
spectrum is the black body spectrum

was in thermal equilibrium with it.

Assuming matter to have been conserved, the matter density of the universe
canbe expected to vary as om R-3. On the other hand, the density of radiation,
assuming it to be in thermal equilibrium, will vary with temperature as pr X T
(Stefan’s Law). Since there is no absolute scale of distance, the wavelength of
the radiation on the truly cosmic scale associated with the Hubble expansion
can only be proportional to the expansion factor R. Thus, the frequency and
mean energy per photon will both be proportional to R~!. While the number of

photons varies as R~3, the energy density of the radiation will vary as R4, as
indicated already in Table 2.2. The extra factor of 1/R in the energy density, as
compared with non-relativistic matter, simply arises from the redshift, which
will in fact apply to any relativistic particles and not just to photons, provided, of
course, that those particles are distributed uniformly on the same cosmological
scale as the microwave photons. At the early times we are discussing here, the
vacuum energy, which is by assumption independent of R, would have been
totally negligible and we can just ignore it.

T Cosmic microwave spectrum
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Thus, while the matter density of the universe dominates over radiation today,
at early enough times and small enough values of R, radiation must have been
dominant. In that case, the second term on the right-hand side of (2.8) can be
peglected in comparison with the first, varying as 1 /R*. Then,

. 8nG
R = (T) PR

Furthermore, since p; &« R™4,

pr_ 4R __, (8::6,0,)”2
B 3

which upon integration gives for the energy density

3¢2/321nG
prc? = C/t—zn (2.36)

For a photon gas in thermal equilibrium

40T
o = 2 — AU x (%V) x (1572h3¢3) 2.37)
c

where &k is the Boltzmann constant, o the Stefan-Boltzmann constant and
8y = 2 is the number of spin substates of the photon. From these last two
equations we obtain a relation between the temperature of the radiation and the
time of expansion:

1/4
a_ (8PN 2V 1 131Mev 039)
~\3273G gy 027 T '

where ¢ is in seconds. The corresponding value of the temperature itself is
T = 10'9K/¢/2. Since T falls as 1 /R, R increases as t'/2 while the temperature
falls as t~'/2. Hence, the universe started out as a hot Big Bang.

From (2.38) we may roughly estimate the energy of the radiation today,
that is, for tp ~ 14 Gyr ~ 108 5. Tt is kT ~ 1 meV (milli-electronvolt),
corresponding to a temperature of a few kelvins. This will in fact be an over-
© estimate since the radiation has cooled more quickly, as t~2/3, during the later,
matter-dominated era.

Observation of microwave molecular absorption bands in distant gas clouds
has made it possible to estimate the temperature of the background radiation at
earlier times, when the wavelength would have been reduced, and the temper-
Mure increased, by the redshift factor (1 4 z). This dependence on redshift has
been experimentally verified up to values of z ~ 3.

Let us now compare the observed and expected energy densities of radiation.
The spectrum of black body photons of energy E = pc = hv is given by
the Bose-Einstein (BE) distribution, describing the number of photons per unit
volume in the momentum interval p — p-+dp.Including g, = 2 as the number
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of spin substates of the photon, this is

P2dp 8y
N(p)dp = 24 23
N(p)dp 72h3 {exp(E/kT) — 1} ( 2) 239)

In discussing the BE distribution, and later, the Fermi-Dirac (FD) distribution,
it will be useful to note the following integrals, from x = 0 to x = 00:

xdx 4 x2dx
= 1=E; = 1=2.404 BE

) @-D -1 2.40)
X dx 7 n* x%dx 3><2404 D
-———:—X——; —_— = K
e+ 8 15 e*+1) 4

The total energy density integrated over the spectrum (2.39) is readily calculated
to have the value py in (2.37). The number of photons per unit volume is

2404\ (kT\* T \°
No= 222V () —an [ ——=) =411em™? 24
y ( 2 > (hc) (2.725) em 24D
while the energy density from (2.37) is
prc? = 0.261 MeV m™> (2.42)

the equivalent mass density being
or = 4.65 x 107 kgm™>

with
@ =5.05x 107 (2.43)
some four orders of magnitude less than the present estimated matter density
in (2.29).

The temperature of the microwave radiation shows a small anisotropy, of the
order of 103, attributed to the ‘peculiar velocity’ v = 370km s~ of the Earth
with respect to the Hubble flow of the radiation. It is given by the Doppler
formula 7(0) = Toll + (v/c) cos 6], where 9 is the direction of observation
with respect to the velocity v. A polynomial analysis of the distribution shows
that, apart from this dipole (/ = 1) term, there are quadrupole (/ = 2) and higher
terms, up to at least / = 1000, involving tiny but highly significant anisotropies]
at the 10~ level. These turn out to be of fundamental importance, reflecting]
fluctuations in density and temperature in the early universe, which seeded the}
large-scale structures observed today. These topics are discussed in detail in}
Section 5.7. '
he correspondifl
perature of T3

ngths in excess of 1.3 em? -
T ) the mean photon energy is kT /(15 x 2.404
6.34 x 1074 &V.. The corresponding wavelength is & = !

At large wavelengths the curly bracket in (2.39) ,
E/KT if E/kT < 1. The fraction of photons with quantum energies b
& = E/KT is then easily shown to be F = (¢/kT)?/(2 x 2.404), which}
wavelengths above 7.3 cm is equal to 1.06 x 1073, E
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2.8 Radiations in the early universe

The relation (2.38) for the temperature é’f the early universe as a function of time
applies for radiation consisting of photons. Relativistic fermions, assuming that
they are stable enough, will also contribute to the energy density. For a fermion

gas, the FD distribution for the number density analogous to (2.39) is

p*dp g
2k {exp(E/kT) + 1} 2

N(p)dp = (2.44)

where E2 = pzc2 + m2c*, m is the fermion mass and gf is the number of spin
substates. The total energy density, in comparison with (2.37), in the relativistic
limit kT > mc? and E = pc is

2 Tt D) g ,

PEox — X ——m = 2.45
pre’ =g X 13 % =3 2 (2.45)
Thus, for a mixture of relativistic bosons b and fermions f, the energy density
in (2.37) is found by replacing g, by a factor g* where

g=> &+ % D e (2.46)

and the summation is over all types of relativistic particles and antiparticles
which contribute to the energy density of radiation in the early universe.

Of course, at very early times when the temperature from (2.38) was high
enough for their creation, all types of elementary quarks, leptons,and bosons,
plus their antiparticles, would have been present in the primordial ‘soup’ in
which the various components would have been in thermal equilibrium. On the
basis of the fundamental particles we know today, the number of degrees of
freedom (charge, spin and colour substates) of the fermions would be 90, and
that of the gauge bosons 28.

To understand these rather big numbers, recall that the bosons include the
massless photon of spin 1, occuring in two spin states since, according to
relativistic invariance, a massless particle of spin J can have only two substates,
J; = +J; the massless gluon-also of spin 1, two spin substates and eight
substates of colour; the massive bosons W+ W, and ZO, again of spin 1
but since they are massive, contribute 2J 4+ 1 = 3 spin substates each; and
finally the Higgs scalar spin 0 boson of the electroweak theory described in
Chapter 3, bringing the total to 28. The fermions include the quarks, occuring

~ Insix flavour stites, three colour, and two spin substates, plus their antiparticles,

Wotalling 72 states altogether; the charged leptons in three flavour and two spin
substates, plus their antiparticles, that is a total of 12 states; and finally the
meutral leptons (neutrinos) in three flavours but only one spin substate each.
Including antiparticles the neutrinos contribute six degrees of freedom, making
90 fermion and antifermion states in total. Of course, in this tally, we have
counted only the known fundamental particles. If supersymmetry is valid, for
',lll?lplc‘ the number of states will be approximately doubled.

-As the expansion proceeded and the temperature fell, the most massive
Pasticles, such as the top quark and the W and Z bosons would have been
rapidly lost by decay (in less than 10723 s) and not replenished once kT < Mc?
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where M is the particle mass. After kT fell below the strong QCD scale para-

‘ meter ~0.3 GeV, the remaining quarks, antiquarks, and gluons would no longer

1
i :
‘ exist as separate components of a plasma but as quark bound states, form- I

|

l\ ing the lighter hadrons such as pions and nucleons . However, all hadrons

o except protons and neutrons would be too short-lived to exist beyond the first
the charged muon and tauon leptons would decay

few nanoseconds. Similarly,
Once kT had fallen below about 100 MeV,

within the first microsecond or so.
that is, after the first few milliseconds, most of the nucleons and antinucleons

would also have annihilated to radiation, as discussed in Section 2.11. This

would leave, apart from the photons, the electrons ¢~ and the Ve, Yy, and v, I

neutrinos, plus their antiparticles, giving in (246) Y gr = 4+2+ 242

(recalling two spin states each for electrons and positrons, but only one for

the neutrinos or antineutrinos). With gy = 2 for the photon this results in a
walue of — 3. The effect is to multiply the expression for kT on the extreme

vaiuv & P

right-hand side of (2.38) by a factor (g* /2)'1/4, which in this case has the

HE value 0.66.
From the formulae of the last two sections we may also express the Hubble

I
Rl

' parameter H()in(2.2) interms of the temperature 7 in the radiation-dominated
era of the early universe. Since in this era, p X R4, it follows from (2.36) that

| o
R 4p 2

h
! and from (2.38)

* .3 1/2
l H(T) = {48 T G] (kT)?

45K
473 0* /45 1/2
_ (4m°g* /45) % (kT)2
MpLFic
1.66g*'2(kT)*
_ Leogm P (T) 24
(MpLAC?)
where in the second line the Newtonian constant is expressed in terms of
Planck mass, thatis, G = hc/MIZ,L (see Table 1.5).

Example 2.5 Estimate ‘the time required fqﬂh&;@;ﬁ:@;:o increase
ize by 10% during the radiation era, for values of kT =100 MeV &
g =20 \ i
Smce H ":—V.,(l /R)dR/dt, the time required (assuming that H is cont _

T4 is found by integration to bet = (In 1.1)/H. Frg

= 122 x 10" GeV/c” and T expressed in GeV,

R

29 Radiation and matter eras

From the above formulae, for example (2.38), it is apparent that at early ':,
in the universe when the temperature and particle densities were extref



high, the various types of elementary fermions and bosons would have been in
thermal equilibrium and present in comparable numbers, provided kT >> Mc2,
so that even the most massive particles could have been created. The condition
for thermal equilibrium to apply is that the time between collisions should be
much shorter than the age 7 of the universe. Otherwise, there is just not enough
time to have had enough collisions to set up equilibrium ratios. The collision
rate of a particle will be W = (Nvo) where N is the density of other particles
with which it collides, o is the cross section per collision, and an average is
taken over the distribution in relative velocity v. So one requires that W > 11,

Eventually, particles may fall out of equilibrium as the universe expands
and the temperature decreases. For example, the cross section may depend on
energy and become so small at low temperatures that W falls below 7! and those
particles, therefore, decouple from the rest. We say that they are “frozen out’.
As indicated in Chapter 4, this is the case for the weak reaction

et +e” o v+ (2.48)

for kT < 3 MeV, thatis, whent > 10~ 2 (see also Problem 4.2). So, after that

time, the neutrino fireball is decoupled from matter and expands independently.
Particles may also decouple if they are massive, even if the production cross

section is large. For example, this will happen for the reversible process

Yy+y<p+p (2.49)

when k7T < M, c%. Nucleons and antinucleons that annihilate are then no longer
replaced by fresh production. There will of course be a tiny proportion of
photons that are in the extreme tail of the Planck spectrum, and thus kinematic-
ally able to make a nucleon—antinucleon pair, but the rate of this production will
be insufficient to sustain a large enough value of W and thermal equilibrium
will be lost.

For some 10 years after the Big Bang, matter, consisting largely of protons,
electrons, and hydrogen atoms, was in equilibrium with the photons, via the
reversible reaction

e +peH+y (2.50)

where, in the forward process, a hydrogen atom is formed in the ground state
or in an excited state, and in the reverse process, a hydrogen atom is ionized
by the radiation. At thermal equilibrium, the ratio of ionized to un-ionized
hydrogen is a constant depending on the temperature 7. We are interested in
what happens as the temperature falls and kT < 1, the ionization potential of
hydrogen (I = 13.6eV). Clearly, the rate for the forward reaction is proportional
to the product of the densities N, and N, of the electrons and protons, while the
back reaction rate will be proportional to the number Ny of hydrogen atoms per
unit volume. (The number of photons is enormous by comparison—see (2.72)
below—so their number is unaffected by the reaction.) Hence,
Ne

Np—fT 2.51
_ﬁ_() (2.51)

The number of bound states available to an electron will be g.g, where g, = 2
is the number of spin substates and g, = n? is the number of bound states in a
hydrogen atom with principal quantum number n and energy E,. The probability

2.9 Radiation and matter eras
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that an electron is bound in a state of energy E, is found by multiplying by the
Boltzmann factor, so thatitis gegn exp(—En/kT). Summed over ground (n = 1)
and excited states (n > 1) of the H atom, the probability of finding an electron
in a bound state is, therefore,

—E
Pround = 8e Zgn exp (#)

If we write —E, = —E1 — (En — E,) where —E1 =1, the ionization potential,
then,
I
Pyound = geQexp (ﬁ) (2.52)

where

" L KT |
Since (E, — E1)/kT > 1 for all values of n > 1, the excited states make little
contribution and Q ~ 1.

The probability that our electron is in an unbound state of kinetic energy
E— E+dE and momentum p — p +dp is

4mp*dp —E
Punbound = &e 1;13 exp (ﬁ)

where 41p? dp/h® is the number of quantum states per unit volume in the
interval p — p + dp, and exp(—E/kT) is the probability that any such state
will be occupied by an electron of kinetic energy E = p?/2m, where m is

_ the electron mass. Here, we have assumed the electron is non-relativistic and

that E > kT, so that the FD occupation probability in (2.44) reverts to the |
classical Boltzmann factor exp(—E/ kT). The probability that the electron will§
be unbound with any energy E > 0 is found by integrating over E, with the §
result that

( 2nmkT 32 7
Punbound = 8e \T) 2.5%

(see Problem 2.3). Comparing the relative probabilities in (2.52) and (2.53M
and using (2.51), the ratio of unbound (ionized) to bound (un-ionized) states

32 _

_Nl _ Nu4 _ 1 2nmkT exp = (2540

Ny Ny Ne W2 kT 3

The total number of baryons per unit volume is Ng = Np + N, 80 that if

represents the fraction of hydrogen atoms which are ionized, then Ne = Ny 8
xNg and Ny = (1 — x)Ng, whence

x2 _ 1 2nmkT 3/2e —1I (.,5
T—x Ns\ R *PA\ T ~Y

which is called the Saha equation. Inserting some typical numbers, the rex
can easily demonstrate from this formula that for kT between 0.35 (4000 §
and 0.25 eV (3000 K), x drops catastrophically, and so radiation and mal
must decouple at around this temperature. A figure of kT = 0.30 eV is in




a good guess for the decoupling temperature. Comparing this with the value
KTy = 2.35x 10~ 4 eV (Ty = 2.73 K) of the microwave radiation at the present
day, the redshift at the time of decoupling will have the value

Ro kT gec

(1 + 2)dec = R~ Ko =~ 1250 (2.56)

Corrections to this result are needed, since a photon emitted upon recombination

of one atom can almost immediately ionize another atom, and the level of

jonization couid therefore be underestimated. In fact, it turns out that slower,

two-step processes involving more than one photon are of importance and the

value of the redshift deduced from these more detailed calculations is found
to be

(1 + 2)dec = 1100 (2.57)

After decoupling, matter becomes transparent to the cosmic microwave back-
ground radiation, and the formation of atoms and molecules can begin in earnest.
Equally important, some vital properties of this radiation, including the very
small but very important spatial variations in temperature that can be observed
today, are therefore what they were at the ‘epoch of the last scattering’. These
measurements of temperature fluctuations in very small angular ranges (of
order 1°), described in Section 5.7, give rather direct and accurate information
on the parameters of the early universe as summarized in Section 2.5.

The decoupling time for matter and radiation estimated from (2.38) 18 tgec =
10'3 s or 3 x 10° yr. It turns out (see Example 2.6) that the energy dens1ty of

matter, varying as T~ 3 became equal to that of the radiation, varying as T4
aredshift not very dlfferent from that for decoupling. Thereafter, matter starced
to dominate over radiation as far as energy density is concerned, and has thus
done so for over 99.9% of the age of the universe. Figure 2.8 shows the variation
of temperature with time through the radiation and matter eras.

Example 2.6 Estimate the value of the redshift and the time t after the
Big Bang at which the density of electromagnetic rad:atmn fell below that
of baryonic matter. Also, find the value of the redshzﬁ below which the
energy density of non-relativistic matter started to exceed that of relatzwmc
pamcles that is, the universe became ‘matter dominated’. . .

. Referring to equations (2.28) and (2 43), whcre the baxyon and radxaum\
Qensmes are given as Qp, = 0.05 and Q =5x% 10’5 the time ¢ and redshift
¢ at which the energy density of radiation equalled that of baryonic matter
is:given by the relation

Q) WO RO (0
20 2O RO 2O)(1+2)

e equality Q;(f) = Qp(?) occurred when (1+2) = 0.05/5% 105 =

). Since the universe has been baryon dominated since that epoch, from
Table 2.2, we find that (t/t0)® = 1/(1 + ), giving t ~ 4 x 10° yr

I .In the second part of the example, we take the total matter densxty
ﬁ’n(()) 0.30 from (2.29). In addition to photons, neutrinos also consti-
Qﬁnlauwsnc remnants of the Big Bang, so that, as shown in Section 4.6,
the total energy density of relativistic particles is 1.52 times that of the
photons alone, or $2,¢(0) = 7.65 x 10~>. Thus, non-relativistic matter of
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Fig. 2.8 Evolution of the temperature with
Iy time in the Big Bang model, with the various
1‘ eras indicated (see also Fig. 5.2).
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2.10 Primordial nucleosynthesis

In this brief initial description of the early universe, we next discuss the synthesis
of the nuclei of the light elements—*He, 2H,3He, and 71 i—since the agreeme
between the predicted and measured abundances provides very strong sup
for the Big Bang hypothesis.

As discussed in Section 2.8, once the universe had cooled to a temperatu
kT < 100 MeV, or after a time ¢ > 10~% s, essentially all the hadrons, wi
the sole exception of neutrons and protons and their antiparticles, would ha
disappeared by decay. The nucleons and antinucleons would have been pres
in equal numbers and have nearly, but not quite completely, annihilated
radiation. As described in the next section, a tiny residue of about one billi
of the original numbers of protons and neutrons must have survived to form (X
constituents of the material universe we inhabit today. The relative numbers
protons and neutrons would have been determined by the weak reactions

Vet+n < e +p (
Vet+tpe e +n (

n—p+e +V @&




e e

Since at the temperatures considered, the nucleons are non-relativistic, then just
as in the analysis of the previous section, the equilibrium ratio of neutrons to
protons will be governed by the ratio of the Boltzmann factors, so that

N, -0
ﬁ; = exp ( = ) 0 = (My — Mp)c? = 1.293 MeV (2.61)

The rate or width W for the first two reactions (2.58) and (2.59) must vary as T3
purely on dimensional grounds. The Fermi constant Gg from (1.9) or Table 1.5
has dimensions E~2, so the cross section (dimension £~2) will vary as G;Tz
and the incident flux as 73, so the width W = o ¢ gets a T° factor. On the other
hand, the expansion rate of the radiation-dominated universe is H ~ g*!/272
from (2.47). Hence, W/H ~ 73 /(g*)1/? and as the universe expands and
the temperature falls, the above reactions will go out of equilibrium when
W/H < 1. (In fact, as described in Chapter 4, at kT ~ 3 MeV neutrinos have
already gone out of equilibrium with electrons in the processe™ +e~ < v+,
since this has an even smaller cross section than (2.58) because of the smaller
target mass.) The freeze-out temperature for the reactions (2.58) and (2.59) is
calculated to be kT = 0.80 MeV, so that the initial value of the neutron—proton
ratio will be (see Problem 2.11):

Nn(0) -0\ _
—NP(O) = exp ( T ) =0.20 (2.62)

At later times, neutrons will disappear by decay in reaction (2.60). At time ¢
after decoupling, there will then be N, (0) exp(—#/7) neutrons and [N,(0) +
Nn(0){1 — exp(—t/7)}] protons, with a neutron/proton ratio of

Ny(®) _ 0.20exp(—t/1)
Np(t) ~ 1.20 — 0.20exp(—t/7)

(2.63)

where 7 = 887 £ 2 s is the free neutron lifetime. If nothing else were to happen
at this juncture, the neutrons would simply die away by decay and the early

JTAUvATr ac cnnn
universe would consist exclusively of protons and electrons. However, as soon

as neutrons appear, nucleosynthesis can begin with the formation of deuterons:
n+poH+y+Q (2.64)

where the binding energy Q = 2.22 MeV. This is an electromagnetic process
with a cross section of 0.1 mb, very much larger than those of the weak processes
(2.58)-(2.60), and consequently it stays in thermal equilibrium for very much
longer. Because of the billionfold preponderance of photons over nucleons, the
deuterons are not frozen out until the temperature falls to about /40, that is,
kT = 0.05 MeV. As soon as the reverse process of photo-disintegration of the
deuteron ceases, competing reactions leading to helium production take over:

2H+n—>3H+y
H+p— ‘He+y
2H—}-p-—>3He+y

3He—i—n—»“He+y

2.10 Primordial nucleosynthesis
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For kT = 0.05 MeV, corresponding to an expansion time from (2.38)
t ~ 300 s for N, = 3, the neutron—proton ratio from (2.63) becomes

N,
r=—=0.135
NP

The helium mass fraction, with the mass of the helium nucleus set equal to fo g f
times that of the proton is then given by

_ 4Nye _ 2r
" @Nge +Ng)  (1+71)

=024 =+ (2650

The mass fraction Y has been measured in a variety of celestial sites, includin
stellar atmospheres, planetary nebulae, globular clusters, gas clouds etc., wi
values in the region 0.23-0.24. Problems in evaluating both the predicted an
measured values mean that agreement between theory and observation is sti
uncertain at the 10% level. Nevertheless, this level of agreement was an earl
and very important success of the Big Bang model. It should be pointed out here ¥
that the observed helium mass fraction is far greater than that which could hav
been produced in hydrogen burning in main sequence stars; their contributio
adds only 0.01 to the ratio Y (see Problem 2.5).

An important feature of nucleosynthesis in the Big Bang scenario is that it
accounts not only for “He but also for the light elements 2H, *He, and "Li that
occur in small but significant amounts, far more in fact than would have survived
if they had been produced in thermonuclear interactions in stellar interiors. %
Figure 2.9 shows the abundances expected from primordial nucleosynthesis, %&

N
calculated on the basis of the cross sections involved, and plotted in terms of}

the (present day) baryon density. The results are consistent with a value of the i
baryon density in the range 1

Poaryon = (3.0 £ 1.5) x 1072 kg m3 (2.66)

corresponding to a number density of baryons Ng = 0.18 & 0.09 m—3. Com- |
paring with the number density of microwave photons (2.41), this yields for the "
baryon/photon ratio .
Ng ~ (4 +£2) x 10710 2.67) 1

Y
So, while in the first nanoseconds of the Big Bang, the relative numbers of §
baryons, antibaryons, and photons would have been comparable (differing only §
in spin multiplicity factors), most of the nucleons and antinucleons must later $
have disappeared by mutual annihilation, leaving a tiny—one part per billion— &
excess of nucleons as the matter of the everyday world, as discussed in the ‘§
following section. :

After the formation of “He, there is a bottleneck to further nucleosynthesis,
since there are no stable nuclei with A = 5,6 or 8. Formation of 12C via the
triple-alpha process, for example, is not possible because of the Coulomb barrier
suppression, and this has to await the onset of helium burning in stars at high
temperatures. Production of heavier elements in stellar fusion reactions at high
temperature is discussed in Chapter 7.

It is of interest to remark here that the helium mass fraction depends on
the number of neutrino flavours N, since the expansion timescale described
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by (2.46) and (2.47) varies inversely as g*'/*, the square root of the number
of fundamental bosons and fermions. Thus increasing N, increases g* and
hence the freeze-out temperature Tr determined by the condition W/H ~ 1.
This leads, through (2.61) to a higher initial neutron/proton ratio and a higher
helium mass fraction. Originally, before the LEP experiments demonstrated
that N, = 3 (see Fig. 1.12), this argument was used to set a limit on the number

of flavours, whereas now it is used to set a better value on the helium mass
ee also Problem 2.9).

fraction and the baryon to photon ratio (se

2.11 Baryogenesis and the matter-antimatter
asymmetry of the universe

One of the most striking, and as yet unexplained, features of our universe is the
absence of antimatter, although the conservation rules described in Chapter 3
seem to indicate an almost exact symmetry between matter and antimatter. We
know there is a paucity of antimatter in our own galaxy, because the primary
cosmic ray nuclei (see Fig. 6.3), which have been brewed up in stellar reactions
over billions of years, and have typically been circulating in the galactic mag-
netic fields for several million years, are invariably found to be nuclei rather
than antinuclei. Furthermore, on a wider scale, there is absolutely no evidence
for the intense y -ray and X-ray emission that would follow annihilation of mat-
ler in distant galaxies with clouds of antimatter. Very low fluxes of positrons
and antiprotons do exist in the cosmic rays incident on the Earth’s atmosphere,
but these can be accounted for in terms of the processes of electron—positron or
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Fig. 2.9 The primordial abundances expec-
ted in Big Bang nucleosynthesis of the light
elements 2 He, and 7Li, and the mass
abundance of 4He, in all cases relative to
hydrogen and plotted as a function of the ratio
of baryons to photons. The observed values
of the abundances are as follows: 2H/H ~
3 x 10°5;*He/H ~ 2 x 107%,'Li/H ~
1 x 107, The weight abundance of “He
is 0.23-0.24. These results point to a unique
value of the baryon to photon ratio given in
(2.67) (after Schramm and Turner 1998).
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proton-—antiproton pair creation resulting from collisions of high energy y-rayg
or nuclei with interstellar matter,
In the early stages of the Big Bang, when &7 was large compared With the}
hadron masses, it is expected that many types of hadrons, including Proton;
and neutrons and theijr antiparticles, would have been in therma] equilibriyg
with radiation, being created and annihilated in reversible reactions such as

=Ny = KT [ (pe/kTY2d( pe it
o =N = Trz(hc)3/ exp(E/kT) +1 (269

where p is the three- momentum and E js the total energy given by E?
P2 4+ m2c4, This may be compared with the number of photons in (2.41):

3
N — 2.404 (kT)
2 (k)3

The baryons, antibaryons, and photons are in therma] equilibrium and wil] stay §
in equilibrium as long as the rate for the back reaction in (2.68) exceeds the
universal expansion rate. Eventually, as the €Xpansion proceeds and the temper- 4
ature falls, the tiny part of the high energy tail of the photon distribution, with
photons above threshold for nucleon—-antinucleon pair creation, will become o
$0 small that the rate of creation of fresh pairs falls below the €xpansion rate, §§
Photons cannot Produce enough nucleon pairs, nor can nucleons find enough &
antinucleons with which to annihilate, and the residue of baryons and antiba- g”
Iyons is ‘frozen out’. The critical temperature at which this occurs depends ;

on the baryon density (2.69), on the nucieon-antinucleon annihilation cross'

section and its dependence op velocity, and on the eXpansion rate. Given these 4
parameters one can solve numerically for the temperature and nucleop density %

at freeze-out. Here, we Jjust quote the predicted result:
Ng N 3
KT (critical) ~ 20 Mey;, B _ M _ 10718 (2.71) ¢
Ny Ny

Subsequent to this freeze-out stage, there would be no further nucleon—
antinucleon annihilation or creation and the above ratjos should hold today.
In contrast, the observed valueg are, using (2.67)
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2.11.1 The Sakharov criteria

Sakharov pointed out the conditions necessary to achieve a baryon—antibaryon

asymmetry. Assuming a baryon number B = 0 initially, a baryon number
asymmetry could obviously only develop as a result of baryon number violating
reactions, but requires two other conditions, regarding equilibrium and the
charge and space parities C and P. Thus one needs

e B violating interactions;
o non-equilibrium situation;
e CP and C violation.

The first requirement is obvious and its possibility will be discussed in con-
nection with the GUT models and the search for proton decay in Chapter 3.
Unfortunately, there is as yet no direct laboratory evidence that baryon number
is violated, so we just retain it as an assumption. The second condition fol-
lows from the fact that, in thermal equilibrium, the particle density depends
only on the particle mass and the temperature. Since particles and antiparticles
have identical masses by the CPT theorem (see Section 3.13), no asymmetry
could develop. Put another way, at equilibrium, any reaction which destroys
baryon number will be exactly counterbalanced by the inverse reaction which
creates it. Third, as pointed out in Chapter 3, C and CP violation are necessary
if antimatter is to be distinguished unambiguously from matter on a cosmic
scale.

The precise conditions required to generate a baryon—antibaryon asymmetry
of the observed magnitude are unknown. Such processes are possible in prin-
ciple via phase transitions in the Standard Model described in Chapter 3, but
{ the baryon number violations associated with grand unified theories (GUTs)
are considered more likely sources of the asymmetry. In the SU(5) grand uni-
; fied model, also discussed in Chapter 3, quarks and leptons are incorporated
| in the same multiplets, and quark—lepton transitions are therefore possible. For
‘? example, as shown in Fig. 3.12, a proton can thus transform into a pion and
I

a positron via X-boson exchange. It is noteworthy that, in this transition, both
the baryon number B and the lepton number L have decreased by one unit, so
that the difference (B — L) is conserved. This is obviously necessary if one
starts out with charge conservation and an electrically neutral universe, so that,
imespective of baryon number violating interactions, the negative charge of the
electrons is always matched by the positive charge of the protons.
The bosons X, Y, and their antiparticles of the GUT symmetry are supposedly
created in the Big Bang on a 10~ s timescale, and are expected to decay out of
_ thermal equilibrium. The requirements are for two decay channels, say 1 and 2,
of different baryon numbers. Suppose that x and (1 —x) are the branching ratios
for the decay of X to modes with baryon numbers By and B;, respectively. For
the antiparticle X, let the ratios be x and (1 — ¥), with baryon numbers —B; and
-B,. Since the numbers of X and X particles are equal, by the CPT theorem,
the net baryon asymmetry per XX pair will be

A=xB) —XB1+ (1-x)B2 — (1 —-X)B2 = (x - X)(B1 — B2)

B violation ensures that B; # B,, and CP violation that x # x, so that the
asymmetry will be non-zero. It is to be noted that C violation alone, with CP
conservation, would give an X decay rate at angle 6 equal to the X decay rate
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at (n — ), and therefore the same overall rate when integrated over angle.
CP violation is necessary to ensure different partial decay rates for particles
and antiparticles in one particular channel (1 for example).

The required baryon asymmetry must clearly be of the order of the baryon
to photon density ratio (2.72). Apart from the fact that the source and degree
of CP violation observed experimentally, for example, in neutral kaon decay
or neutral B-meson decay, is probably not relevant to that connected with the
universal baryon asymmetry, it is not clear how processes such as inflation
(discussed in Chapter 5) can affect the baryon—antibaryon ratio. In the light of
the conservation laws established in experimental particle physics, the baryon
asymmetry is one of the most striking and puzzling features of our universe,

and one for which we have, at present, no convincing explanation.

2.12 Summary

e The ‘Standard Model’ of the universe is based on Einstein’s general
relativity and the cosmological principle, namely that on large scales,
the universe is isotropic and homogeneous, and the Big Bang expansion
appears the same to all observers.

o Hubble’s Law describes the linear relation between the redshift of the
light from distant galaxies and the universal expansion parameter R, with
Ro/Re = Aobserved/ Aemitted = (1+2.

e The Friedmann equation relates the Hubble expansion parameter H =
R/R to the total energy density of the universe and the curvature of space
(the parameter K).

e The total energy density is the sum of contributions from matter, radi-
ation and vacuum energy. The vacuum term plays the role of Einstein's

| cosmological constant.

« e The age of the universe is about 14 + 2 Gyr. Independent estimates,

from radioactive isotope ratios, from stellar population analysis and

1 from the most recently measured cosmological parameters (Qm = 0.30,
Q, = 0.70) are in agreement.

e The all-pervading and isotropic microwave background radiation has .'
black-body spectrum of T = 2.725 K and is the cooled remnant of
hot Big Bang.

e The baryonic matter and radiation energy densities were equal at redshif§
z ~ 103, when the universe was ~300 000 years old. At about that ti
radiation and matter decoupled and atoms (mainly hydrogen) started €

" form. 1

o The observed abundances of the light elements deuterium (2H), heliug

\ (*He and *He) and lithium ("Li) can be understood by their creation 8

nucleosynthesis at temperatures kT ~ 0.1 MeV in the first minutes fof

, lowing the Big Bang. Together with the microwave background radiatio}

. and the redshift, the light element abundances provide very strong SUg

N port for the Big Bang hypothesis. The baryon density from the synthc®

: of the light elements in the first minutes of the universe accounts for o
a small part of the total matter density: most of the matter is dark maf

e The observed strong asymimetry between matter and antimatter has 109

ascribed to special baryon number violating and CP violating interactia
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operating at a very early stage of the Big Bang when the temperature
was very high. However, the processes responsible are not presently
understood.

Problems

For all constants required refer to Appendix A. The more

2.1)

2.2)

(2.3)

24)

2.5)

@)

2.7

‘challenging problems are marked by an asterisk.

Assuming that the age of the universe is 14 Gyr and
that the total density is equal to the critical density
0c = 9x107%" kg m—3, estimate the gravitational bind-
ing energy and compare it with the total mass energy
of the universe.

Calculate the (non-relativistic) escape velocity v of a
particle from the surface of a sphere of radius r and
uniform mass density p. Show that if one assumes
Hubble’sLaw v = Hr, the particle will escape provided
that p < 3H?/8%G.

Free non-relativistic fermions of rest-mass m in
thermal equilibrium at temperature T are described
by the FD distribution (2.31). If kT <« mc?,
show that the number density of particles is
g(2mmkT /h?)*/? exp(—mc? /kT), where g is the num-
ber of spin substates.

It is estimated that dark vacuum energy today contrib-
utes approximately 0.70 to the closure parameter 2. At
what value of the redshift parameter and at what age of
the universe would the vacuum energy have been less
than 10~ of the energy density of radiation?

The Sun has a measured luminosity of 3.9 x 1026 W. It
generates its energy from the conversion of hydrogen
to helium in thermonuclear fusion reactions, an energy
of 26 MeV being liberated for each helium nucleus
formed. If the Sun’s output has been constant at the
above value for 5 Gyr, what is the mass fraction of
helium in the Sun?

The total amount of energy incident on the Earth’s
atmosphere from the Sun is 0.135 Jm~2 5! (the solar
constant). The Earth-Sun distanceis D = 1.5x 10" m
and the solar radius is Rp = 7 x 10 m. Assuming the
Sun is a black body, calculate its surface temperature.

It was once proposed that the expansion of the universe
could be attributed to an electrostatic repulsion between
atoms, on the grounds that the arithmetic values of the
electric charges of the electron and the proton might
have a very small fractional difference £. What value

*(2.8)

*(2.9)

*(2.10)

*(2.11)

(2.12)

of & would have been necessary? (Note: This hypo-
thesis was quickly disproved by experiment, showing
that & was less than 1% of the value required.)

Find expressions for the dependence of the time ¢ on
the density p for an expanding ‘flat’ universe (K = 0)
dominated (a) by radiation, and (b) by non-relativistic
conserved matter. Show that, in either case, ¢ is of
the same order of magnitude as the time for the grav-
itational free-fall collapse of a body of density p
from rest.

Calculate the expected mass ratio of primordial helium
to hydrogen, as in (2.65), but for the case of different
numbers of neutrino flavours N, = 3,4,5,6... Show
that each additional flavour will increase the expected
ratio by about 5%. Calculate also the expected mass
ratio for N, = 3 if the neutron—proton mass difference
were 1.40 MeV/c? instead of 1.29MeV/c?, but the
free neutron lifetime was unaffected.

In a flat matter-dominated universe (K = 0) of age 1o,
light from a certain galaxy exhibits a redshift z = 0.95.

How long has it taken the light signal to reach us from

this galaxy? (For a hint, consult equation (5.1).)

In discussing the neutron/proton equilibrium ratio
(2.62) it was stated that the rate or width W for the
reaction ve +n — e~ + p varied as T°. Verify this
directly, referring back to Section (1.8) to compute
the cross section for the above reaction as a function
of T and using the relevant flux density to compute
W from (1.14). Assume that all particles have kinetic
energies kT, with mec? <« kT < M,c?, that is, treat
the nucleons as non-relativistic and essentially station-
ary, and the leptons as extreme-relativistic. Comparing
with the expansion rate (2.47), estimate the temperat-
ure at which the neutrons and protons ‘freeze out’ of
equilibrium.

What is the minimum value of €, that will result in an
accelerated expansion for the case of a flat universe?
Neglect the contribution to the energy density from
radiation.
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(2.13) Prove the statement above equation (2.9), that the
gravitational field anywhere inside a spherical shell of
uniform density is zero; and that the field outside a
spherical distribution of total mass M is equal to that of
a point mass M placed at the centre of the sphere. (This
is called Newton’s Law of Spheres in classical mech-
anics. In general relativity it is known as Birkhoff’s
Theorem.)

*(2.14) Derive a formula for the age of an open univeg
(§2 < 1) with zero cosmological constant and gi

lisible radiation dencitvy  TTem arenst e 7m e

Hgibie radiation acnmsity. Use equation (2.33) ;

Example 2.3 as guides. Calculate the age for Q = 0

(Hint: Make the substitution tan?6 = (I + 7)g

1-).)

Y
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originally invented to describe spin % particles, the ‘2’ in the nomencla
SU(2) referring to the dimension of the matrices, the ‘U’ indicating that
transformation is again unitary. The ‘S’ stands for ‘special’, SU(2) being a g
group of U(2) in which the matrices are traceless. A fundamental differe;
between the transformations (3.21) and (3.22) is that U(1) is an Abelian
since a{x) is a scalar quantity. Thus, the effect of two rotations in succesg
is independent of the order and oy — ) = 0, that is, the two operati
commute. On the other hand, the group SU(2) is non-Abelian, involving tf
non-commuting Pauli operators, for example 1175 — 757 = it3. :

The electroweak model postulates four massless vector bosons: a triplet w
w~, and w? belonging to the SU(2) group and b° belonging to the U(1) grouf
that is, a system with an assumed SU(2) x U(1) symmetry. The neutral ¢ f
ponent w® mixes with the bY, to form the photon y and a neutral boson
involving an arbitrary mixing angle Ay . Finally, scalar bosons called Higg
scalars (after their inventor, Higgs (1964)) are postulated, to generate mag
by self-interaction, as described below. Three of the four Higgs compon
ents are absorbed by the states wt, w—, and z°, to form the massive vectq
bosons W+, W~ and Z° introduced in Chapter 1, while the photon y remain
massless. Furthermore, although massive bosons are involved, the theory doe
remain renormalizable. The weak and electromagnetic interactions are un
fied, and the coupling of the W to leptons, specified by the coupling consta
g in (3.22), is given by the relation e = g sin Gy . (There are several numerics
factors entering into the definition of g, which have arisen historically. Th
quantity gw, which we introduced in (1.9) as g2 = GpM2, is related to g byl
g% = +/2g*/8.) The two unknown parameters in the model are the photon masg
(zero), which has to be put in ‘by hand’, and the above mixing angle, whic]
has been measured as sin” 6y = 0.231 =+ 0.001. The boson masses are the
predicted in terms of the Fermi weak interaction constant GF, e, and the mixing
angle:

O P e - A R Y oV
A T " | 8Gr sin? 6w ~ sinfy

My,
M7 =
z cos By

The electroweak theory was vindicated by the discovery in 1973 of neutral $&
weak currents, that is the existence of Z° exchange as in Fig. 1.3, and by the |
observation of the W and Z bosons in 1983 (see Figs 1.6 and 1.12). Note that, £ |
because the W and Z bosons are massive, compared with the zero mass of the
photon, the SU(2) x U(1) symmetry of the model is broken by the Higgs mech- 4
anism of mass generation, but because the theory remains renormalizable, cross
sections and decay rates mediated by the bosons W and Z can be calculated °
exactly. All that is missing is the fourth Higgs component, which should exist |
as a physical particle. A lower limit on the mass is My > 100 GeV. Finding §

the elusive Higgs is one of the prime objectives of experimental high energy
physics at the present time.
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symmetry breaking

‘We now discuss briefly the Higgs mechanism for spontaneous symmetry break-
) ing in the electroweak theory. It is relevant to introduce it here, not only because
itis an intrinsic part of the very successful electroweak theory, but also because
p a \ somewhat similar mechanism has been postulated in connection with the
flationary model of the early universe, which is discussed in Chapter 5.
As stated in Section 3.1, the equation for the Lagrangian energy density L of
eld ® in a quantum-mechanical system is written as

] oL oL
— ( ) - —=0 (3.24)
dx, \ 0’ P
w‘h_ere & = 9d/dx,, ¢ is the amplitude of the field particles and
x,‘ ‘(with o = 0,1,2,3) is the space-time coordinate (so in units

h=c=1,x=tx =x,x=y, and x3 =z). For free scalar particles of mass |
‘ji,the Lagrangian function has the form

1/3d\? 2
L=T-V==(—) —p?>— 3.25
2<8xu) ) (3.25)

RS
: y[hlch gives for the equation of motion in (3.24) the expression (known as the
Klein—Gordon equation—see Appendix D)

? P,
— - — - b =0
(8r2 az M )
With the substitution of the operators E = —id/dt, p = —id/dr, this becomes
the usual relativistic relation between total energy, three-momentum and mass:

~IpP? +E* —p? =0

Suppose, now, that we are dealing with scalar particles that interact with each
other. This means adding an extra term to (3.25), which is of the form ®*
(odd powers are excluded because of the symmetry required in the trans-
formation ® — —®, and powers higher than the fourth by the requirement
of renormalizability). So the modified Lagrangian is written as

e

1/00\> 1 5, , 1__,
b L= —) —=—pu*®* - -1 3.26
2 (Bxu) 27 7% (320

Whm: A is a dimensionless constant representing the coupling of the four-boson
vertex. The minimum of the potential V occurs when 3V /0® = 0, that is, when

O (U’ +210%) =0 (3.27)

mﬂ}g» 0, the situation for a massive scalar field particle, then ® = & (min)
‘When & = 0, as is the usual case with the vacuum state having V = 0. However,
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Fig. 3.5 The potential in (3.26) as a function
of @, the value of a one-dimensional scaiar
field, for the cases u? > 0 and p? < 0.

-V +v

v

it is also possible to consider the case u? < 0, where ® = & (min) when

o\ 12
¢=iw=i(li)
Y

In this case the lowest energy state has @ finite, with V = —u*/4A so th
instead of being zero, V is everywhere a non-zero constant. The quantity v
called the vacuum expectation value of the field ®. The situation is illustrateg
in Fig. 3.5. The minimum at ® = 0 is referred to as the false vacuum, and thal
at & = v as the true vacuum, being the lowest energy state. ’

In the context of electroweak interactions, one is concerned with small

expanded, not about zero but about the chosen vacuum minimum (+v or —v ings
the above example). If one writes 3

b=v+ok)

where o is the value of the extra field over and above the constant and uniform§

value v, then, substituting into (3.25) one gets

1 [ 90 \? PVeai
L=- 29 _ aw?o? — | o3 + il -+ constant
2 \ 0x, 4

where the constant terms involve powers of v alone. The third term represents 38
the interaction of the o field with itself. The second term, when compared with §

the potential in (3.26), is clearly a mass term, with a value for the mass of

m=+v2?2 =-2u?

So, by making a perturbation expansion about either of the minima +v or —v,
a positive real mass has appeared. Note that the expansion has to be made
about one of the two minima. Of course, once this is done, the symmetry of
Fig. 3.5 is broken. Such a behaviour is called spontaneous symmetry breaking.
Many examples exist in physics. A bar magnet heated above the Curie point

(3.31)

(3.29)31
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has its elementary magnetic domains pointed in random directions, with zero
: pet moment, and the Lagrangian is invariant under rotations of the magnet in
‘space. On cooling, the domains will set in one particular direction, that of the
resultant moment, and the rotational symmetry is spontaneously broken.
. The treatment above was of a one-component scalar field. For the more gen-
eral case of a complex scalar field, &1 + iP3, the two points +v in Fig. 3.5 are
replaced by all the points on a circle of radius v obtained by rotating the diagram
. gbout a vertical axis. However, the principle of obtaining a real mass associ-
ated with the lowest energy ‘true’ vacuum state by spontaneously breaking the
* symmetry of the potential remains as before.
¥ The next step is to replace the derivative 3/0x, in (3.30) by the covariant
“derivative analogous to that in (3.19) but extended to include both the U(1)
h(nd SU(2) transformations in (3.21) and (3.22). When this is done one obtains
“atations for the squares of the masses of the W and Z bosons as in (3.23), and
also in terms of the Higgs vacuum term v. The measured values of the boson
masscs give v = 246 GeV, which is thus the scale of the electroweak symmetry
preaking. However, the Higgs mass is not directly predicted by the theory, but
‘ Jit"should have a mass of the order of the electroweak scale and in any case less
‘than 1 TeV.
#4/'The Higgs mechanism has been discussed in a little detail, not just because of
intrinsic importance for the electroweak model of elementary particles, but
because we shall meet a somewhat analogous situation in the inflationary
todel of the early universe described in Chapter 5.

[Y4RN

3.11 Running couplings; the comparison of
electroweak theory with experiment

In Section 3.8 it was noted that in gauge theories, perturbation calculations
giving finite answers can be carried out to any order in the coupling constant.
However, there is a practical limit. For example, in calculating the (g — 2)
correction to the electron magnetic moment, there are already 72 Feynman
diagrams to be summed over for the term in 3. The situation is only saved by
the smallness of @ ~ 1/137 and the uncertainty in its experimental value, which
together make higher order terms, in o or higher, unimportant or irrelevant in
comparing the predicted (g— 2) with experiment. Since, for the strong interquark
interactions, the coupling o is much greater than &, the complications in QCD
calculations would be much worse. +
Fortunately, to a good level of approximation (called the leading log approx- |
imation) it is possible to replace the perturbation series by a single term, an % = j
offective coupling, which is not constant but depends on the four-momentum
transfer g in the process considered. For the electromagnetic interaction, the @

TN

formula is

B a(p?)
UP) = T 0 @ D) (3-32)

The formula relates the coupling at one momentum transfer g to that at another j ' %
+

.—b!ﬁcnmm u (incidentally avoiding any problem of the coupling at infinite
®omentum). The effective coupling is increasing with the energy scale. Why is
that? Consider a test charge immersed in a dielectric (see Fig. 3.6). The atoms ~ Fig. 3.6
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Fig. 3.7 Diagrams involving vacuum polar-
ization effects (a) in QED where loops contain
fermions only, and (b) and (c) in QCD, where
loops contain both fermions and gluons, and
the gluon—gluon coupling produces an anti-
shielding effect.

of the dielectric become polarized, and this produces a shielding effect, so th
the potential due to the test charge at distances large compared with at
dimensions is less than it would be without the dielectric. So the effective valys
of the test charge is reduced at large distances but increases as one probes infg!
smaller distances or equivalently to larger momentum transfers. A similar effast:
is possible even in a vacuum, since the test charge is continually emitting ag
re-absorbing virtual pairs—the process called vacuum polarization descri

above—and equation (3.32) gives the quantitative evaluation of this shieldj
effect, or running of the coupling.

For strong interactions (quantum chromodynamics (QCD)) it turns out th:
in addition to the shielding effect of fermion (quark) loops there is also an antilili
shielding effect, because of the loops containing gluons and the gluon—glucil
coupling, as shown in Fig. 3.7. This coupling increasingly ‘spreads’ the stro
colour charge at the larger values of g2. In this case, the dependence of the§
strong coupling o is found to be -

as(ﬂ2)
1 + Bag(1?) In(q?/ )
1
~ Bln(g?/A?)

as(g?) =

where B = Im and A2 = pu2exp[—1/Bag(1?)], so that a5 decreases with
increasing ¢2. In the limit of very high g2, this means o, — 0, a phe-§
nomenon known as asymptotic freedom. The experimental evidence for this E |
q* dependence is shown in Fig. 3.8. =
The running of the couplings is important in performing precision fits of 48
data on electroweak interactions to the Standard Model. The data come from
measurements at giant e *e~ colliders of the W- and Z-boson masses and widths,
the forward-backward asymmetry in the decays of these bosons to leptons and

@ R ®) Q © G



' 3.11 Running couplings; the comparison of electroweak theory with experiment 83

0.4
03 +
&
S 02
. ?
0.1 |
0 H ) H 1
1 10 102 10° 10*
7% (GeV?)
@ (b)
e
-
x’:\ ‘ Ty
€ 1 +
o wi wi
b
0.240 |

sin® 0, (eff) —»

ikl 1
0 110 150 200 250 300
My (GeV) —»

to hadrons (via quark pairs), and the cross sections for neutrino and antineutrino
scattering on electrons and on nucleons. The different quantities or processes,
when evaluated theoretically, will contain different contributions from radiative
eomrections. Figure 3.9 shows examples of how such corrections can affect «
(8 described earlier in this section) or the W-boson mass.

- Figure 3.10 shows how the Standard Model is tested. Some quantities, such
MMz = 91.189 + 0.001 GeV have been measured very accurately. Theoretic-
'“Yothe radiative corrections to the Z-boson mass, and to the quantity sin? Ow,
both depend, for example, on the mass of the top quark. The figure shows the
&xpected variation in sin? §,, with Miqp for the observed value of Mz. One can

Fig. 3.8 Variation of the QCD ‘running coup-
ling’ with ¢, the data coming from a variety
of sources, including the 7 lepton width,
inelastic lepton-nucleon scattering, upsilon
{=bb) decays, Z° width, and event shapes and
widths in the process ete™ — hadrons. The
curve is the prediction for A = 200 MeV in
(3.33).

Fig. 3.9 Loop diagrams indicating radiative
corrections (a) to « from a virtual fermion
loop, and (b) to the mass of the W- or Z-bosons
from icops containing a virtuai fop quark or a
Higgs scalar.

Fig. 3.10 Values of the electroweak mixing
angle versus top quark mass, computed from
the radiative corrections (as in Fig. 3.9) to
various quantities, for example, the Z-boson
mass, neutrino—nucleon scattering cross sec-
tions (for neutral versus charged currents),
and the widths and asymmetries in Z decays.
The best fit, where the various curves inter-
sect, is in excellent agreement with the top
quark mass measured directly.
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also determine sin? 8, in other processes with different radiative correctj
The mass of the top quark has also been determined by direct experiment, ragig
than from a radiative correction. The question then is whether all the data
together can give a unique fit to the model, with a set of best-fit parame;
Clearly this is so; the best fit is indicated by the dark area at the centre of’
plot. Although in this plot, the Higgs mass was assumed to be 300 GeV, thige
quantity can also be determined in the fit, although not very precisely becauss’’
the radiative corrections depend only logarithmically on the Higgs mass. Wheg'
this is done, a rather light Higgs mass, My < 160 GeV is indicated. ‘

3.12 Grand unified theories (GUTs) and

supersymmetry

The success of the electroweak theory, unifying the electromagnetic and weak
interactions, in describing an enormous range of experimental data, opened
the possibility that unification of the fundamental interactions might be tak
one stage further, by incorporating the strong interactions with the electroweak;
in what are called grand unified the ories—GUTs for short. The basic idea is that

the SU(2) x U(1) electroweak symmetry (a broken symmetry) plus the (exact):
SU(3) colour symmetry of the strong interactions might be encompassed b
a more global symmetry, manifested at some high unification energy. Sin
the effective couplings for the different interactions ‘run’ in different way
the possibility arose that they could extrapolate to a universal value, the gra g
unified coupling ay,.

The first and simplest GUT model was the SU(5) model of Georgi /
Glashow in 1974. This incorporated the fermions, both leptons and quarks, in 3
multiplets, inside which, with a common coupling, leptons and quarks couli
transform into one another via the exchange of massive ‘leptoquark’ bosons .
and Y, with electric charges of % and % of the elementary charge. :

The three couplings involved are denoted by o; = g?/4n. Here g;
(%)1/ 2¢/ cos 6, and g» = e/ sin B, where e is the electron charge and 6, is th
weak mixing angle, and the strong coupling is g3 = g as in (1.7). It may bl
shown that, in this model, the electroweak parameter has the value sin? Ow =
at the unification scale, where the three couplings w1, or2, o3 all have the samegl
value @y = (%)0{ml (Mx).Soay = é, using the value of aep, (My) = ﬁ from;
Exercise 3.3, for Mx = 10'* GeV. :

The dashed lines in Fig. 3.11 show how the reciprocal quantities 1/a; 23
vary linearly with the logarithm of the energy scale, as expected from the forms &
(3.32) and (3.33). |

Although the expected value of the unification energy is beyond reach in the *
laboratory, even at normal energies virtual X and Y exchange can take place, {
and this would lead to the dramatic prediction of proton decay, for example,
in the mode p — et + 7, as indicated by the diagram in Fig. 3.12. Because "#
of the strong suppression factor due to the X, Y propagators, the predicted
lifetime is very long, of the order of 103° yr. This is in definite contradiction
with the experimental lower limit to the lifetime, which exceeds 1033 yr. The
other problem with this model is that the three couplings (Fig. 3.11) do not
exactly meet at a point, ]
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problem In the previous section we noted that the very successful calcula-
¢ tion of radiative corrections to the Standard Model involved loops containing
. virtual fermions and bosons. However, if there exist very massive particles
i+ associated with grand unified symmetry schemes, they will be present as vir-
‘tual states in such loops and lead to divergences in calculating the Standard
“ Model parameters, unless one can arrange cancellation terms. Supersymmetry
‘does just that, since it turns out that the amplitudes for fermion and boson
oops have opposite signs. So for every fermion (boson) in a loop there will be
other loop with a boson (fermion) partner, and, provided the mass scale of
the superpartners is less than about 1 TeV, it can be shown that the divergences
are avoided. A bonus of this scheme is that above the SUSY (=supersymmetry)
géa]e, the evolution of the three running couplings is modified and they come
loser to meeting at a single point in Fig. 3.11, with a higher unification energy
£ around 1017 GeV.
At the present time, there is no experimental support for supersymmetry
t for grand unification. Lower limits on the masses of SUSY particles from
elerators are ~100 GeV. This is of course larger than the masses of most
f the known fundamental fermions and bosons. Clearly, supersymmetry is
‘broken symmetry, and it could be that all the superpartners have masses
i“the range 100-1000 GeV. A list of some SUSY particles is given in
le 3.2.
Most supersynmumetric models postulate an R-symmetry, that is the SUSY
Sitticles are produced in pairs with conserved quantum numbers R==1,in
““$ich the same way that strange particles are pair-produced with § = %1 in
" &rong interactions. Thus, a quark and antiquark with sufficient energy could
annihilate to a squark—antisquark pair. A massive SUSY particle would decay,
i ‘an R-conserving cascade process, to lighter SUSY particles, and eventually
to the lightest superparticle, which would be stable. If this were a photino,
for example, its production from squark decay, Q — Q + ¥ would be mani-
fest by acoplanarity of the decay and momentum imbalance from the missing
photino.

As will be discussed in Chapter 4, one of the major problems in our under-
standing of the universe is to account for the nature of the ‘dark matter’, allegedly
accounting for over 80% of the total mass. If the dark matter is in the form of
elementary particles, then supersymmetric particles, created in the primordial
uUniverse, are possible candidates.

Table 3.2 Examples of supersymmetric
particles (with spin in units )

Particle Spin  SUSY Partner  Spin
Quark Q % squark 0 o0
Lepton I % slepton I o
Gluon G 1 gluino G %
Photon y 1 photino ¥ %
Z-boson Z 1 zino z 4
Higgs H 0 higgsino H
Graviton g 2 gravitino g %
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Fig. 3.14 The operation P on a LH neutrino
transforms into a RH neutrino state, which
is not observed. The C operation on a LH
neutrino state transforms into a LH antineut-
rino state, which is also not observed. The
combined CP operation, however, transforms
a LH neutrino into a RH antineutrino, which
is observed.

a, p CpP a, v i
«~— _— «—
M p
Neutrino Antineutrino
H=-1 H=+

3.13 CPT theorem and CP and T symmetry

The operations of charge conjugation C, spatial inversion P, and time reversghi:
T are connected through the very important CPT theorem. This states that
interactions are invariant under the three operations C, P, and T taken in ass
order. The theorem predicts that the masses, magnetic moments, lifetimes etcs:
of particles and antiparticles should be identical, a prediction which is verified
to very high accuracy. For example, the difference in masses of the neutral ka

KO and its antiparticle K° is less than 1 in 10'%, while the difference in absolu
values of the magnetic moments of the positron and electron is less than on
part in 10'2. The CPT theorem also predicts the spin-statistics relation, th
integral and half-integral spin particles obey Bose—Einstein and Fermi-Dirac’:
statistics, respectively.

While CPT invariance is, as far as we know, universal, CP and T symmetries
are not. Let us recall from (3.9) and Fig. 3.3(a) that while the weak interactio if
are not invariant under C or under P, the operation CP does transform a )
neutrino state into the RH state of its charge conjugate, the antineutrino—se§
Fig. 3.14. In fact, for a time it was thought that the CP symmetry might b
universal, but then the evidence for CP violation was observed in the decay
neutral kaons, as we now discuss.

3.14 CP violation in neutral kaon decay

The kaons are the lightest mesons formed from the combination of a strang
quark or antiquark with a non-strange antiquark or quark. They are produce

in strong interactions of hadrons and occur in four states, all of spin-parity’ 3§
JP = 0~ and with masses of 0.494 GeV/c? for K+ (= us) and K~ (= is), an *
0.498 GeV/c? for KO(= d5) and K%(= ds). The states with a strange quark it
have § = —1, while those with a strange antiquark have S = +1. All the kaon 3
states are unstable. The charged kaons, being particle and antiparticle, have the
same mean lifetime of 12.4 ns. For the neutral kaons, however, two different 4
lifetimes are observed. The state called Ks has T = 0.089 ns and that called Ky %
has © = 51.7 ns (the subscripts standing for ‘short’ and ‘long’). The existence §
of two lifetimes arises because the decaying states the experimentalist detects
are superpositions of K% and K° amplitudes. This mixing occurs through virtual 1

27 and 37 intermediate states and involves a second-order weak interaction of '_
AS =2:

7N
KY KO

2n i
N3y |
i
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Fig. 3.16 ‘Unitarity triangle’ showing the
angles o, 8, and y determined by measure-
ment of CP violation in neutral B-meson
decays. Any departure from closure of this
triangle, that is, violation of the unitarity rela-
tion (3.39), would indicate new physics bey-
ond that of the Standard Model. The current
(2003) value of sin28 = 0.73 % 0.06.

where the absolute magnitudes of the (generally complex) elements
matrix are :

Vaa Vus Vb 0975 0221 0.004
Vekm = |Vea Vs Vep| & 0221 0975 0.039
Ve Vis Vi 0.008 0.038 0.999

The extreme off-diagonal elements Via and Vy, are very small and not’
determined. '
The important point is that an N x N matrix contains N (N —1)/2
(mixing) angles, which is 3 for N = 3 (compared with 1 for N = 2), y
(N — 1N — 2)/2 arbitrary phases (i.e. 1 for a 3 x 3 matrix and non
a 2 x 2). This phase, say & in the CKM matrix enters the wavefunctic
expli(wt + 8)], which is not invariant under time reversal r — —r. So this
possible T-violating, or equivalently CP-violating, amplitude in the Stan !
Model. The existence of this phase implies that some of the elements of ¢
CKM matrix must be complex. Since on the hypothesis of universal Fen
coupling, the matrix V is unitary, the off-diagonal elements of the product
must be zero. So, for example, multiplying the top row of the complex transp

matrix V* by the last column of V, we get for the right-hand top corner ele v
of the product matrix

V:d Vb + V:d Veb + Vt):i Vib=0 (3;'

and this can be plotted as a ‘unitarity triangle’ in the complex plane as shoy
in Fig. 3.16. The three angles e, 8, and ¥ can be found by measuremeéf
on the decays of neutral B-mesons, that is the quark—antiquark combinatit}
bd and db, known as BY and BY, and the combinations b§ and sb, c2
BY and BY. For B-meson decays, the direct CP violation process is do
ant over the indirect one. Pair production of B-mesons in enormous num
has been achieved at electron—positron colliders especially built for the p

and called ‘B-factories’ at Stanford, USA and KEK, Japan. Unlike the ne
kaons, the more massive B-mesons have very many decay modes. The lev
CP violation is obtained by measuring the difference in decay rates of B and ]
to the small fraction of the decay modes that are common to both. For exampl
the decays Bg to YK, where  is the ground state c¢ meson resonance, mea
ure sin 28, while decays to ™ measure sin 2c, and the decay B(s) to p
measures sin 2y . The object of these measurements is to determine whe
the observed rates of CP violation are consistent with the constraints of

By atn

/
B, - oK, Voo Véa By— YK,



~ Standard Model. Although none has so far been observed, any departure from
i the unitarity relation (3.39)—non-closure of the triangle in Fig. 3.16—would
*be a signal of new physics beyond the Standard Model.
The important question for astrophysics is whether the level of CP violation
" included in the Standard Model is sufficient to account for, or is relevant to, the
observed CP violation and matter—antimatter asymmetry on a universal scale.
Current thinking is that the matter asymmetry must have been generated in
- the very early universe, at energies far in excess of those associated with the
- Standard Model and laboratory experiments.

43.16 Summary

e Symmetries and invariance principles give rise to conservation rules.
Invariance of the Lagrangian function under a global phase transforma-
tion leads to a conserved current (Noether’s Theorem).

o Transformations of the wave function under inversion of the space
coordinates defines the parity of the system. Parity is conserved in elec-
tromagnetic and strong interactions, but not in weak interactions. As
aresult, fermions involved in charged-current weak interactions possess
longitudinal polarization P = a(o - p)/E = « (v/c), where & is the spin
vector (with 62 = 1), p and E are the three-momentum and total energy
of the particle, and @« = —1 for fermions and +1 for antifermions.

Particles created singly in parity-conserving interactions have to be

assigned an intrinsic parity. Fermions and antifermions have opposite

intrinsic parities.

e The helicity of a particle is a well-defined quantum number for ultra-
relativistic particles; H = o - p/|p| = +1 or —1 (i.e. RH or LH). In
vector or axial-vector interactions, the helicity of a relativistic particle is
preserved, that is, it has the same value before and after an interaction.
Neutrinos have helicity —1 and antineutrinos, helicity +1.

e It is believed that all successful field theories must have the property
of invariance under local gauge (or phase) transformations. This leads
to renormalizability of the theory, giving finite predictions to all orders

in the coupling constant. In QED, local gauge invariance leads to the

masslessness of the photon.

e In QED, the gauge transformation belongs to the group U(1). In the
electroweak theory, the gauge transformations belong to the group SU(2)
involving non-commuting operators.

e Although the mediating bosons W and Z in the electroweak theory are
massive, the theory remains renormalizable as a result of the Higgs
mechanism.

e In the simplest electroweak model, one physical scalar Higgs boson is
predicted. The present lower limit on the mass is 100 GeV.

e The summation over Feynman graphs of higher orders can be approxim-
ated by single boson exchange with an effective coupling which ‘runs’
with the momentum transfer involved.

e Taking account of the virtual processes involved (radiative corrections),
the electroweak theory predicts relations between the various parameters

3.16 Summary 93
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(particle masses, mixing angles, decay asymmetries etc.) and these havé¢!
been tested experimentally to high accuracy. i
GUTs have been postulated, unifying electroweak and strong interactiong’
at high energy (~10'* GeV or more).

The so-called hierarchy problem has led to the postulate of supers
metry, that all fermions (bosons) will have boson (fermion) partners.
experimental mass limits on all SUSY particles are above 100 GeV. At
present there is no direct evidence, either for GUTs or for supersymmetry;
but SUSY particles have been postulated as candidates for dark matter, -
All interactions are invariant under the C, P, and T opefations taken in
any order. This CPT invariance results in the same mass and lifetime for
particles and antiparticles and for the spin-statistics relation.
CP invariance holds good in strong and electromagnetic interactions, buf
is violated in weak interactions. CP violation is allowed in the Stand-
ard Model of particle physics, with weak transformations between thre¢
families of quarks and leptons. CP violation is required to account for
the matter-antimatter asymmetry of the universe.

Problems

(3.1) Show that, if the pions are in a state of zero relative
orbital angular momentum (S-state), then n*n~ is an
eigenstate of CP = +1 and n* = n* is an eigenstate of
CP = —-1.

(3.2) Explain why the n* and w~ mesons are of equal
mass, while the baryons T+ and X, both of strange-
ness S= — 1, have masses of 1189.4 MeV/c? and
1197.4 MeV/c?, respectively.

(3.3) The peutral non-strange mesons p° (spin J = 1, mass
770 MeV) and f° (J = 2, mass 1275 MeV) can both
decay to wt ™. What are their C and P parities? State
which of the decays p° — n%y and f° — =0y are
allowed, and estimate the branching ratio.

(3.4) Show that the reaction n~+d — n+n+7n®+ QO (where
Q = 1.1 MeV) cannot proceed for pions at rest.

(3.5) The flux of relativistic cosmic-ray muons at sea-level
is approximately 250 m~2s~!. Their rate of ioniza-
tion energy loss as they traverse matter is about
2.5 MeVgm™! cm?. Estimate the annual human body
dose due to cosmic ray muons, in grays orrads (1 gray =
100rad = 6.2 x 10> MeVkg™).

If protons underwent decay and their total mass energy
(0.94 GeV) then appeared in the form of ionizing radi-
ation, calculate the value of the mean proton lifetime
that would result in a radiation dose equal to that from
cosmic-ray muons.

*(3.6) At energies of a few GeV, the cross section for the elecs
tromagnetic process €~ +p— e~ + hadrons is much
larger than that for the weak process e~ +p— ve +
hadrons. However, at high energies and at high enough}
values of the momentum transfer, the two processes may
have comparable cross sections. These conditions would
obtain, for example, at the HERA collider at DESY,
Hamburg, where 30 GeV electrons collide head-on with
820 GeV protons.

(a) Calculate the total collision energy at HERA in the !
overall centre-of-momentum frame of the electron “§§
and proton.
If the primary collision is treated as between the
electron and a quasi-free u-quark carrying 25% of |
the proton momentum, what is the CMS energy of 3
the electron—quark collision?

®

~—

(c) At approximately what value of the four- 2

momentum transfer squared (¢%) between electron
and quark will the electromagnetic and weak cross
sections become equal? Refer to Section 1.9 for
cross section formulae.

(d) Write down any other process of electron—proton
scattering that will be important at high 2.

*(3.7) On coming to rest in matter, a positron forms an ‘atomic’
S-state et e~ with an electron, called positronium, which
is observed to decay to two or three photons, with two
distinct lifetimes. :




(a) What are the guantum nu
momentum J, parity P,
parity C) of these states?
The energy levels of the hydrogen atom are given
by the formula E,, = — o2 1.c2 /252, where 1 is the
principal quantum number and y = mM /(m+M)
is the reduced mass of the proton, mass
M and the electron, mass m. Calculate the
n=2— n=1level spacing in eV in positronium
(M =938 MeV/c?,m=0.511 MeV/c2,a = )
Try to estimate the lifetimes of the two decay
modes, based on the fact that electron and positron
wavefunctions have to overlap to annihilate, and
that the Bohr radius in hydrogen is a = h/(uca).

umbers (total angular
and charge conjugation

()

©

(3.8) Electron-positron annihilation at the appropriately high

‘resonant’ energy can result in the formation of the
T-meson (the upsilon meson) of mass 9460 MeV/c2,
which is a bound state of a ‘bottom’ quark and anti-
quark: ete™ — bb — hadrons (see Fig. 1.9). Assuming
the quark pair is in a state of orbital angular momentum
L=0, what are the quantum numbers JPC of the
T-meson?

Eneigy levels due to radial excitations of the bb-
System are observed above the ground state, the first
such level being one of mass 10023 MeV/c2. The cor-
responding 2°S-13S level separation in positronium is
5.1 eV (see the previous question). Estimate the value of
the strong coupling a; binding the quark and antiquark,
assuming for simplicity a 1/r (Coulombic) interquark
potential (i.e. the first term in equation 1.7)).

*(3.9)

3.10)

Problems 95

Write down how the following quantities will trans-
form under the P (space inversion) and T (time reversal)
operations:

e

Position coordinate r
Momentum vector P
Spin/angular momentum vector ¢ = r x p
Electric field E=-vvV
Magnetic field B=ixr
Electric dipole moment o-E

Magnetic dipole moment o-B
Longitudinal polarization o-p
Show that an electric dipole moment for the neutron
would violate T-invariance. Try to estimate an upper
limit to such a dipole moment, assuming the appropriate
level of CP invariance is that observed in neutral kaon
decay.

Estimate the expected level of asymmetry in the scat-
tering of polarized protons by polarized protons (the
polarization being longitudinal).

All of the following decays are allowed by energy
conservation. Which of them is allowed by other conser-
vation laws? (Note: The p-meson has J? — 1~. The =-
and n-mesons have J® = 0, and their principal decay
modes are to two photons):

>t o’ >ty
p0—>n0+n0 p0—>no+n
n0—>y+e++e“ n—et e
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that it appears concentrated towards the cluster centres, the greater part (at |
80%) of the total mass must be dark matter.

The major surveys of galaxies and galaxy clusters, such as the infrared
IRAS satellite survey, comparing the motional energy with the gravitationg]
encrgy, also provide indisputable evidence for dark matter. The masses !
galaxy clusters can also be estimated directly by their effects on the imag;
of more distant quasars, due to the process of gravitational lensing, which
discussed in the following section.

Dark matter also seems to be required from quite independent considerations
of the level of fluctuations in the cosmic microwave background, as discussed _
in the next chapter. These density fluctuations are observed to be of ordg%
Ap/p ~ 1073, and fluctuations 2-3 orders of magnitude larger woutd have®
been necessary if formation of galaxy and galaxy clusters was to be achievedd
by gravitational collapse of baryonic matter alone, once it had decoupled fr
radiation at z ~ 1000. On the other hand, as shownin Example 2.6, theexisten
of {cold) dark matter with £2(0) ~ 0.25 would have led to dominance of matter =

over radiation at a higher redshift {z ~ 5000) and more effective gravitational

coltapse of matter (with dark matter dragging baryonic matter along with it)
from a much earlier epoch. :

4.2 Gravitational lensing

Important information regarding the amount and location of dark matter has;
come from gravitational lensing. The gravitational deflection of photons passing;

by a point mass M at a distance of closest approach b is given by the formula 23

Q= —— (4.21

This is the deflection predicted by Einstein's general theory of relativity, being";t ;

exactly a factor 2 larger than the deflection one obtains according to Newtonian
mechanics {(see Problem 4.1). In fact, using heuristic arguments, it is also po

sible to reproduce the result (4.2) just using the special theory of relativity and
the equivalence principle (see, e.g. the very clear derivation in Adler, Balzin
and Schiffer 1959). The accuracy of the Einstein prediction was first demon- @
strated by the 1919 solar eclipse expedition, which measured the deflection of 1§

light from stars close to the Sun’s limb.
The gravitationat deflection of light implies that massive objects may act as

gravitafional lenses, as foreseen by Einstein even before the relation (4.2} had 2
been tested experimentatly. Suppose in Fig. 4.3 that S is a source of li ght (star) §

and that the rays to the observer O pass close to a massive point lensing object L.
of mass M. The diagram represents the situation in the plane defined by O, S and
L, and is the gravitational analogue of a thin lens system in optics. In the general
case, the source and lens will not be collinear with the observer and there will
then be two images of the source, S1 and S2. Then, if @ denotes the gravitational
deflection and b the closest distance of approach, we have from 4.2)

wDyg = Ds(6) — 6s)

AGM Dis 1
2 DgDy 8

- =6 “4.3)




ast

Ies
1is

ms
sed
der
we
ed
om
ce
ter
nal

it)

ing
J1an
108~
and
lzin
on-
1of

t as
had
tar)
ctL
and
eral
will
mal

13)

In the collinear case, 85 = 0. Then, we can write

AGM 172

‘where 8 is the angle of the so-called Einstein ring. In this collinear case, the
image of S is a ring of light centred on the line of sight. For finite 85 and a
point lensing mass, however, one obtains just two images lying in the plane
-defined by the source, lens, and observer, with angles that are solutions of the

“quadratic (4.3):
B2 = {95 + /62 + 49%] / 2 .5)

The above analysis assumes a point lensing mass. Often, the lensing object or
objects will be extended in space, and more complex, multiple images are then
formed. Examples of lensing were first observed for very intense and very dis-
tant sources called quasi-stellar objects or quasars, which are in fact the most
powerful radio and optical sources known. Quasars are examples of galaxies
with very active nuclei (AGNSs), and are probably powered by the gravitational
energy from massive black holes (see Section 7.14). In the case of quasars
the lensing mass is a ‘foreground” galaxy or galaxy cluster. An example of a
doubly-imaged quasar is shown in Fig, 4.4,

Since in multiply-imaged events, the different images involve different light
paths, time delays will be involved. The path lengths are proportional to the
distance scale, that is, to the inverse 1/Hp of the Hubble parameter, so that
study of multiply-imaged quasars offers a method for the determination of H.
However, the important thing is that by measurement of the multiple images of
such distant quasars, the total mass of the foreground galaxy or cluster can be
estimated. The total mass density of the universe found in this way indicates a
value for the closure parameter associated with the matter content of Q, 22 0.3,
as quoted in (2.20).

dtQB‘E i ,p,radj : a: .

w:th the 1 resolving limitofa telescope An earth-bound opUcai telescope has
aresolution of about 1 arcsec, and even that of the Hubble Space Telescope
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Fig. 4.3 The two images S1 and S2 of a
source S formed from gravitational lensing by
the point mass L.
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observer. All quantities are measured in the plane defined by the observer,
“lens, and source, with the notation of Fig. 4.3. In this case, the angle 85 will

"% be a function of time, with a minimum value when the lens is at the closest
- distance of approach to the line of sight to the source. From Fig. 4.5, the right-
'(":"angled triangle AS’L gives us LS? = AS? + AL2, where LS’ = Dy 6;, AS =

Dy 8;(min) and AL = v¢, where time ! is measured from the moment of closest
- approach of the lensing object to the line of sight to the source. Dividing through

;by (D16g)? and with x = g /6g, x(min) = Ps(min) /g, we obtain

s 2. vt \? _ 2
here we have defined T = Dy.6g/v. When the two images are not separated,
ere results in an amplification of the (single) signal. From Liouville’s theorem,
e phase-space density, that is, the number of photons per unit solid angle, is
-unaffected by the imaging, so that if @ is the angle of the image, the amplification
willbe A = d2/dQ2s =6 d6/(8s dBs). Since from (4.5) the amplification from
“gach image is found to be

Az = {1 + /2y £4/1 +x2/4]/[2x 1+x2/4] @7

: ;_.follows that, adding the amplitudes from the two (unresolved) images, the
et amplification becomes

X2 x2
A=(1+E)/ 1475 (4.8)

with x2 defined in (4.6). Figure 4.6 shows how the signal depends on time, for a
few cases of the ratio x(min). For x(inin) < 1, the peak vatue of A'is approxim-
ately equal to 1/x(min). Figure 4,7 shows an example of a microlensing evént,
in which a massive dark object amplifies the light signal from a star in the Large
Magellanic Cloud (a nearby mini-galaxy).
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Fig. 4.5 A point lensing mass L moving with
velocity v perpendicular to the line of sight: O
is the observer and §' is the projected position
of the source in the plane of the lens.

Fig. 4.6 Examples of the dependence of the
amplification for micrelensing events calcu-
lated from (4.8} for different values of x(min}
as a function of ¢/7T.
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Fig.4.7 Example of amicrolensing event, the
source being a star in the Large Magellanic
Cloud, at a distance of some 50 kpc. Note the
same signal is observed in blue and in red Light
(after Alcock ef al. 1993).
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MACHOSs {or massive astrophysical compact halo objects) is the name giverg
to dark matter in the form of microlénsing objects with masses of the ordeigl
of stellar masses in our galaxy. Typically their masses lie in the range 0.0013
0.1M. Several hundred MACHOs have been observed, for example by theirg
microlensing of light from stars in the Large Magelianic Cloud, as in Fig. 4.7.%
A characteristic of these events is that the same amplification is observed in
blue and red light, a fact which distinguishes them from variable stars. The §
reason for the achromaticity is clear. If the photon momentum is p, its effective §
gravitational mass is p/c, so that it will receive a transverse momentum Ap & p-§
from a gravitational field, Hence, the deflection Ap/p will be independent of §

wavelength k/p.

4.4 The lensing probability: optical depth

The probability that a particular source will undergo gravitational lensing as a J§
measurable effect is called the optical depth. This is defined as the probability &
that at some instant of time, the-line of sight to an individual star will be within
the Einstein radius of a lens in the intervening distance. 1f My, is the density
of lenses per unit volume, and they are distributed uniformly, then, since an '
Einstein ring extends over an area of 7(Dy fg)? it follows that the optical depth 3

will be
= f D NLADyL6E

where the integral extends from Dy, = 0 to D, = Ds. Substituting for 6g from

{4.4) and with y = D /Dg and p = N.M for the mass density of lenses, the
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integral becomes

/DS\Z P
r=4nG(7) jp(y)y(l—y)dy

with y running from 0 to 1. If p is constant, this expression simplifies to

2
T =206 (@) L “.9)
c 3

. which depends only on the distance to the source and the average mass dens-
7 ity of lensing objects between the observer and the source. Inserting typical
"% values of density for our galaxy, and considering sources near the periphery
" of the central bulge at ~5 kpe, yields a value of  ~ 10~7. Thus, lensing
will be a comparatively rare occurrence, and to detect dark matter in the form
of ‘dark stars’—that is, MACHOs as described above—one needs to examine
the light curves of many millions of stars over months and years. This has
- required computerized search techniques, which were first used in the old auto-
“mated analysis systems used in scannin g bubble chamber film in particle physics

' Finally, we remark that the effect of a MACHO on the light from a more
distant star is not only angular deflection, but also a time delay (the effective
~ velocity of light is reduced by the gravitational field) usually referred to as the
‘Shapiro detay’. Such an effect was first observed in the 1960s when return radar
pulses bouncing off planets were found to be delayed if they passed close to
the Sun. So, in principle, a MACHO could introduce a measurable phase delay
in the very regular radio or X-ray signals from a pulsar (see Section 7.13).
The magnitude of the magrification involved in microlensing varies inversel y
as the impact parameter between the lensed star and the MACHO, and so detec-
tion of microlensing typically involves examination of millions of stars, as
discussed above. On the other hand, the Shapiro delay falls off only logarith-
mically with impact parameter, 50 even with only a few hundred known pulsars,
an effect may be detectable, although so far none has been claimed.
We now discuss the various possible candidates that have been proposed to
constitute dark matter, as well as the experimental methods employed to search
for them.

4.5 Baryonic dark matter

Some of the dark matter must be baryonic, since the value Quaryon & 0.05
deduced from nucleosynthesis in the Big Bang is an order of magnitude larger
than the ¢losure parameter associated with visible stars, gas; and dust, of @y, =
0.01—see (2.27) and (2.28). Some at least of this baryonic dark matter has
been accounted for in the form of compact halo objects (MACHOSs) described
above. It is not yet known if such objects can account for all or even the bulk
of the baryonic dark matter. Leaving this aside, baryonic matter makes only a
$mall contribution to the overall density of the universe and a less than 25%
fontribution to the estimated total density of dark matter.

4.5 Baryonic dark matter
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4.6 Neutrinos

The favoured hypothesis is that non-baryonic dark matter is made up of element.
ary particles, created at an early hot stage of the universe, and stable enough
to have survived to the present day. As indicated in Section 2.8, the neutri
nos Ve, v, and vy and their antiparticles, together with electrons, positro,
and photons would have been produced prolifically in the early universe,
present in comparable numbers, according to the equilibrium reactions

yeret +e e+ T - (4.10)__

where i = e, 1, T. As indicated in Section 3.6, the cross section for electron-
positron annihilation to a neutrino—antineutrino pair is a weak process wi

a cross section of order ¢ ~ Gl%s/ﬁn, where 5 is the square of the CMS:
energy (see Example 3.2 in Section 3.6). The collision rate for this reaction-

is W = {pov) where p is the number density of electrons or positrons and ‘.
v is their relative velocity. Sifice p ~ T2 is the number density of relativistic™
particles at temperature T, the rate W ~ T3, while the universal expansion
rate i?/R = H, the Hubble constant at that era. In a radiation dominated ura<-’
verse, H ~ T2 (see (2.47)). Hence, as T falls during the expansion, neutrinos:*
must decouple as soon as W < H, Inserting numerical values (see Prob-
lem 4.2) one finds for the critical temperature, kT ~ 3 MeV. So for 7 = 0.1

neutrinos are decoupled and the neutrino firebal] expands and cools independ- %

ently of the other particles or radiation (apart, of course, from the univer
redshift).

The number density of the neutrinos will be comparable with that of thel
photons. However, when kT < 1 MeV, the photons will be boosted by the anm
hilation process e + e~ — y + v, which converts the energy content of @
electrons and positrons into photons. The entropy per unit volume of the particlé§
gas will be § = [dQ/T, where O is the energy content per unit volume of
photons, electrons, and positrons at temperature T', and from (2.37) and thé {

integrals (2.40)

4aT3 dT 7 7\ 4T 1 2
={ X< 1+24+5) = - 41 E
s=([*FE) (1540 =1

where a = 4ay /c is the radiation constant and oy 1S Stefan’s constant. After 5

annihilation the photons have attained a temperature T with entropy

da
8 = (—3—) T13

but sirce the expansion is adiabatic (isentropic) 81 = § 5o that

=" r

So if the temperature today of the microwave photons is 7., that of the relic

neutrinos, which received no boost will be

To=(%)"T = (2)" x273 = 195k (4.12)




- The corresponding number density of neutrinos plus antineutrinos is easily
shown to be

Ny = (§;)Ny =113 cm™> (4.13)

. per neutrino flavour, to be compared with a number density of 411 cm 3 for
the microwave photons. We note from this number density that the total energy
density of neutrinos would be equal to the critical density (2.23) if the sum of

. the masses of the three flavours has the value

Z myc® =47 eV 4.14)

e, T

% 8o relic neutrinos with masses in the few ¢V mass range could make signi-
- ficant contributions to dark matter. Of course, unlike essentially all other dark
matter candidates, they have the great advantage that they are known to exist.
However, evidence from neutrino oscillations (Sections 6.9-6.1 1) suggests very
:+ much smaller neutrino masses than indicated by (4.14). Another problem with
_ neutrinos as dark matter candidates is that they would constitute ‘hot’ dark
- matter. With the critical temperature of kT ~ 3 MeV, neutrinos were relativ-
stic when they decoupled from other matter and also when the structures in the
nniverse were forming. Consequently, they would stream rapidly under gravity
and, just like the photons, tend to iron out any primordial density fluctuations.
$0'if large-scale structures are to form, computer simulations indicate that the
fraction of dark matter that is *hot’ can only be of the order of 30% or so.

" Aside from the question of relic neutrinos forming dark matter, the existence
‘of some 340 neutrinos, inferred above, in cach cubic centimetre throughout
space, with energies in the meV range, poses a truly formidable challen ge to
the experimentalist to detect them.

4.7 Axions

The axion is a very light pseudoscalar particle (spin-parity 0~) postulated in
connection with the absence of CP violation in strong interactions quantum
chromodynamics (QCD). In principle, complex phases can occur in the quark
wavefunctions in QCD, and these would be T-violating or CP-violating (as
indeed they arc in the weak interaction sector). The fact is however that the
upper limit to the electric dipole moment of the neutron is nine orders of mag-
nitude jess than strong CP violation predicts. To cancel this undesirable feature
and to account for the smallness of any posssible violation, Peccei and Quinn
{1977) proposed a new spontaneously broken global U(1) symmetry, with an
associated massless boson (a so-called Goldstone boson), which receives a
small mass by mixing with other neutral pseudoscalar mesons (e.g. %, n®).
There is no experimental laboratory evidence for such a particle, but it is a pos-
sible candidate for dark matter, since axi ons, if they exist, would have formed
8 & condensate in the early universe. The characteristics of axions—the mass
My and the vanishingly small coupling to other particles—depend on just one
Parameter, which is the (unknown) scale of the symmetry-breaking interaction.

Like the neutral pion, the axion is expected to decay to two photons (however,
the lifetime is proportional to 1/m; and exceeds the age of the universe for any
mass below 10 eV), This implies that in a suitable magnetic field (supplying an
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incoming photon), one should be able to observe the conversion of an axjon g
a photon. Attempts to observe this conversion in a microwave cavily have so fapi;
failed to detect any signal. Equally, if axions constitute the bulk of dark mattey’
in onr iocal galaxy, their decay to two photons each of energy m, / 2—despite
long lifetime—should be revealed as spectral lines in optical telescopes if 4
mass is in the few eV region, and absence of such effects excludes sucha
range. Axion masses above 1 eV are also excluded because they would res ‘
in a drastic reduction in the number of visible red giant, he]ium—buming stars;”
These wouid lose energy by axion emission, to be compensated by increased
nuclear fusion and a shortening of the lifetime of the star, and hence a reduction
in the numbers visible at any one time. :
In order to account for dark matter, that is, to reach an energy density of
the order of the critical density, one requires axion masses in the region of
10761073 eV/c2. Axions have the advantage (if they exist) that they would :
contribute to the ‘cold” dark matter, so the hypothesis has to be taken seriousk

4.8 WIMPs

The most popular hypothesis, currently, for dark matter particles is that the
are weakly interacting massive particles (W IMPs), moving with non-relativisti
velocities at the time of freeze-out and thus constituting cold dark matter.
First however, we should ask if these particles could be massive neutrinos.
they were, and had masses such that they were still relativistic at freeze-out, th 4
ciosure parameter would increase with neutrino mass my as in (4.14), and fo;; :
my ~ 1 MeV would reach the unphysical value of  ~ 10*. For hi gher masses
the heavy neutrinos would become non-relativistic at decoupling, and as shown'
below, this then results in © o 1/m? instead of £ o m,,. The closure parameter
falls back below £ = 1 for a mass above 3 GeV. So, the fact that the measure
value of Q is not large compared with unity, excludes the mass range 50 eV to 3
GeV, while experiments at the LEP electron—positron collider at CERN prove
conclusively that there are no ‘extra’ conventional neutrinos of mass below
%MZ = 45 GeV. Conventional neutrinos of my > 45 GeV, if they existed
would however make no significant contribution to € (< 0.01 , from the 1/m?
dependence). The dependence of the closure parameter on mass is illustrated 3
in Fig. 4.8, drawn for WIMPs generally, that is, for massive non-relativistic i
particles with conventional weak couplings. E
For several reasons, it is considered that supersymmetric particles could be 4
the most likely WIMP candidates. As described in Section 3.1 1, such SUSY
particles are expected to be created in pairs, with opposite values R = 4] of °
a conserved quantumn number called R-parity. Heavier SUSY particles would
decay to lighter ones in R-conserving processes, ultimately ending up with the
lightest SUSY particle (LSP), which we denote by the symbol x. This particle
is assumed to be stable and, therefore, to have survived from the primordial
era of the universe. The LSP is usually identified with the nevtraline, a neutral
fermion, which is the lightest of the states arising from a linear combination of
the photino, zino and two higgsinos (see Table 3.3). Since such anomalously
heavy particles are not constituents of atoms or nuclei, they cannot have either
electromagnetic or strong coupling and are assumed to interact only weakly.
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i!xdecreasmg as 1/M?, as shown in Fig. 4.8. So, WIMP masses even in the TeV

"“mass range could be important dark matter candidates, and the flexibility in

the couplings in the vatious SUSY models means that a wide range of WIMP
masses is possible.

4.9 Expected WIMP cross sections and
event rates

There are two distinct possibilities for detection of WIMPs. Direct detection
of dark matter relies on observation of the scattering of the WIMPs inside the
detector, while indirect detection relies on the observation of the annihilation
products of WIMPs in, for example, the halo of the galaxy, or as a result of their
gravitational trapping in the core of the Sun or the Earth. In the latter cases of
course, the only secondary products that could be detected would be neutrinos.
In fact, no evidence for an extra flux of high energy neutrinos from the direction
of the Sun or from the Earth’s core has been found.

In the case of direct detection, the WIMP rate may be expected to exhibit
some angular and time dependence. For example, if WiMPs predominantly
Populate the galactic halo, there might be a daily modulation because of the
thadowing effects of the Earth when turned away from the galactic cenire.
An annual modulation in the event rate would also be expected as the Earth’s
orbital velocity around the Sun adds to or subtracts from the velocity of the Solar
System with respect to the galactic centre, so that both the velocity distribution
of WIMPs and the cross section for detection change with time.

We now discuss the expectations for elastic scattering of WIMPs by nuclei in
the detector, signalled by the nuclear recoil. The WIMP velocities are expected
to be of the order of galactic escape velocities, that is v ~ 10™3¢, so that we

Fig. 4.9 Upper limits on the WIMP-nucleon
scatlering crass section as a function of WIMP
mass from the EDELWEISS (Benoit et ai.
2002) and ZEPLIN (Smith er al. 2002) exper-
iments, The cross section inferred by the
DAMA group (Bernabei er al, 2002) from
annual modulation is shown by the closed
contour.
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n l There are two distinct possibilities for detection of WIMPs, Direct detection

of of dark matter rélies on observation of the scattering of the WIMPs inside the
er detector, while indirect detection relies on the observation of the annihilation
i products of WIMPs-in, for example, the halo of the galaxy, or as a result of their
. gravitational trapping in the core of the Sun or the Earth. In the latter cases of
8 course, the only secondary products that could be detected would be neutrinos,
nt In fact, no evidence for an extra flux of high energy neutrines from the direction
of the Sun or from the Earth’s core has been found.

ak In the case of direct detection, the WIMP rate may be expected to exhibit
he some angular and time dependence. For example, if WIMPs predominantly
ild populate the galactic halo, there might be a daily modulation because. of the
i thadowing effects of the Earth when turned away from the galactic centre.
158 An annual modulation in the event rate would also be expected as the Earth’s
on orbital velocity around the Sun adds to or subtracts from the velocity of the Solar
el System with respect to the galactic centre, so that both the velocity distribution
> of WIMPs and the cross section for detection change with time.

W - We now discuss the expectations for elastic scattering of WIMPs by nuclei in

1O 1} the detector, signalled by the nuclear recoil. The WIMP velocities are expected
of §  tobe of the order of galactic escape velocities, that is v ~ 107 3¢, so that we
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can use non-relativistic kinematics. Then, if £ = Mv?/2 is the Kinetic eq g
of a WIMP of mass M, colliding with a nucleus of mass Mn = mA where A [5E#

the mass number and m the nucleon mass, it is straightforward to show that the
total CMS energy is (refer to Appendix B for relativistic transformations) ..

£ = [(M + Mx)? + 2MNE]'/2

MNE :l

2 M, —_—
(M + NJ[1+ My + )2

4.2
where in the second line we use the fuct that £ <« Myor M. If 7 denot

the (equal and opposite} momentum of cach particle in the CMS, then, in
non-relativistic approximation

r P 3

e=|MN+ M + M+ Eﬁ 4.21 .-

so these two equations give %
24°E

pr=t Sy (4.22)*;%_

M ,.

where . = MNM /(Mx M) is the reduced mass. The laboratory kinetic energy' :
E: of the recoiling nucleus is maximum when its CMS vector momentum
reversed in the collision, so that it is scattered in the forward direction with?
laboratory momentum 2p* and Er(max) = 2p*’ /My =2u%? /My. This has a3
value varying from v?My /2 when My = M to 2v2My when M > My. Sincel
the CMS angular distribution at these low velocities will be isotropic, the recoil :
energy distribution will vary uniformly between zero and Er(max). So withil
v ~ 10~3¢ and My ~ A GeV, we obiain recoil energies £, ~ A keV or 1cs§'_‘
Hence, a sensitive detector is needed to observe such small recoil energies. , '

The scattering cross section of the target nucleus depends on details of the
SUSY model parameterization. For guidance, we again assume a conventional 3§

weak cross section. From (1.18) with [Tir] = G the cross section per target 3
nucleus will be g

o~ GiP?K  GRu’K
At n

(4.23) 4

where the relative velocity of incident particle and target nucleus in the CMS 4 1
is v = v = p*/u. The quantity X is a numerical model-dependent factor.
For spin-independent coupling, the scattering amplitudes from the different 3 '_
nucleons in the target nucleus should add coherently, so that K will contain a “§
factor A2 However, the momentum transfer is of orderp* = puv ~ 10734 GeV, ’
while the nuclear radius R = 1443 fm ~ 7412 GeV!. The nucleus can B
only recoil coherently if p*R <« 1, or 4 « 50, otherwise K will contain a
suppression factor (the square of the so-called form-factor).

The other possibility is spin-dependent (axial-vector) coupling, for whichthe 3
amplitudes from different nucleons do not add since most of the nucleon spins
cancel out, and the cross section is smaller by a factor of order A2 than that for
coherent scattering. As examples, for WIMPs identified with sneutrinos (see
Table 3.3) the interaction is scalar and coherent, while if the WIMP is the LSP
(neutralino) with spin % the interaction will be mostly incoherent.
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The event rate to be expected depends on the WIMP number density and
the scattering cross section. Because of their gravitational concentration in
the galaxy and particularly the disc and halo, the WIMP energy density in the
solar systemt is estimated to be some 10° times that in the universe at large,
at Pwimp ~ 0.3 GeV cm™3, yielding a flux of Pwimp ~ 0.3 v/M cm 2 s",
where the WIMP miass M is in GeV. The reaction rate per target nucleus will be
W = 0@wimp, as in (1.14), and the event rate per unit target mass from 4.23)
will be

h = MEN ~ % events kg1 day ! (4.24)
‘-‘,:I‘ypical values of M = 100 GeV and A = 20 predict R ~ 0.01 events per kg
per day for incoherent scattering and R ~ 1 per kg per day for coherent. The
cross sections and rates depend on the many free parameters in SUSY models,
.\;i‘nd so the above numbers are only indicative: but they suffice to emphasize the
‘severe experimental problems of detecting signals from low energy recoils at
‘extremely low rates, against cosmic ray and radioactive background effects.

Y

410 Experimental WIMP searches

_:{ﬁirect detection of WIMPs via the recoil of the scattering nucleus has been
{¥tempted by a number of different methods. The ionization from the recoil as
Mtraverses the detector material can be recorded as a pulse in a semiconductor
eounter (Ge or Si), which has excellent sensitivity to recoils in the ke'V energy
range, or in the form of scintillation light from scintillating materials such as
Nal or liguid Xe. However, the bulk of the energy lost by the recoil will appear
inthe form of lattice vibrations (phonons) in the medium. These can be recorded
through cryogenic detectors operating at low temperature (<1 K). The phonon
puise results in a local rise in temperature, which will affect the resistance of
a thermistor attached to the detector and can be recorded as a voltage pulse.
The phonon pulses are very slow in comparison with electrical pulses from
ionization, and therefore random background noise can be more of a problem.

As stated earlier, the signals from WIMPs have to be distinguished from those
due to background radioactivity and the interactions of cosmic-tay induced
peutrons and photons. For this reason, emphasis has to be on very pure materials
#nd on locating the detectors deep underground to reduce the cosmic Tay muon
flux; The separation of genuine from background events can be achieved in
several ways. For example, the energy spectrum and event rate of recoils will
be different for detectors with nuclei having different A values and/or different
Duclear spins. Some discrimination is also possible on the basis of pulse length
i0 scintillators. Electrons produced from photon or radioactive backgrounds
have longer pulse lengths than nuclear recoils of the same energy. Similarly,
theratio of ionization energy loss to lattice (phonon) energy loss is also different
for recoil nuclei and for electrons. Finally, WIMP recoils should show a small
seasonal dependence of the signal. The latter arises from the fact that the Sun
orbits the Galaxy with v ~ 200 kms~', while the Earth orbits the Sun with
¥~ 30km s~ The two velocities add vectorially to give a maximum in summer
(o June 3) and minimum in winter, There results a small annual change in

P fluxes, detector cross sections and event rates, of the order of 5%.

4.10 Experimental WIMP searches
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Figure 4.9 shows current experimental upper limits on WIMP-nucleon seat
tering cross sections, assuming coherent nuclear scattering. These limits Iy
exclude the cross section ranges expected for LSPs in some versions of the supep,
symmetric models. However, more refined experiments are continually undeg!
development and will eventually have the necessary sensitivity to explore th
entire range of expected cross sections. So far, only one experiment has clai
an annual moduiation signal. Using a large (100 kg) Nal detector, the D _
group report a 5% annual modulation for low recoil energies, less than 6 keV;:
with a significance level of about 2 standard deviations. However, the EDEL-
WEISS experiment with a cryogenic Ge detector, and the ZEPLIN experiment
using liquid Xe, set limits incompatible with the DAMA result.

4.11 Dark energy: the Hubble piot at
large red shifts

As stated in Chapter 2, the total energy density appearing in the Friedmann’.
equation (2.8) may have three separate sources—mater, radiation, and vacuum
energy density—as listed in Table 2.2. For non-relativistic matter, p ox R 3%
while for radiation or any ultra-relativistic particles, p o R™* In either case;
as indicated from this table, the density falls off with time as r—2. On the other
hand, the vacuum energy density—if indeed that is the source of dark energy %,
is constant, so that however small it may be relative to other forms of energ ‘
density at early times, eventually it must begin to dominate at large cnoughi
values of ¢, From the expression (2.35) for the deceleration parameter ¢ it igg
apparent that if at some epoch the vacuum energy density py > o + pp /2,
universe will accelerate. x
The evidence for a substantial dark energy component comes from severalg®
sources: galaxy redshift surveys; the age of the universe (see Example 2.3)ia:
but most dramatically from the measurement of the Hubbie flow at large red-3§
shifts from the analysis of Type Ia supernovae. Large redshifts mean enormousi
distances and hence, a ook backwards in time to the remote past, 3
First, we should note that there are in fact several different types of super- 3§
novae, Type II supernovae are associated with the final stages of very massive's
stars and their subsequent transformation to neutron stars and black holes, as. &
discussed in Chapter 7. A Type Ia supernova, which is what coficerns us here,
is distinguished from other types by its very high luminosity and the absence
of lines from the hydrogen spectrum. It is believed that it develops from stars 3§
which have burned all their hydrogen, and have reached the white dwarf stage *
with a carbon/oxygen core, as described in Chapter 7. The flash is assumed to be
due to the thermonuclear explosion of the white dwarf, which is part of a binary
system and has steadily accreted matter from its main sequence companion g
until it eventually exceeds the critical Chandrasekhar mass (see Section 7.11) %
and explodes. The result is that in a matter of seconds the stellar material is 3
converted largely to nickel and iron by thermonuclear fusion, with a tremendous i
release of energy. The dispersed nickel nuclei subsequently decay to cobalt and &
iron over a period of months, setting the timescale for the (roughly) exponential
decay of the light curve.
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-at- " The light output from a Type Ia supernova typically grows over a period
wdy ., of a few weeks, before reaching a maximum and thercafter falling off expo-
er- . nentially. There are variations in the maximum light output between different
der - supernovae, but there is found to be a dependence of the peak luminosity on the
the  timescale T to reach the maximum, varying approximately as 71”7 . Presumably,
1ed this dependence arises because the brighter supernovae originate from more
AA _massive stars. They are more energetic and the ensuing fireball has to expand
eV, *--for longer in order for the opacity to drop enough for the photons to escape.
iL- After making this empirical correction based on the ‘width’ of the light curve,
ent “he estimated light output from different supemovae shows remarkably small
dispersion, only of the order of 6%. Incidentally, it may be remarked that allow-
ance must also be made at high redshift for the fact that the decay curves will
‘stretched’ by the time dilation factor (1 + z). It should also be noted at this
int that the procedure for normalizing supernova output is entirely empirical.
Before describing the experimental results, let us fifst ask how different
¢bsmological parameters can change the slope of the Hubble plot as a func-
tion of redshift. The actual plot is made of the distance as estimated from the
~fuminosity or apparent magnitude of the star, which is the so-called luminos-
Hn lly distance Dr. defined in equation (2.3), the expected value of which can be
um }g‘a.ICulated as a function of redshift z from the presently measured value of the
=3 Hubble parameter Hp, and assumed values of the various contributions to the
1se, Nosure parameter 2 from matter, vacuum energy, and the curvature term, as
her ffined in Section 2.5. We neglect radiation here, since it is important only
V— very large redshifts (z > 1000). As indicated in Appendix C.4, the results
rgy “for different scenarios then follow from strai ghtforward integration. Table 4.1
igh gives the expressions for the dimensionless quantity Dy, (z)|Ho/c], and the val-
tis ues of Dy, (z) are plotted in Figs 4.10 and 4.11 together with the experimental
the data.
Figure 2.3 gave the results from the measurements of supernovae at low
-ral redshifts (z < 0.1), using Cepheid variables in the same galaxies to calibrate
k)3 the distance/luminosity scale. The resualts for this region of z indicated a very
ed- linear and uniform Hubble flow with Hy = 72 km s™! Mpe™ I, The fact that
ous the data fell on a straight line with little dispersion gives confidence that the
normalization methods employed are adequate.
er- Because of this reproducibility and the brightness of the supernovae, which
Jive allows one to probe to large distances and redshifts, Type la supernovae have
. as ¢ome to be regarded as ‘standard candles’, so that their brightness or apparent
sre, magnitude, coupled with the decay curve, fixes the distance from the Earth.
nce However, such events only occur at the rate of order one per century per galaxy,
1ars .
age
'be Table 4.1 Luminosity distance versus redshift
ary \. St .
don Dominant component £, £, Qe PLHyjc
1) 3 Matter (Binstein—de 1 0 0 201+l —{1+717
lis 3 Sitter unf'verse)
- Emnpty universe 0 0 1 (1 +2/2)
ous Vacuum 0 1 0 z(l+2
and E Flat 035 065 0 From numerical
+ial. integration {see

Appendix C.4)
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Fig. 4.10 Hubble plot from Type Ia supemnovae at low and high redshifts, to he compared with:.
Fig. 2.5. The data are from the High 7z SN Search (Riess er-al. 2000), denoted by solid circles, ,
and from the Supemnova Cosmology Project (Perlmutier et al. 1999)), shown as open circles;
Typical errors are shown for a few points. The solid line shows the expected variation for an empty
universe (2% = 1,2y = §, = 0) that is neither accelerating nor decelerating—sce (2.8) ani

(2.35). The dot-dashed line is for a flat, matter-dominated (so-called Einstein—de Sitter) universe;
(2m = 1,0y = Q = 0) that is decelerating relative to the expansicn at carly times, while th
dashed linc is for the vacuum-dominated case (2v = 1, Qm = & = 0)of perpetual acceleration,
calculating these curves from Table 4.1, radiation contribiitions to the energy density were igno
and Ho was taken as 65 km s~! Mpc ™! (slightly less than the vaiue taken from data at low reds
and other sources as in Fig. 2.3). The vertical scaies are of the logarithm of the luminosity dista
(at left) and distance modulus (2.3) on the right,

The method employed was to scan a strip of the sky containing around ter
thousand galaxies, then to repeat the survey three weeks later and by taking
the difference, to detect the dozen or so supernovae that had developed in the
meantime. Once identified, their light curves could be studied in detail.

The data in Fig. 4.10 suggest an acceleration of the expansion, manifested by
a small increase in the slope of the Hubble plot, that is an increase, forz > 0.1,'§
in the distance for a given redshift, relative to what would be expected for a ¥
universe that is neither accelerating nor decelerating (shown by the solid curve)
Notice that for a non-accelerating universe, where H is obviously constant, the g
plot in Fig. 4.10 is not a straight line, because of the way in which distance
(or magnitude) is measured from the observed brightness of the sonrce in an %
expanding universe, :

In Fig. 4.11 the linear trend has been divided out by plotting the difference 1
in magnitude (or equivalently, in the logarithm of distance) as compared with |
the case of an empty universe with 2, = €, = 0, and hence € = 1, This
shows more clearly the effects itemized in Table 4.1 for different cosmological
parameters. The case of an empty universe that is neither accelerating nor
decelerating is in this case shown by the horizontal straight line.

Tt
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‘ ]i'ig_ 4.11 By dividing out the Hubble slope in the previous figure, the trends with z become clearer.
This plot is actually of the difference in magnitude, or in the logarithm of the distance, from the
value for an empty, non-accelerated universe, shown as a horizontal line. Curves with an upward
slope correspond 1o acceleration, and those with a downward slope to deceleration. The long-dashed
curve is for a vacuum-dominated universe, the dol-dashed line for a matter-dominated universe; and
the dotted line is for a flat universe wilh £, = 0.35 and €2, = (.65. In this case the vacuum term

i $}y dominates at low z < 0.4, corresponding to an acceleration, while at larger z values, the matter

with “m Qo (1 4 2)% is more important and teads to deceleration (see FExample 4.3). The experimental

cles, ints represent the data from Fig. 4.10, combined into a few bins of redshift. The point on the

cles. .We right is from a single supemova (SN 19971f) at redshift 1.7 {after Straumann 2002),

s

JErse i

: the - The results in Fig. 4.11 appear to exclude a flat matter-dominated uni-

0.1l verse (S, = 1). The best fit to this data is for , = 0.35,Q, = 0.653,

:;‘:s in good agreement with independent estimates from observations of large-

ance scale galaxy surveys combined with analysis of anisotropies in the microwave
background radiation, described in Chapter 5, as well as estimates from the
Hubble parameter and independent determiinations of the age of the universe
(see Example 2.3 and Fig. 5.11). The best-fitting curve in this case indicates
an upward slope for z < 0.4 (i.e. an acceleration) and a downward slope (i.e. a

ten deceleration) for larger z values and earlier times in the universe.

JAng

the

Jdby

ve). accelerating nior decelerating is often's

the Note that the analysis above involves a comparison of high redshift with low

nce redshift supernovae, so that the absolute luminosity scale, which is of course

n an Becessary in order to measure the Hubble parameter, is not required when

3 comparing slopes.

nee : - However, there are some complications in comparing the luminosities of

vith supernovae at different redshifts. First, they occur at different epochs and the

This 3 Wetal content in early stars will be less than that in more recent ones, which have

cal 3 formed from the recycled debris of carlier stellar generations, and this can affect

nof g the opacity and hence the luminosity. This and other possible differential effects,

: #uch as dimming due to absorption or scattering by dust, which will be more
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go The Casimir effect has implications outside quantum field theory and cosmo-
he logy, for example in electromechanical systems on sub-micron scales, where it
Iy could lead to malfunctions of the system. There are also classical macroscopic

analogues of the Casimir effect. The most famous is known to all mariners.
" Under certain wave conditions, two ships sailing close together beam-to-beam
experience a force of attraction, due to the fact that the wave pattern between
the ships is affected by the presence of the hulls and certain wavelengths are
.; again suppressed (see Buks and Roukes 2002 for references),
e o
1a :
y 1413 Problems with the cosmological constant
im
ual and dark energy
n-
on The cosmological constant A = 8nGpy,, presents one of the major—if not the
ted 'inajor—conceptual problems in cosmology, and has done so ever since Einstein
ige i introduced it.
red " It has long been argued that the dark energy density associated with the
by "lf’éosmological constant ought to have a *natural” value determined by the scale of
~*gravity. This natural unitis then the Planck mass energy Mp.c®> = (hc®/G)1/2 =
WO 1.2x 10" GeV, in acube of side equal to the Planck length #/Mp; ¢ (see (1.12),
e that is, an energy density
ey | ik .
les (MpLc™) -
g l e~ 1012 Gev 3 4.26)
Id,
the a truly gigantic number, which of course is nonsensical since it would imply
Tt that the universe could only be a few seconds old at most. So, it is perhaps
/4 instructive to see-in more detail how this number is arrived at,
en In quantum field theory one can describe the vacuum fluctuations as due
en to an ensemble of simple harmonic oscillators of different frequencies. The
energy of one such oscillator is (# -+ %)fzw where @ is an angular frequency
the andn = 0,1,2,,.. We are concerned here with the ground state, that 18, the
1es 8o-called ‘zero-point energy’ E = %’ha). In a sense, it is a matter of choice
s, whether one takes this zero-point energy seriously or simply ignores it, since
the Measurements are usually about energy differences, and only when we come
of to gravity do we have 10 worry about the absolute energy value, However, if
ole we try to identify it with the mysterious, dark vacuum energy, then we have
to sum over all oscillators in the volume. From (1.16), the number of possible
quantum states in a spatial voluwmne V, with wave numbers k — P/h lying in the

%) elementk — k + dk and integrated over all directions, is 47t V&Z dk /(2m)3. So
the total energy per unit volume of all the oscillators will be

fo-

(Zl)jf e=E/V = % x f k2 dk ao (4:27)

By

nd, * The angular frequency is related to the wavenumber by w,f =kc? + m2c? Vi

m, ¥ where m is the oscillator mass. Obviously this integral is divergent, but let us
: Qut it off at some value ky or Eq > mc2. Then, with wy;, = ke in the relativistic

cl
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7
approximation,

_ hC 4 - Efn (4 2‘--; L

16m2 ™ l6m2(he)? Bt O

Here, the cut-off is arbitrary. For example, we can place it at an encrgy

where we expect quantum field theory to start to fail, and that is the Pl
scale By = Mp, of quantum gravity. Including the numerical constants J4R&
out in (4.26), this gives & ~ 101! GeVm~3 as before, to be compared witl:
the critical energy density in (2.23) of p. = 5 GeVm~3, of which only-
a part can be assigned as vacuum energy. So why is the observed vacuum -
energy/cosmological constant only about 10-12' of the paive expectation?
Of course, one might vary the cut-off in (4.28), but there seems to be riothigg

to gain thereby, as the following example shows.

Twenty years ago, before the importance of dark energy was fully apparen:‘-j
it was believed that the matter density was such that ,, = Qier = 1 and
that the cosmological constant mi ght even be identically zero. In view of
above argument, the difficulty then was to understand why the cosmologic
constant was so incredibly small, or even zero. Here, at least, one can say th
zero is a natural number, for which a reason might be found. For example,

masslessness of the photon is associated with a symmetry principle, namel{8 _
the local gauge invariance of the electromagnetic interaction as described |
Section 3.7. However, no symmetry principle is known that could set A = 0%

Indeed, the finiteness of the vacuum energy/cosmological constant seems -"_‘
follow inexorably from quantum field theory, for the very simple reason tha
the virtual states of the real particles which contribute to £, must contribute 10

€2, However, we should emphasize that the above integral over the e]ementary; 'i

oscillators will include the summed effects of all types of elementary particles,’§
with somewhat different amplitudes and phases, and that there can also beH
cancellations. For example, the contributions of fermions and bosons come in §
with opposite signs. Thus, in a theory of exact supersymmetry, where every §
boson is matched by a fermion of the same mass and vice versa, there could §

even be exact cancellations, with a vacuum energy of zero, However, we know
that in the real world, even if supersymmetry turns out to be valid, it must be a g
badly broken symmetry. While at very Jarge values of & in (4.27), well above .
the supersymmetric scale, there could be exact cancellations, this would not be
the case at lower k values.

The actual situation is even worse than this, since the supernovae resulls §
present us with a finite, non-zero number for the vacuum energy density, incon-
ceivably small in comparison with what might be expected, bt one for which ]
the relative contribution to the overall energy density apparently changes with 3
time. For example, the ratio of vacuum energy density to matter energy density
today is pv/pm ~ 2, but while p, is constant, Pm X R73 o (1 + 2)?. Thus,
Pv/pm ~ 2/(1+2)%, and at the time of decoupling of matter and radiation, when
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Thus, 7

when

(1 + z) ~ 1100, the ratio py/pm would have only been 10~9. Equally, in the
future, the ratio will become very large, as the matter density falls off as 1/R*
and the scale parameter R will eventnally increase exponentially with fime,
So, another puzzle is the fact that despite these huge variations in the frac-
tional contribution of the vacuum density with time, at the present epoch it just
happens to be within a factor 2 of the matter energy density. One possibility

to avoid this strange coincidence is to postulate 4 new type of fundamental

:_;5,interact'ion, which does involve a time dependence for the dark energy. As we
“" ghall see in Chapter 5, in connection with inflation in the early universe, con-
“*-yentional field theories do predict changes in the vacuum energy with time, but

these involve abrupt changes connected with phase transitions. Gentle changes

" would require a new type of force, Since this would postulate a fifth form of

fundamental interaction it has been called quintessence. This new type of inter-
actmn would involve an equation of state (see Table 2.2) such that the ratio
w P/pc? lies in the interval —1 < w < —1/3 s0 as to ensure an accelerated
" expansion, with the possibility that w = w(¥) is time dependent.

Finally, a totally different and perhaps more desperate (or more sensible?)
approach to the problem has been 10 appeal to the anthropic principle, namely
that life exists only when the laws of physics allow it. In this case, it is the value

ifor A at the present epoch. Had it differed by just an order of magnitude or so,

I.’nere would have been no human race to ponder on the problem. As the saying
goes we live in the best of all possible worlds. This argument becomes more

iplausible in the context of inflationary models of the early universe, described in

Chapter 5. These suggest that our particular universe is just one of an enormous
number of universes, so that the human race evolved in the one where conditions
happened to suit it.

In summary, the phenomenon of the cosmological ¢onstant or dark energy,
accounting at the present time we believe for the bulk of the cnergy in the
universe, is simply not understood, and this, like our incomprehension of
the matter—antimatter asymmetry of the universe, could be ranked as a major
faiture in the subjects of cosmology and particle physics. These failures have
not grown up overnight, The problems of dark matter and of the vacuum
energy/cosmological constant have been lurking for at least seventy years, but
they have become miore acute in the last decade because of the vastly improved
quality and quantity of the experimental data. Optimistically, however, these
problems are to be seen as presenting great challenges for the future.

4.14 Summary

o The rotation curves of stars in spiral galaxies imply that the bulk of the
matter (80—90%) is non-luminous, and located in a galactic halo.

® Studies of X-rays from galactic clusters indicates velocities of the gas
particles emitting the X-rays that are far in excess of escape velocities
based on the visible mass.

o Dark matter is also required in cosmological models of the early universe,
if the structure of galaxies and galaxy clusters is to evolve from the very
small primordial density fluctuations deduced from inhomogeneities in
the microwave radiation (discussed in Chapter 5).

» Independent evidence for dark matter is found from the gravitational lens-
ing of distant galaxies and clusters by foreground galaxies. Gravitational

4,14  Summary
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micro-lensing of individual stars, appearing as a temporary, achromatie’ -

enhancement in luminosity, shows that some of the galactic dark mattey”..
is baryonic, this matter appearing in the form of so-called MACHOS,
which are dark star-like objects with masses of 0,001-0.1 M,
Baryonic dark matter makes less than 25% contribution to the total dm-k
matler density, and the bulk of dark matter is non-baryonic.

The most likely candidates for dark matter are WIMPs, that is, very
massive, weakly interacting particles, constituting ‘cold’ dark matter,
Until the nature of such particles is established, the most common
suggestion is that they are supersymmetric particles such as neutralinos,
Several experiments are under way to detect WIMPs directly by observing
nuclear recoils from elastic scatlering of WIMPs,

Observations of Type Ia supernovae at high redshifts (z ~ 1) suggest that
in earlier times the expansion rate (i.e. the Hubble parameter H) was less -
than it is today; or that, relative to earlier times, the universal expansion
is now accelerating.

The present acceleration is interpreted in terms of a finite value for the
cosmological constant. or for the existence of dark (vacuum) energy. This
dark energy seems to account for some two-thirds of the total energy
density of the universe today.

The reality of vacuum encrgy is evidenced by the Iaboratory observation

of the Casimir effect, which is a manifestation of a change in the vacuum ;.

energy when boundary conditions are imposed upon it.
There is no satisfactory explanation for the observed magnitude of the

dark energy. Other possible sonrces of dark energy, such as a completely:

new type of interaction, cannot be excluded.

L

Problems

More challenging or longer questions are denoted by an asterisk, of 5 at temperature T is given by (s} = 2{E}%;]

(4.1) Estimaie the angular deflection of a photon by a point

where (E} is the mean energy of the particles

mass M, according to Newtonian mechanics, Express equation (2.40),

the result in terms of b, the closest distance of approach (c

*(4.2} Show that, as indicated in Section 4.6, the temperat-
ure at which neuwtrinos decouple from other matter and
radiation. in the early, radiation-dominated universe, is
KT ~ 3MeV. Hints for the stages in solving this prablem
are as follows:

R

as a function of k7, and hence the rate for the
above reaction, W = {ov)N, where vis the relative
velocity of the particies, as a function of &7,

(a) Start with the cross section for the process et + decoupling.
€~ — v + U, via W exchange, which is given

in Example 3.2 as & = GZ5/(61), where s isthe  (4.3) Calculate an expression for the tangential velocity vofa -

CMS energy squared and itis assumed that masses star near the edge of the disc of a spiral galaxy of radjus
can be neglected (i.e. /s > m.c?). Evaluate this R and mass M, and thus find an expression for the optical

cross section in cm? when s is in MeV?2,

depth 7 for microlensing in terms of v. Give numbers for

(b) Show that, ireating the electrons and positrons as the Milky Way, with a mass of 1.5 x 10’ 1M, and a disc
a Fermi gas of relativistic particles the mean value radius of 15 kpe.

in the distribution, which can be found from :

Calculate the density N, of electrons and positrons %

(d) Using (2.38) and (2.45) calculate the time 7 of the 2
expansion as a function of AT, and setting this 5
equal to 1/W, deduce the value of kT at neutring ¥
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(4.4) Obtain an expression for the kinetic energy Ex of a nuc-

4.5)

leus:of mass Mg recoiling in an elastic collision with
a dark matter particle of mass Mp and incident kinetic
energy £p, in lerms of the angle of emission relative to
the incident direction. Find the limiling values of recoil
energy interms of Mp, and My. Calculate the maximum
recoil energy of a miclens of 80 proton masses, in colli-
sion with a dark matier particle of mass 1000 times the
proton mass, traveiling with a typical galactic velocity
of 200 kms~!,

Assume that the universe is flat, with Qn(0) = 0.35,
£2,(0) = 0.65. What is the numerical value of the accel-

(4.6)

Problems 121

eration or deceleration with respect to the Earth, of a
galaxy at redshift z = 0.03? Compare this with the
local acceleration (g) due to the Earth’s gravity, Neg-
lect the “peculiar velocity’ of the Earth with respect to
the Hubble flow and assume Hy = 70 kms~! Mpe™!.

Show that, if the vacuum energy density and matter
energy densily today are comparable in magnitude, then,
when the universe was a fraction f of iis present age, the
relative contribution of the vacuum energy would have
been f2.
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Development of
structure in the
early universe

The Big Bang model described in Chapter 2 seems to give a rather convincings!
description of the development of the universe. It is underpinned by three
striking successes;

. The observation of the redshift of distant galaxies. )
2. The prediction of the abundances of the light elements via primordial’.

nucleosynthesis.
3. The existence of the all-pervading cosmic microwave background: ;
radiation.

[a—

This success is all the more remarkable since the principal tencts of the model—5;
isotropy and homogeneity of the ‘cosmic fluid’—are 10 be contrasted wiih th
universe today, characterized by a decidedly non-isotropic, non-homogeneous
nature—galaxies, galactic clusters, voids, and so forth. The question arises: g
How did we get from the uniformity of the Big Bang model to the presentji
universe with its extremely lumpy structure, out to the very largest scales? 4

As indicated below, it can plausibly be argued that this structure had it
origins in quantum fluctuations in energy density that occurred in the very early g
universe and were then ‘frozen out’” when the universe underwent an exponential
and superluminal expansion stage called inflation. These tiny fluctuations in§
density and temperature—typically at the 10~ level—then acted as seeds for; ;]
the development of much greater fluctuations in density via the subsequent,
process of gravitational collapse during the epoch of matter domination, |

We shall begin, therefore, with a brief outline of the inflation scenario, which §
was postulated two decades ago in response to some difficulties with the Big'§
Bang model, mainly with respect to the initial conditions that are apparently §
required. We first discuss two of the principal ones, the horizon and the flatness
problems.

5.1 Horizon and flatness problems

The particle horizon is defined as the distance out to which one can observe

a particle, by exchange of a light signal. In other words, the horizon and the :
observer are causally connected. More distant particles are not observed, they 3}
are beyond the horizon. The horizon is finite because of the finiteness of the
velocity of light and the finite age of the universe. In a static universe of age f,
we expect to be able to observe particles out to a horizon distance Ly = cr. As
time passes, Ly will increase and more particles will move inside the horizon.
At the present time the universe has age 15 ~ 1/Ho—see (2.4). The quantity

S
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5.1

ctp ~ ¢/Hp is usually referred to as the Hubble radius, that is, the product of
the Hubble time and the velocity of light.

In an expanding umiverse, it i3 apparent that the horizon distance will be
somewhat greater than cf. We are assuming here that on very large scales, light
travels in straight lines, that is, we are dealing with a flat universe with zero
curvature (K = 0). Suppose that a light signal leaves a point A at r = 0 (see

 figure below) and arrives at the point B at ¢ = tg. By the time ¢ = fp, A will
" have moved, relative to B, to the point C.

t=tg =0 t=t' =ty
X e X-- - — lé—edt’ —=----m-mmmmmememe oo X
C A B
€ mmmmmmmmeeeeee e Ly(#p)-—-- —

: Qonsider the time intervalds’ attime t', where 0 < ¢ < fo. The light signal will
“gover & distance ¢ dr’, but because of the Hubble expansion, by the time ¢ = 1,
jﬂns will have expanded to ¢ d¢’R(0)/R(¢'), where R(¢) is the scale parameter in
’ 2.5) and R{0) is its present value. Hence, the horizon distance will be

cdt’

Luto) = RO) [ 2o - 5.1)

‘.:most cosmological models, R{t) o< 1" where n < 1, so that integrating from
‘— 0 to t = 1y the above formula gives

_ cig
Ly(n) = T—n (5.2a)

One cbserves that the ratio

Lu() oc f1-m

o (5.2b)

so that the fraction of the universe that is causally connected was once much
smaller than it is now.

iaspechvely (see Example 2. 3). thhl/H’
on distances are 2.5 x 10° and 1.25 x:

. In particular, the time of decoupling of matter and radiation was fgec = 3 %

105 ¥yT (see Section (2.9)), and the horizon size then would have been approx-

Imately 2ct4ec. By now, this would have expanded to 2cfgec(] + 2gec) Where

ﬁ'ﬂ'ﬂ (2.57) 2goc = 1100. Hence, the angle subtended by that horizon distance
® the earth for the case of a flat universe would be, with zp = 1.4 x 101 yr,

2ctgec (1 + Zdec) ~ P
c(20 — tdec)

nlu formula shows that only the microwave radiation observed over small
®gular scales, of order one degree or so, corresponding to the time of the

Bdec ~ (5.3)

Horizon and flatmess nmhipm.\'
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124 Development of structure in the early universe

last interaction of these photons, could ever have been causally connected and;'
in thermal equilibrium with other matter. On the contrary, after allowing foy !
a dipole anisctropy associated with the ‘peculiar velocity’ of the Earth with
respect to the microwave radiation, the temperature of the radiation is found g
be uniform to within one part in 10°, out to the very largest angular scales. This’"
is the horizon problem. fics ¥

The flatness problem arises as follows. From (2.23) and (2.24) the fractiona]
difference between the actual density and the critical density is

Ap _p-p.  3Kc? ”
o p  8nGRZp (54)

If we consider the radiation-dominated era, p o« R=4. So from (5.4} it follows::
that Ap/p o R? ot t. So at early times, Ap/p must have been much smaller’.
than it is today, when ¢ ~ 4 » 10'7 s and it is of order unity. For example, fof
KT ~ 10" GeV, a typical energy scale of grand unification,  ~ 10~ s, and at
thattime Ap/p would have been ~ 107 /10'% ~ 1052 (and even smaller than
this if we include the period of matter dominance), How then could Q = o/ pe
have been so closely tuned so as to be of the order of unity today?

In short, these two problems require a mechanism that allows thermal equi-
librium outside conventional particle horizons, and can reduce the curvature
K in (5.4) by a huge factor. A possible answer was supplied by Guth in 1981
(Guth 1981). He postulated an extremely rapid exponential expansion by a huge
factor as a preliminary stage of the Big Bang, a phenomenon known as inflation, :;,
Since that time, there have been a number of inflationary models—old inflatio
new inflation, chaotic inflation, eternal inflation, etc.—none of them yet fullyf
capable of a completely satisfactory description. However, there seems to
little doubt that some sort of inflationary scenario is an obligatory first stage
the birth pangs of the universe.

5.2 Inflation

In this section we give a brief and qualitative description of the inflation scenario.
First we recall the Friedmann equation (2.8):

. 2 °
R p+py Ke?
(E) BAG T 72

where p = pm + pr is the energy density of matter and radiation, and p, is the
vacuum energy density, which as explained in Chapter 2 is a space- and time-
independent quantity. Suppose a situation arises in which p, dominates the other

terms on the right-hand side of the equation. Then, the fractional expansion rate
becomes constant and one obtains exponential growth over some time interval
between 71 when inflation commences and 7> when it terminates:

2

R Gpy
2] =8
(R) "3

Ry = RyexplH(z — n)] (5.5)
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Also, since RT is constant, the temperature will fall exponentially during the
inflation era, that is, the energy per particle is red-shifted away by the expansion:

I =Tiexp[-H(rp — )] (5.6)

- As stated above, the horizon distance at the likely timescale (¢ = 1034 5) of
. the GUT era, for example, was ¢t ~ 10725 m. If we take as the notional size

of the present day universe, when 1o ~ 4 x 1017 5, the value c#g ~ 10% m, the
radius at 1 = 1074 s would have been (10734/4 x 1017)/2 x 10?6 ~ | ,
which is enormously larger than the horizon distance at that time. However,
* in the inflationary scenario, the physical size of the universe before inflation
is postulated to be smaller than the horizon distance, so that there was time to
achieve thermal equilibrium by causal interactions, which can take place over
time intervals entirely dictated by the speed of light. During the inflationary

+ period this tiny region has to expand and encompass the 1 m size of the universe
- which commences the conventional Big Bang ‘slow’ ¢xpansion, with R o ¢1/2,

+ This evolution therefore requires that
expH(tz —t1) > 10°° or H(—1) > 60 (5.7

If this condition can be achieved, the horizon problem disappears, since even
the most distant parts of the universe would once have been in close thermal
contact, and it was only the superluminal expansion of space, far above the
speed of light, which necessarily left them disconnected. The flatness problem
is also taken care of, since the curvature term in (2.8) is reduced by afactor

R; ? 52
(E-) =expl2H (2 — )] ~ 1
1

so that if Q (1) is only of the order of unity at the beginning of inflation, at the
end of inflation it will be incredibly close to unity:

Q) =1+ 1077 (5.8)

and on large enough, supergalactic scales the universe should be equally flat
and uniform at the present day. An analogy can be made with the inflation of a
rubber balloon: as it inflates, the curvature of the surface decreases and in the
limit a portion of the surface appears quite flat.

There is one other problem solved by inflation, Magnetic monopoles were
suggested by Dirac in 1932, and are definitely predicted o exist in grand uni-
fied theories (where quantization of electric charge and, therefore, of magnetic
charge appears naturally). The monopole masses would be of the order of the
GUT mass scale and they should have been created in the early universe with a
aumber density comparable with photons. Had this been really so, the energy
dcnsity would have been so large that the age of the universe would have been
Feduced by a factor of the order of one million. Searches for magneti¢ mono-
Poles have met with no success and the observed upper limit on monopole

5.2 Inflation
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126  Development of structure in the early universe

Fig. 5.1 Potential V(¢) of the ‘inflaton’ field
plotted against the field vacuum expectation
value (¢} al different temperatures, in the
carly model of inflation. The critical tem-
perature is denoted by T;. For temperatures
slightly less than this value, a transition can
be made from the *false” to the ‘true’ vacuum
via quantum-mechanical wnneiling. Inflation
takes place while the system is in the ‘false’
vacuum state and ends when it reaches the
‘frue’ vacuum.
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density is many orders of magnitude below the above figure. Provided how-
ever that monopoles, because of their large masses, can only be created at very .
high temperatures, before the inflationary process commences, the monopole s
problem is also solved, since the monopole number density will fall by an expo—rfff":
nential factor through inflation and typically there would be only one monopole &
left in our entire universe, After inflation, the temperature would be far too low §
to lead to monopole creation.
In its original form, the intlation mechanism was likened to the Higgs mechy
anism of the self-interactions of a scalar field and spontaneous symmetry
breaking in the very successful theory of the electroweak interaction described
in Chapter 3, only at a much higher energy scale, for ¢xample the GUT scale,’
of perhaps 10'* GeV. The scalar field involved in the present case is referred to &
as the ‘inflaton’ field. Suppose that one were to start off with an intensely hot:3
microscopic universe near the Planck temperature kT ~ 101 GeV, expanding 3
and cooling as in (2.38), and that the initial evolution suddenly became dom-
inated at 7 = 71 by such an ‘inflaton’ ficld ¢, consisting of séalar particles of '§
mass m. For kT > m, the field is assumed to be in the ground state with a &
vacuum expectation value (¢) = 0 as in Fig. 5.1. This state is referred to as the :
‘false vacuum’ state. At temperatures below a critical value kT ~ m,_ however, 3
through a process of spontaneous symmetry breaking, the vacuum expectation ¥
value of the field can become different from zero, with {®) = ¢min and a lower “§
potential energy. The system will therefore try to make the transition from the
metastable state of the ‘false’ vacuum to the ‘tru¢’ vacuum . The inflationary
phasc occurs while the system is in the false vacuum state, during the period
t; — 12 when the energy density py is approximately constant. The inflationary
expansion is of course driven by the vacuum energy. 2
It will be recalled that in Chapters 2 and 4 we saw that a large fraction of
the energy density in the universe today appears to be in the form of vacuum
energy, which is independent of the temperature (see Table 2.2). In the dis-
tant past this would have been a vanishingly small fraction, since the energy
densities of radiation and matter vary as 7% and T, respectively, In the context
of inflation discussed here, we are calling upon a second and quite separate
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"';'source of vacuum ¢nergy, existing only on an enormously high energy scale

and disappearing as soon as the inflati onary stage is completed.

The inflationary phase is terminated in this model when the transition to
the true vacuum occurs on account of quantum-mechanical tunnelling through
the potential barrier between the false and the true vacuum. ‘Bubbles’ of the
true vacuum then develop, and these are supposed to merge into each other
and stop the inflation, The energy density p, ~ m*, which is liberated as the
inflation ends and the system enters the true vacuum state, is the ‘latent heat’
which reheats the supercooled inflationary universe, so that it reverts to the
conventional Big Bang model with ‘slow” expansion and cooling, This reheating
isanalogous to the heat liberated when supercooled water suddenly undergoes a
first-order phase transition to form ice, the supercooled water being the analogue
of the false vacuum and the ice that of the true vacuum. The vatiations of R and
T with time, in this model, are sketched in Fig. 5.2.

We already noted at the beginning of Chapter 2 that the gravitational potential
ofthe universe today is almost equal to its mass energy, so the total energy is near
zero. It is important to emphasize that, in the infl ationary scenario, the universe
Starts out essentially from nothing, with zero total energy, as in equation (2.10)
for a flat universe with K = 0, As the inflation proceeds, more and more
Positive energy appears in the rapidly expanding region occupied by the scalar
field ¢: eventually, after the fransition to the true vacuum, the ‘reheating’ phase
will lead to the creation of the enormous numbers of particles (~1088!), which
¥entually form the material universe. As this is happening, more and more
Regative energy appears in the form of the gravitational potential energy of
the €xpanding region. The total energy remains at a small and possibly zero
value, with K = 0. The enormous energy associated with the expansion and
Particle creation is simply provided by the gravitational potential energy of the

I
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Fig. 5.2 Sketch of the variations of R and T
with time in the inflationary scenario.
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Fig. 5.3 A ypical potential curve (on left) for
the chaotic inflationary scenario. No phasc J4A
transition is involved in this case. Quantum
fluctuations in ¢ mean that different points
in the universe, say at A and B, begin and
end inflation at different times (see the right- ’
hand diagram), separaled by an interval At = P T N of
Ag /e usin (5.19).

F 3

the
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expanding material. Itis a bit like cycling down a steep hill, starting from rest
the top. The large kinetic energy acquired upon reaching the bottom is exactly™
offset by the loss of potential energy due to the change in height.

The early model of inflation sketched above suffered because it did not seem
possible to obtain the necessary inflationary growth as well as to terminate
the inflation efficiently so as to end up with a reasonably homogeneocus uni-
verse. Wherever the transition between ‘false” and “true’ vacuum takes place via
quantum-mechanical tunnelling, ‘bubbles” of true vacuum form and infiation
ends. These bubbles will then grow slowly via causal processes, whereas out-
side them, exponential inflation continues, and one ends up with a very lumpy A
situation. - m

S0
{4
sl

i

5.3 Chaotic inflation
, a

The above problems are avoided in the chaotic inflation model, due origina]]);
to Linde (1982, 1984). The basic idea is that conditions in different parts of the §
space-time domain vary in a random and unpredictable fashion, so that some %
regions attain the condition of inflation before others, and each such ‘bubble’” &
becomes a universe on its own. The inflaton potential is assumed to be a smooth §
function as in Fig. 5.3 (in this case, the quadratic function in (5.14)). No phase 3§
transition is involved, and it turns out that the termination of inflation is achieved ﬁ
more ¢easily than in the previous model. '
Let us begin by writing down the Lagrangian energy of the inflaton field:

L) =T -V =R/ - V@) 5.9 §

where ¢ is the amplitude of the field, which in natural units, & = ¢ = 1, has §&
the dimensions of mass, as in the case of the Higgs field in Chapter 3 (see {
(3.25)), and R is the expansion factor. This equation involves the difference of
the kinetic and potential energies 7 and V of the field as in (3.1). The total
energy density of the field is then

T+V  $?
Pe= "3 =%+V(¢) (5.10)

The Euler-Lagrange equation (3.1) for the system takes the form

2 ()2, s
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Applying this to (5.9) and dividing through by R? gives

" . dv
3H — =90 (5.12)
o+ ¢+d¢ )

This equation is similar to that for a ball rolling to and fro in a saucer, or
that of a simple pendulum oscillating in a very dense gas, the middle term
corresponding to friction losses, that is, to the reheating mechanism at the end
of inflation. If, at the beginning of the inflation process, the kinetic energy of
the field is small compared with the potential energy, ¢ ~ 0 and ¢ is small,
so that ¢ = ¢y, a more or less constant value, and V = V{¢y) ~ Pg- Then,
the Friedmann equation (2.8) takes the form (using units # = ¢ = 1 and the
relation G = 1/M3)

2 _ 8nGps _ 8V(go)
3 MG

(5.13)

so that the universe inflates exponentially with an almost constant expansion
factor as in (5.7). In this scenario, the potential is usually taken to be of the
simple quadratic form

V$) = lm?¢? (5.14)

~As the inflation proceeds, ¢ changes slowly as V ‘rolls’ gently down the curve

in Fig. 5.3. With ¢ ~ 0, (5.12) and (5.14) give

2
; m-¢
=—— 5.
4 3H (5.13)
and integrating we obtain
¢ =dpe Al {5.16
= xp 3H -16)

where At = 15 — 1 is the period of inflation as in (5.7). Clearly, ¢ should not
fall too rapidly or the full expansion will not be obtained, and insertin g the limit
from (5.7) we, therefore, find from (5.16) that

3H?
60< HAZ < —T
m

and hence from (5.13) and the condition V{go) < M}, , that

m 2n\ 172

This is the condition, that a large enough inflation factor is obtained, consistent
with the energy density in the inflaton field being less than M;L, at which level
unknown quantum gravitational effects could become important, Eventually,
the system rolls into the potential well of the true vacuum and inflation ceases,
and as explained above, the to-and-fro oscillations in the well correspond to the
reheating phase.

_ While none of the models of inflation has yetbeen totally successtul in provid-
Ing exactly the conditions required, there seems little doubt that an inflationary

5.3 Chaotic inflation

129



130 Development of structure in the early universe

scenario of some sort—or a mechanjsm which produces the same effect—ig .ﬁ"‘;i
essential slage in the early development of the universe, There are two su-on!‘f
predictions of such a model, The first is that the closure parameter Q. must

be extremely close to unity, that is, the curvature parameter X must be neay:.
zero. The second is that only one particular patch of the early universe would::
have been in the ‘false’ vacuum state at the chosen time when the quantum;
fluctnation described in the next section took place: there must have been manﬁ -
other universes growing from other such patches. So, enormous as our univérse

is, inflation suggests that it is but a dot in the ocean, a tiny part of a much larger
space domain.

5.4 Quantum fluctuations and inflation

It is believed that quantum fluctuations are at the heart of anisotropies in the’
early universe. In Chapter 3, we saw thal quantum fuctuations in elementary
particle physics, in the form, for example, of the creation and annihilation of
virtual electron—positron pairs, were able to account for the anomalous mag-
netic moments of the electron and the muon, and that such fluctuations are al
vital part of the very successful electroweak theory. Quantum fluctuations are -
also involved, for example, in connection with Hawking radiation from b]ack_,f,
holes (see Section 7.12), and as the source of the vacunm energy described in
Chapter 4, and as found in the laboratory with the famous Casimir effect.
Quantum fluctuations arise as a result of the Uncertainty Principle. In ad
particular time interval At the energy of a system cannot be specified to
accuracy better than AE, where ArAE ~ h. Let us apply this to the case that
inflation is connected with a transition in the ‘inflaton field’ at the energy scalefl
m ~ Mgur, for example, and consider the time just before inflation takes place.f§
Referring to (2.38) appropriate to relativistic particles and ignoring numericalyg§
factors, we find that the age of the universe when the energy per particle is k7 =%
m is of order t ~ Mpy,/m? (here and in what follows we use units # — ¢ — g |
The fluctuation in energy per particle is then AE = 1 /At ~ m? /My and the
fractional fluctuation is therefore &

L 618 4

Since the energy density p o« E* for relativistic particles, the density fluc- §
tuations Ap/p should be of similar magnitude. This admittedly naive and §
simplistic estimate has to be modified in a more serious calculation, but it makes §
the interesting point that the magnitude of the density Auctuation (observed to 3
be at the 10~ level) depends largely (but, it turns out, not entirely) on the
choice of the inflaton mass scale, 2

More quantitatively, fluctuations in the field amplitude ¢ can be thought of §
as due to the different times at which different ‘bubble’ universes complete  §
inflation as in Fig. 5.3, via the relation

_4e
)

When discussing fluctuations in the microwave background radiation in
Section 5.9, the amplitude of the fluctuations at the horizon scale are important,

At (5.19)
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and they are determined by the different amounts by which the universes have
expanded:

A H?
20 b = HAL ~ 2 (5.20)
L ¢

where the Hubble time is 1/H and we have used the relation A¢ ~ H from the
: Uncertainty Principle. Using equations (5.13) and (5.14) for H? and (5.15) for
&, we thus obtain for the estimated density fluctuation

2
' [ (i) y (L) (521
0 Mpy, Mpy,

modifying our first estimate (5.18). We repeat that experimentally this quantity
is of order 103, 1deally, of course, it would be nice to predict the magnitude of
the Auctuations from the inflation model, but at the present time this does not

e seem possible, since the number expected depends on the precise form assumed

Y for the inflaton potential V(¢).

f Until a really convincing model of inflation is perfected (perhaps as aresult of

- future detailed studies of the microwave anisotropies described in Section 5.9),

a it is not possible to state what the true predictions are regarding the level of

¢ quantum fluctuations. Even so, the idea that the material universe, extending

k now to the order of 102® m, had its origins in a gquantum fluctuation, which

m started off space/time as we know it as a microcosm of radius 1077 m is
¢ertainly interesting, and at least to the physicist, quite an appealing one.

a

n

at 5.5 The spectrum of primordial fluctuations

le

c. The quantum fluctuations referred to above are ‘zero-point’ oscillations in the

al cosmic fluid. As soon as inflation commences, bowever, at superluminal velo-

= city, most of the fluid will move outside the horizon scale 1/H. (We recall here
. that the horizon distance is of order ¢¢, where 7 is the time after the beginning
he of the expansion, and:in units ¢ = 1 is equal to the reciprocal of the expansion
rate 1/F.) This means that there will no Jonger be communication between the
crests and the troughs of the oscillations: the quanium fluctuations are there-

8) fore ‘frozen’ as classical density fluctuations at the super-horizon scale. We also

note from (5.18) and (5.21) that since no particular distance scale is specified

Ic- for the fluctuations, the spectrum of fluctuations will follow a power law, which
nd (unlike an exponential, ¢.g.) does not involve any absolute scale. Although
£8 we refer here to the fluctuations as density fluctuations, in cosmology they are
to also referred to as perturbations in the meiric of space-time associated with vari-

the ations in the curvature parameter—see Appendix C. (We should also mention
‘ that there are different possible types of fluctuations: it is usually assumed that

of the perturbations are adiabatic, that is, that the densily variations are the same

ete . in different components—baryons, photons, etc. Inflation may also be violent

enough to produce gravitational waves as well as density fluctuations, and these
; ¢ould induce polarization of the microwave photons, which will however be

19) : very difficult to detect.)
We can see how the fluctuations depend on the index of the power law
in 3 determining the balance between small and large scales, using an argument
nt, due to Barrow (1988). This is based on the idea that an exponential expansion




is invariant under a time translation. No matter at what time one fixes the stagt:
of the exponential growth, the universe will look the same at every epoch, Thug;s:
the expansion rate H is constant, the density o, is constant, the horizon distance '

1/H is constant, and the universe is effectively in a stationary state, No time .

or place can then have significance over any other, with the result that the amps
litude of the perturbations in the metric structure must be the same on all leng
scales as they enter the horizon—otherwise, a change in the magnitude of the
perturbation could be used to indicate a time sense. This metric (curvature of
space) is determined by the gravitational potential ®, and in the absence of time
dependence, this will obey Poisson’s equation

V20 = 4nGp (5.22):

Since in spherical polar coordinates, V2® = (1/r)[3(r28®/8r)/dr], thei

solution is &
b(r)= 21TGpr2/3

On the scale of the horizon distance ryor = 1/H, which is the only natural-

length in the problem, we have therefore

& — 2nGp
3H?

Sl

while on some arbitrary scale, A < 1/H, fluctuations in the gravitationalﬁi
potential due to fluctuations Ap in density will be

£

Ad =2rGApA?/3

Hence, the fractional perturbation in the gravitational potential on the scale A;
has the value AD A
= = g2l (5.23)

@ o

As explained above, in a stationary state, A®/ & must be some constant inde-
pendent of the arbitrary distance scale A. Since H is also approximately constant,

it follows that the density fluctuation, as it comes inside the horizon (and spe-

cifically its root-mean-square value) must have a spectrum with the power law

(6117 = (ﬂ) ~ (524) §

dependence on A of

o 22

known as the PHZ (Peebles—Harrison-Zeldovich) spectrum, typical of the infla-
tionary scenario. In words, this spectrum gives the universe the same degree
of ‘wrinkliness’ and the same amplitude for the perturbations on the hotizon, $§

independent of the epoch, as would be expected for a stationary state. For this
reason the above spectrum is called scale-invariant,

Notice that the fluctuations predicted are actually smaller than the purely
statistical fluctuations of the number N of particles contained in the volume
23, since according to (5.24), AN/N x N —2/3 while for a statistical fluctu-
ation AN /N oc N~1/2_ This smoothing out of fluctuations on large scales is an
example of a general rule that, as we shall see below, in an accelerating uni-
verse perturbations decay, while in a decelerating universe perturbations grow
with time.

B o
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5.6 Large-scale structures: gravitational collapse

and the Jeans mass

CHIERNA wREW Esanr maaleEihs

In Chapter 2 the early universe was described as a homogeneous, isotropic, and
perfect primordial fluid (a perfect fluid being one in which frictional effects
are negligible), undergoing a universal expansion. In contrast, the universe
today is ‘grainy’ with the matter clumped into billions of individual galaxies,
each containing of the order of 10'! stars, and separated from their neighbours
by enormous voids in space. Starting off from the Big Bang, we have to ask
what were the physical processes taking place which led to such structures.
The developments on the smallest scales, that of the stars themselves, are dealt
with in Chapter 7. Here, we discuss the large-scale structures. Such structures
were, we believe, originally seeded by tiny fluctuations in the inflationary phase
described above, which are detectable today in observations on the microwave
background radiation, as described in Section 5.9. Before discussing those
observations and their interpretation, however, we consider the general condi-
tions necessary for gravitational collapse of a classical gas cloud, as originally
enunciated by Jeans.

Let us first estimate the time required for a cloud of ordinary gas to collapse
under gravity, assuming, to begin with, that gas pressure can be neglected.
Suppose that the cloud is spherical, of constant mass M and of initial radius
ro, and that it begins gravitational contraction. When the radius has shrunk to
r, a small mass m in the outermost shell will have lost gravitational potential
energy GMm{1/r — 1/rg) and gained Kinctic energy (m/2){dr/ dr)?, assuming
that it was initially at rest. Equating these two, we get for the time of free fall
fromr=rgtor=>0

dr 2GM  2GMN\ /2
_ _ _ d 52
TEF fdr/dr [( - = ) r (3:25)

Substituting r = rg sin” & and with the limits & = /2 and 0, this integral gives

1/2
- T rg ! _ 3n \ 72 (5.26)
T \2em ] T \326p '

where p is the mean initial density of the cloud. Note that the result is inde-
pendent of the radius, for a given initial density. This free fall time, it may be
observed, is comparable with the circulation time of a satellite in close orbit
about the initial cloud, equal to (31/Gp)!/2.

As the cloud of gas condenses, gravitational potential energy will be trans-
formed into kinetic (heat) energy of the gas particles. If these are atoms or
molecules, this motional kinetic energy may be absorbed through collisional
dissociation of molecules or jonization of atoms, as well as resulting in atomic
excitation, which can be radiated away as photons if the cloud is transparent.
These processes absorb and then re-emit the gravitational energy liberated and
allow the cloud to contract further, but eventually hydrostatic equilibrium will
be attained when the pressure of the heated gas balances the inward gravitational

rrrrr wass




134 Development of structure in the early universe

pressure. The total kinetic energy of the gas at temperature 7 will be

where m is the mass per particle, M /m is the total number of particles and 347
is the mean energy per particle at temperature 7. The gravitational potenti%

energy of a sphere of mass M and radius r is

GM?

r

(5.28)

Epray A

where there is a numerical coefficient of order unity, depending on the variation::
of density with radius (and equal to 2 if the density is constant). Comparin

these two expressions, we find that a cloud will condense if Egrav 53 Fygp, that
is, if # and p exceed the critical values

T e 2

2npGm

3 rury
Perit = omtz \ 2mG

2MGm 3( kT )1/2

(5.29)

From the viewpoint of the development of large-scale structure in the uni-
verse, we would like to determine which criteria lead to a cloud of gas
condensing as a result of an upward fluctuation in density in one part of it.
In terms of the density p, there is a critical size of the cloud called the Jeans

length with a value
o\ 12
= v — 5:30) §
J VS(GP) e300

obtained essentially by multiplying the sound velocity by the free-fall time, The
mass of a cloud of diameter equal to the Jeans length is called the Jeans mass:

A3 ¥
% (5.31) 1

Here, v; is the velocity of sound in the gas. The typical time for sound waves
(propagated as a result of any density perturbations) to cross a cloud of size 1
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L is L/vs, and this is less than the gravitational collapse time (5.26) when
L <« Ay. So the perturbation just results in sound waves oscillating to and fro,
and there is no preferred location towards which matter can gravitate. On the
other hand, if L 3> A;, sound waves cannot travel fast enough to respond to
density perturbations and the cloud will start to condense around them. For a
cloud of non-relativistic matter, the lengths Ay in (5.30) and rery in (5.29) are,
of course, one and the same (up to numerical factors of order unity). For, then,

ar kT
== (5.32)
dp m
where ¥ is the ratio of specific heats, equal to ; in neutral hydrogen. In that
case, 2
SnkT
Ay = ( d (5.33)
3Gpm

Thus, in terms of the temperature of non-relativistic gas particles, both rere in
(5.29) and A; in (5.30) are of the order of magnitude (kT/Gpm)'/%.

5.7 The growth of structure in

an expanding universe

'We now apply the ideas in the preceding section, based on classical dens-

ity perturbations, to fluctuations in the early universe. Suppose that an upward
fluctuation in density occurs at some point in a static (i.e. non-expanding) homo-
geneous and isotropic fluid, that is the density increases by a small amount Ap
above the unperturbed density p, where Ap « p. The gravitational force
which the perturbation exerts, and consequently the inflow of material attrac-
ted towards the perturbation per unit time will both be proportional to Ap, so
that d(Ap)/dr x Ap. Hence—provided gas pressure does not oppose it—this
simple argument suggests that the density perturbation would be expected (o
grow exponentially with time, However, in the case of a non-static, expand-
ing universe, the gravitational inflow can be counterbalanced by the outward
Hubble flow. It then turns out that the time dependence of growth of the density
fluctuation is a power law rather than an exponential. Intuitively, one can guess
that, if the perturbation is small so that all effects are linear, and it is expressed in
terms of the so-called density contrast § = Ap/p, this dimensionless quantity
can only be proportional to the other dimensionless number associated with the
Hubble flow, namely, the expansion parameter ratio R(z2) /R{r1).
Quantitatively, we have to enquire whether the growth of cosmic structures
on the largest scales can be understood in terms of the tiny anisotropies (tem-
perature and density fluctuations at the 107 level) observed in the cosmic
microwave radiation, already mentioned in Section 2.7 and discussed in more
detail ini Section 5.9. The fluctuations in the temperature of the microwave
radiation observed today must be essentially the same as those obtaining at the
time when the microwave photons had their last interaction, namely the time of
decoupling of baryonic matter and radiation, about 300 000 years after the Big
2. when zgee ~ 1000. Thereafter, the plasma of protons and electrons was
replaced largely by neutral atoms, practically transparent to radiation-—hence
astronomy!
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The standard treatment of the growth of small fluctuations in density by
means of perturbation theory is rather lengthy and is given in Appendix B}
Here, we derive the principal result by means of a short cut, treating the initial
upward density fluctuation as a matter-dominated, closed ‘micro-universe’.f
mass M and positive curvature (K = + 1), as described by the lower curve i
Fig. 2.4 and by Example 2.2. Then, from equation (2.14) the values of R and;@
in parametric formn are

ab? 5
R=a(l —COSQ):T“ —8* /1124 --1]
(5.34):
'

) bo3 o2
f=b(9—51n9)=——6— 1—%4{.

where ¢ = GM/c”> and b = GM /¢, and the expansion on the right is for;
very early times, that is, for 8 & L. Taking the % power of the second equa-tf»’-;

tion 1o find &2 as a function of #2/3, and inserting in the first equation one’,

obtains ‘
a [6r\*? (61/b)23 g
Rty =3 (3) [1 -—% ] (5.35)%

We see that when 1 € b/6, R(t) x 2/3 that is, the increase in radius wi
time is the same as that in a flat, matter-dominated universe of £2 = 1 (secllit
Table 2.2)—a result that is true for any value of K. For larger, but still sma

values of £, the density enhancement, compared with the flat case, grows fincarlyfl

with the expansion factor R(1):

e e

Ap AR 3o
P R 20

b

just as we anticipated. Incidentally, we may note here that, had we done the §
same exercise for an open universe as in equation (2.15), the value of 8 would -
have come in with the opposite sign, with the density perturbation decreasing'§

with time.

According to the simple linear dependence in (5.36), the primordial (1 077) § ;

fluctuations in the microwave radiation at the time of decoupling (Zgec ~ 1000), |

would by now have grown by some three orders of magnitude in a matter-

dominated universe. This, however, is not enough to account for the much

larger density fluctuations in the material of the present universe. Of course, f
the mode! we have used to simulate the growth of perturbations shows (see 3

Fig. 2.4) that the growth in relative density would in any case be non-linear.

For example, when R = Rpax = 2GM /g:2 and ¢ = nGM /c?, the enhance- .Q

ment is a factor of (31t/4)? = 5.6, compared with 1.06 for the linear case.

However, the conclusion still stands that the observed level of fluctuations
in the microwave radiation would have been too small to account for the §

observed structures in terms of growth of fluctuations in the baryonic component
alone.

2/3 '_ 4
f] & R(H x 1/(1 +2) (5.360) %8
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5.8 Evolution of fiu

5.8 Evolution of fluctuations during
the radiation era

In the early stages of the Big Bang, the universe was radiation-dominated and
the velocity of sound was v; = (3P/8p)!/2 =~ ¢//3—sée Table 2.2. This
means that, using (2.36), with p.¢? = (3¢?/32G) /12, the Jeans length was

Aj = [ r ]:/2_ x(n“)]/z (5.37
"= Geoy] T\ 57

Thus, the horizon distance and the Jeans length are both of order ¢t during the
radiation era.

We now trace the development with time of the mass inside the horizon
during the radiation-dominated era, and consider whether, during that period,
initial density fluctuations could survive. The actual baryonic mass inside the
horizon during this era would be

M) ~ pult)(en) o (5.38)

_where the T dependence arises from the fact that o 1/R® o« T3 and from
(2.38), t o 1/T? during the radiation-donyinated era. (This dependence will
- flatten off near the decoupling temperature because of the increasing effect

of the baryons in reducing the sound velocity.) At the fime of baryon—photon
decoupling, zgee ~ 1000, pb = pcS (1 + 24ee), and 140, = 10/ (1 4 zgec)/? ~
10"% 5 (see Example 2.6). Tnserting the value of pe from (2.23) we find

M (taee) ~ 10" QMg ~ 10'7 0, (5.39)

for 2, = 0.05 (sec (2:28)). The Jeans muass (5.31) will be an order of mag-
nitude larger. This demonstrates that fluctuations on the scale of palaxies
(M ~ 10"M:) and clusters (M ~ 10'*M:) come inside the horizen dur-
ing the radiation cra, at redshifts (1 + z) ~ 10° and ~20, 000, respectively. The
variation of My and M; with T is-shown in Fig. 5.4.

In discussing the survival of fluctuations during the radiation era, we should
point out that there are several different possible types of fluctuation. Adiabatic
fluctuations behave like sound waves, with baryon and photon densities fluc-
fating together, while for isothermal fluctuations the matter density fluctuates
but the photon density does not, so that matter is in a constant temperature
photon bath. Or it could be that both matter and photon densities fluctuate but
Wwith opposite phases, in so-called isocurvature fluctuations.

We consider here only the adiabatic fluctuations, which are likely to be the
most limiting from the point of view of growth. What happens depends on the
scale of distance considered. While the matter is non-relativistic, photons travel
&t light velocity and through radiation pressure can stream' away from regions of
higher density to ones of lower density, so ironing out any fluctuations. During
most of the radiation era, the photon energy density is much larger than that of
the baryons, so that if the photons diffuse away, the amplitude of the fluctuation
will be severely reduced, a process calied Silk da mping.

This loss of photons will be prevented if they are Jocked in to the baryonic
matter by “Thomson drag’, that is by Compton scatterin g by electrons of the
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138  Development of structure in the early universe

Fig, 5.4 The variation with radiation temper-
ature T of the (baryonic) mass My inside
the horizon (i.e. inside the largest distance
aver which causal effects are possible) and
of the Jeans mass Mj (i:e. the smallest mass
which can overcome the pressure of radiation
and contract under gravity). After decoup-
ling of matter and radiation, .the Jeans mass
falls abruptly as the velocity of sound reduces
by a factor of 10%, while the mass inside the
horizon continues to increase (as 1T ).

107 |
101 |-
1012 |-
©
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I
=k |
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106 b0 107 1 102 1ot
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baryon—electron piasma. Tt is found, as shown in Example 5.3, that fluctuations
containing baryonic masses well above 10'?Mg—that is, the size of galaxies
or larger objects—will survive without significant reduction of amplitude to th
era of decoupling, after which they can grow. Fluctuations on smaller scale
will, in contrast, be ironed out, as indicated in Fig. 5.5.
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M=10"M,

M=1013M,

Time ——

As indicated in Example 5.4, as soon as matter and radiation decoupled
and neutral atoms formed, the velocity of sound and hence the Jeans length
decreased by over 10000 times. Growth of inhomogeneities on galactic and
smaller scales then became possible.

Example 5.4 Estimate the value of
decoupizng of matter (i baryons}

: nng. =
0.94 GeV, we: ﬁnd

We can see from the above discussion that only after the universe became
matter-dominated did perturbations really have a chance to grow. In this
Fespect, dark matter, and specifically cold dark matter, plays a vital role in the

Fig. 5.5 During the radiation era, adiabatic
fluctuations encompassing baryonic masses
below 10'2M;; are damped out by the leak-

age of the photon component, while those of
masses above 1013M, remain at a practically
constant amplitude until the epoch:of matter—
radiation decoupling (see Example 5.3).
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development of structures at the galactic and super-galactic level. It turps outig®:
fact that the calculated increase in density contrast with time, as described aboyg’
and starting out from values of Apfp~ 1073 following inflation, is not enough-|
to account for the observed growth of galaxies and clusters, relying simply o
the gravitational collapse of the baryonic component (with Q2,(0) ~ 0.03), o&?
1t has decoupled from radiation at a redshift z ~ 1000, As previously s '
one requires substantial amounts of cold (i.e. non-relativistic) dark matter (with?!
$2m(0) ~ 0.30) as a component of the primordial universe. Unlike normaf-
(baryonic) matter, this will not interact with radiation via Thomson scattering’
and it also begins to dominate over radiation at an earlier epoch (z ~ 107, seq
Example 2.6), and thus is both more efficient at achieving gravitational collapse:
and has more time to achieve it. Of course, once the dark matter agglomenay’:
tions have formed gravitational potential wells, baryons will fall into them and
indeed their increase in density contrast will follow that of the dark matter, .
Figure 5.6 shows the values of the Toot-mean-square amplitude of density”
fluctuations plotted against the distance scale 3 introduced in (5.24). On very:
large scales (typically angular ranges of 16°-100°) these were deduced from:
the temperature fluctuations of the microwave background, as observed by_;
the COBE satellite experiments. On smaller scales and angles, the density
fluctuations have been deduced from large-scale galaxy surveys (LSS), such as
those at infrared wavelengths using the IRAS satellite, which analysed almost;,
20 000 galaxies in the early 1990s. ¥
At large scales, the spectrum of fluctuations does seem to follow the 1732

ey

e

variation predicted by inflation in (5.24), the universe becoming progressivelyy
smoother over the largest distances, while the spectrum flattens off at the smal !
scales of galaxy clusters, The curves show the expected amplitude for a coid
dark matter scenario, and one where hot and cold dark matter are mixed. Colil
dark matter alone produces clumping on small (galaxy cluster) scales that
100 big. Hot dark matter alone would lead to fluctuations which are mucH
too small, since they get ironed ount by the relativistic dark matter particle S
streaming from regions of high density as described above. The mixed darig
matter mode] (70% CDM, 30% HDM) seems to be the best compromise fi 3
and implies that structure evolves from the ‘bottom up’, clumping occurringlg
first on the smaller scales (galaxies and clusters) and the larger super-clustersff
following later (and still apparently forming today).

5.9 Temperature and density fluctuations in
the cosmic microwave background:
‘acoustic peaks’ at small angles

Asalready mentioned in Chapter 2, the cosmic microwave background radiation §
-exhibits small deviations in the value of the temperature, as recorded by the §
COBE satellite observations in Fig. 5.6, The largest effect is in fact in the form
of a dipole term which corresponds to the Doppler formula {1 + (v/c) cos d],
arising from the velocity of 370 ks~ of the Earth relative to the Hubble §
flow. In addition to this dipole term, the COBE satellite observations detected §
higher multipoles, which corrésponded to variations in the temperature over §
angular scales of 7° ormore, the scale being set by the detector resolution. The §
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temperature fluctuations observed were of the order of 105, Although observed
today, these fluctuations should also be those that the photons exhibited at the
‘surface of last scatter’ when they decoupled from matter at a temperature of
kT ~ 0.3 eV many billions of years ago.

More recently, measurements shown in Fig. 5.8 have been carried out with
detectors having much higher angular resolution—typically 10 of arc. Two
were flown in tigh altitude balloons—the BOOMERANG {(de Bernardis &t al.
2002) and MAXIMA (Lee er al. 2001) experiments—and one was a ground-
based interferometer— the DASI (Halverson et al. 2001) experiment—all at the
South Pole. These variations in temperature on small scales have been of prime
importance in providing information on the parameters of the early universe,
such as the curvature and the contributions of matter, radiation, and vacuum
lerms to the overall energy density. Of course, not all the effects observed will be
due to ‘primordial’ density and temperature fluctuations in the early universe;
$ome Thomson {elastic) scattering of the microwave photons by free electrons
could take place en raute to the detectors from distant parts of the universe,
but the amount of angular smearing from this cause is quite small and can be
beglected in this discussion (see Problem 5.3).

Variations in the microwave background temperature will mirror those in the
Primordial energy density. There are two effects, going in opposite directions.

L, in & more dense region, local compression will cause heating. But, on the
oOther hand, the larger gravitational potential in the denser region means that
the photons are red-shifted as they climb out of the local potential well. There

¥ome cancellation of these competing factors, but the net effect is that the

Fig. 5.6 Plot of density fluctuations against
the scale A, from the COBE satellite obser-
vations on the microwave background at the
largest angular scales, and from galaxy sur-
veys (e.g. the IRAS satellite experiments,
lahelled LSS) on small angular scales. Such
surveys consist of counting the number of
galaxies contained in each of many adjacent
volumes 3* of sky, determining the.rm.s.
fractional fluctuation about the average num-
ber, and repearing the procedure for different
values of x. The curves show Lypical predic-
tonis from cold and mixed dark matter models
(after Kolb 1998).
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denser regions appear cooler, because as a region condenses, the potential
that the photon has to climb on the way out is deeper than the one it fell
on the way in. For a radiation-dominated universe, AT/T = — AQ/2¢2, while
for a matter-dominated universe AT/T = —A® /3¢2, where A® is the }
increase in the gravitational potential due to the over-density.

Inthe discussion of the horizon distance in Section 5. 1, we concluded that,
aflatuniverse (K = 0), the angle subtended today by the (optical) horizon at t§
time of decoupling of matter and radiation was of the order of one or two deeress
as in (5.3). A pressure wave can arise from densily inhomogeneities and tl\e
interplay of gravitational attraction and compressional effects of non-relativistig
matter, on the one hand, opposed by photon pressure on the other. The propagq'é'-;-
tion of such a pressure wave depends on the velocity of sound v, and the acoustigs.
horizon is vy/c times the optical horizon distance. If the cosmic fluid is radiatiéf%’
dominated at this epoch, then from Table 2.2 this ratio is approximately 1/./3%
The acoustic horizon at the time of last scatter of the microwave radiation
this case subtends today an angle at the Earth of approximately

2136 (1 + Zdec)
V3 % (tp = tdec)

Bacoustic ™

~1° (5.408

A more detailed calculation, given in Appendix C, comes up with essentially:,
the same angle.

Coming now to experiment, the fluctuations in the temperature of they

microwave radiation can be measured as a function of position in the sky, andg
the correlation determined between two points separated by a particular angld
6. Supposé a measurement of the radiation temperature in a direction specifiedl
by a unit vector n, as compared with the whole-sky average T, indicates a devi_' -
ation AT(n), while in a direction mt itis AT (m). The correlation between pair
of points in the sky is given by the average quantity

) = {(%{n)) (AT;m))) withn -m = cos 8§

= (1/4m) 2(21 + 1)CPy(cos 6) (5.41)'

where the average is taken over all pairs of points in the sky separated by angle
6. In the second line, the distribution C(8) has been expanded as a sum
Legendre polynomials P;(cos 8) runining over all values of the integer /. The'§
coefficients C; describe the fluctuation spectrum, which depends not only on

the initial spectrum of density fluctuations as discussed in Section 5.5, but on §
several other parameters, such as the baryon-photon ratio, the amount of dark §

matter, the Hubble constant and so on. As had been predicted over thirty years §

ago, the measurement of the values of C; for I-values in the hundreds should §
determine these parameters (the coefficient C; for I = 1 correspoads to the

dipole term mentioned above and is disregarded).

The Legendre polynomial P;(cos ) in (5.41) oscillates as a function of
betweeti positive and negative values, having 7 zeros between 0 and & rad, with 3

approximately equal spacing

Af =

TL'N200°
17

(5.42)

1o
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The sum (21 + 1)P;(cos0) from [ = 110 Imax 3> 1 has a strong maximum
in the forward direction (§ = 0), where the amplitudes of all the different
[ values add, while at larger angles the various contributions largely cancel
out, the amplitude falling off 10 practically zero within the angular interval
AG = 200° /lnax. As (5.40) indicates, fluctuations over an angular range of a
degree ot less are relevant to the acoustic horizon distance at decoupling and
will therefore be concerned with polynomial contributions of 7 > 100.
Suppose, now, that an initial ‘primordial” perturbation in the density of the
‘photon—baryon fluid’ occurs. This can be decomposed into a superposition
of modes of different wavenumbers & and wavelengths A = 2m/k. If the
wavelength becomes larger than the horizon size Ly—as 1t certainly would
inn the course of inflation—then the amplitude of that mode of the perturb-
ation will become frozen; as previously stated, there could no longer be
a causal connection between the troughs and the crests. However, as time
evolves, A(t) will increase with the scale parameter R{r) oc ", where n = %
for a matter-dominated situation and n = % for radiation domination. Hence,
A@®/La(H) ~ 1/197 as in (5.2) and, since n < 1, it follows that in time, A

will come inside the acoustic horizon and the amplitude of that mode will then

start 1o oscillate as a standing acaustic wave in the cosmic fluid. Modes of
smaller wavelength will enter the horizon earlier and oscillate more quickly

 (since the frequency varies as 1/A). The effect of having components of dif-
ferent wavelengths and phases is that one obtains a series of acoustic peaks
when the amplitude is plotted as a function of /, as shown in Fig. 5.7, The

quantity /(/ + 1)C; is plotted against / (since it turns out that this is a constant,
independent of Z, for a scale-invariant spectrum of fluctuations).

Coming to the observations, the first peak in Fig. 5.8, at ~ 200, corresponds
0 the mode that has just come inside the horizon and compressed only once,

1{+)Cifi2zn ——

0 200 400 600 800

| —

Fig. 5.7 Amplitude of ‘acoustic peaks’ in the
fluctuativhs in temperature expected in cos-
mic microwave radiation, plotted against the
value ! of the multipole involved. The pos-
jtion of the first peak (lop panel) depends
principally on the total density €1, while its
height—that is, the strength of thé acoustic
oscillation—is seen to depend on the baryon
density (bottom panel}. The second and sub-
sequent peaks depend on other cosmological
patameters, as described in the text. Notice
that, provided @ = 1, the results (middle
panel) are insensitive (o the division of dens-
ity between matiér and vacuum contributions,
Qn and @y = 1 — Qy (after Kamionkowski
and Kosowsky 1999).
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Fig. 5.8 Observed amplitude of ‘acoustic
peaks’ in cosmic microwave radiation as a
function of the order ! of the polynomial
Pi(cos#), from the BOOMERANG exper-
iment, which employed high angular res-
olution bolomerric (total energy) detectors
flown in a balloon over the Antarctic (after
de Bernardis et af, 2002).

0

Fig. 5.9 The effect of the curvature of space
(the gravitational deflection of photons) on
angular measurements of distant objects. For
curvature X > 0, that is, a closed universe,
the angle is increased, while for K < 0 (open
universe) it is decreased, in comparison with
the value for a spatially flat universe (X = 0.

~
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the second corresponds to a shorter wavelength mode that has undergone two:
oscillations, and so on.

The posifion (angle or [-value) of the first peak depends very strongly
the total density , or equivalently through (2.24) and (2.26) on the curva
Korf =1— Q. For a flat universe, the value of the angle § of the peg .
will be approximately as in (5.40), with the corresponding value of [ in (5.42
However, for a ‘closed’ universe of positive curvature (K > 0), the angli
will be increased, the gravitational field between the source and the detectofe
acting as a converging lens. Thus, the peak wili move to lower ! values, whilds
If the curvature is negative—the case of an ‘open’ universe—the angle w
be decreased as for a diverging lens and the peak will move to higher 7 (sedf
Fig. 5.9). E

As shown in Appendix C, when one is, as in this case, Jooking back to larg 3
z-values of order 1000, this lensing effect has a simple form. In the first place
the distance to the ‘surface of last scatter’ of the microwave radiation for thel§
case of an open universe (with €, = | — ) varies as 1/ Q. Second, the horizof®
distance at the time of matter~radiation decoupling varies as 22, So thé®
angle subtended by the acoustic horizon scales as ©21/2 and the I-value of th
first acoustic peak is proportional to 1/2!/2, Provided the toal value of Q = 1§
the universe is flat (€; ~ 0} and the peak position varies little, irrespective
how the matter and vacuum energy density is shared (we remind ourselves from 7z
229 thaa @ =0+ §2, and that these symbols refer to the quantities today). :ﬁ;

&

The variation of the angle with closure parameter is shown in Fig. 5.10 for the "_A
two important cases, of an open universe with no vacuum energy, and a flat @
universe with variable vacuum energy, as calculated in Appendix C. The main 4
and very important result from these experiments is that the universe turns out §
to be remarkably flat.

As indicated in Fig. 5.7, the height of the firsy peak measures the intensity of
the acoustic oscillation, which is sensitive to the baryon/phioton ratio (a greater

baryon density will help gravitational collapse and enhance the oscillation
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I Fig. 5.10 The calculated angle subtended by
= the cosmic microwave ‘agoustic peaks” rel-
=) alive 10 the angle expected for a flat, matier-
o dominated universe, plotted against the matter
= density parameter 2 = Q,,. One curve is for
an open universe with no vacuum energy, that
is, acurvature term (2, = 1 2, giving a vari:
ation proportional to €2'/2, The other curve is
for-a flat universe (% = 0) with a vacuum
energy 2, = 1 — Q. Note that the angie in
1] 0.5 1.0 i.5 20 this case depends only weakly on the parti-
tion between matter and vacuum energy. For
Q details of the calculation, sec Appendix C.
1.0
08
two
0.6 -
on
lure o Q.+Q,=1
eak 04 Flg. 5.11 Fits to the data from a combination
12). of cosmic mictowave observations on small
igle angle structire (BOOMERANG, MAXIMA,
. 0.2 | and DASI experiments), supemnovae Ia data
“tor at large redshift (Fig. 4.11), and analysis of
1le large-scale structures from infrared and X-ray
vill ) { A ) surveys. The ellipse is the 95% confidence
00 0.2 04 0.6 08 '1 0 contour within which the solutions (5.44)
HEe ) . Q ) ’ ’ are confined (afier de Bemardis ef al. 2002,
o Harun-or-Rashid and Roos 2001).
rae
ICE.
the
on amplitude, whereas the pressure of the photons will oppose collapse and tend
the 1o iron out inhomogeneities). The positions and heights of the other peaks are
the fensitive to other cosmological parameters,
1. Before the microwave radiation decouples from matter, it will undergo a last
cof act of Thomson scattering from free electrons. Because of the anisotropies in
am the radiation described above, this scattering should result in polarization—just
¥). 8 sunlight becomes polarized when scattered in the atmosphere. The degree of
the “§  Polarization measured with the DASI interferometer is exactly of the magnitude
itat '§  (partsper million) expected. As stated above, another source of photorn polariz-
i ion, due 1o gravitational radiation accompanying inflation, will be much more

out 2R difficuls 10 detect.

With relatively weak assumptions on the age of the universe and the value of
of the Hubble constant, and in combination with the results of measurements. of
er large-scale structure from infrared and X-ray surveys and of Type la supernovae
o' observations (see Figs 2.3 and 4.11), the microwave data then yield as typical
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fits the following values for the various parameters:

Total closure parameter Sy = 1.02 + 0.05

Vacuum energy contribution 2, = 0.70 + 0.05 :

5.
Total matter contribution 2, = 0.30 + 0.05 (

Baryon density contribution 2, = 0.05 & 0.01

The total closure densitly is consistent with the value of unity predicted by
the inflationary scenario. The percentage error is principally associated with,
and just twice, the fractional error in the {-value of the peak. The value of the
vacuum energy density or cosmological constant contribution deduced fropy:
the supernova measurements of the Hubble constant and its variation with ti
described in Chapter 4, are in good agreement with estimates-from combinini‘;-
the microwave data with galaxy redshift surveys, and of course that result, &
shown in Example 2.3, gives an estimate for the age of the universe in excellent
agreement with independent estimates from radicactive isotope analysis, stellar
ages in globular clusters, etc. Furthermore, the baryon density in (5.44} is i
fair agreement with the (less precisely) known value from Big Bang nucleosym:
thesis described in Chapter 2.The bulk of the matter contribution is obviously’
accounted for by dark matter. Typical fits to the data are shown in Fig. 5.11.

5.10 Summary

o The conventional Big Bang model, while successfully accounting fo
the redshift, abundance of light elements and the microwave background
radiation, suffers from the horizon and flatness problems. A

* The horizon problem arises on account of the ohserved isotropy of th
microwave background out to the largest angles. The horizon at the tim
of the decoupling of matter and radiation, at z ~ 1000 (when the radiation§
had the last opportunity of interaction and achieving thermal equilib<§
rivm), now only subtends about 1° at the Earth, It is, therefore, impossibled
to understand how the large-angle uniformity in temperature could havell
been achieved by causal processes.

e The flatness problem arises because the fractional difference between th
observed density p and the critical density p. should be proportional to # g
in a radiation-dominated universe, and #/2 in the matter-dominated case i
Thus, at very early times, p must have been very finely tuned to p, (onlyd}
one part in 10°2, if we go back to the Planck era) 2

* The postulate of a preliminary inflationary stage of exponential expan-#
sion, when the radius of the initial micro-universe expanded from 10~26 2
to [ m, solves both these problems, and also accounts for the absernce of
magnetic monopoles.

¢ Quantum fluctuations at the commencement of inflation may account for §
the observed perturbations, of the order of 10-3, in the temperature (and
hence density) of the microwave radiation. The quantum fluctuations '
would become classical, frozen fluctuations in density when they were
inflated beyond the causal horizon,

¢ Large-scale structures in the universe—galaxies, galaxy clusters, voids,
etc.—were seeded by these primordial perturbations in the density (or
metric cutvature). ;
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o Initially, the density perturbations § = Ap/p grew linearly with the
expansion parameter R as they collapsed under gravity in the era of matter-
domination. The collapse became possible on all scales larger than the
Jeans length, in turn determined by the speed of sound v int the cosmic
4) fluid. As v; decreased abruptly when atoms began to form, more dramatic,
and non-linear, collapse on smaller and smaller scales became possible.
e The spectrum of density fluctuations predicted by inflation is a power
by law, with 1o preferred scale, and Ap/p ~ A~2, where A is the length
th involved. The spectrum observed in COBE microwave measurements at
lhé large angular scales fits this prediction. At smaller scales the fluctuation
om spectrum from galaxy surveys such as IRAS is flatter and consistent with
ne, expectations from mixed dark matter models.
ing . The tiny (10~°) variations in the observed microwave temperature
a5 ) between pairs of points in the sky separated by angle 8 can be described
ent | by a sum of Legendre polynomials P;(cos#), where I-values of 100—
lar . 1000 are relevant to investigations at separation angles of the order of 1°.
in The fluctuations in temperature, consequent on the density fluctuations,
yn- J appear as a series of so-called “acoustic peaks’ when plotted against the
1sly l [-value.
. The position of the first acoustic peak, at / = 200, provides a measure
" of the total density parameter Q, indicating a value close to unity, and
;_;ij" a consequent curvature parameter Q; = 1 —  of less than 0.05: the
7 unijverse is practically flat. The height of the first peak and the heights
‘ ‘ and positions of the other peaks provide estimates for other cosmological
for : parameters, such as the baryon density, the amount of dark matter, Hubble
nd parameter, etc,
the
Sl ' i
10n
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be | Problems
ave
Mere challenging problems are denoted with an asterisk. matter-dominated universe. Derive the corresponding
the (5.1) Show that the free-fall time (5.26) is of the same order expressions for an open universe, with K= — 1, and
0! of magnitude as the period of a satelfite in close orbil sh'ow .lhat in this case the density contrast will decrease
ase. about a spherical cloud of density p. with time.
mly (52) Calculate the Jeans muss and Jeans length for a mass of ~ (5.5) Assume thal a density fluctuation occurs during the
an airat NTP (T =273 K, p = 1.29 kgm ™), inﬁation_%rocessj, and that at t‘he end of ,inﬂalion, at
et *(5.3) If the intergalactic medium is appreciably ionizcd, the h ~ 107 5, this has become *frozen oul” at a length
. . .. scale A, when the universe has reached a radius ~1 m,
e of fosmic microwave radia}uon may‘have been scattgred Calculate at what subsequent time the pérturbation will
(Thomson scattering) since the ‘epoch of last scat- . . .

L . o . come inside the horizon and start to oscillate as an
| for tering’ al redshift z ~ .1 100. ]:,shm:.itg the re‘sultmg ‘acoustic’ wave, for A = 1 mm and ! ¢m. Estimate the
and ;nean free p fit.h Of.the 1.?11crOWave radiat.101.1, using: the masses inside the horizon in the two cases and identify

aryon densities given ih Chapter 2. s this important .
ons in the inlerpretation of the angular anisotropies of the them with large-scale structures.
e radiation? (5.6) Calculate the Jeans length a1 time £ in the early, radiation-
i *(5.4) Verify the expressions (5.34)(5.36) for the growth of dominated universe, and show that it-is approximaltely
"E‘:}}f the density contrast with time in a closed (K = + 1) equai to the horizon distance at that lime.
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Cosmic particles

The particles circulating in the cosmos include the cosmic rays, which have.
been intensively studied ever since their discovery by Hess in 1912, Ka K/,
Darrow, a past president of the American Physical Society, caught some of the:
atmosphere of this research when he described their study as remarkable “fof

the delicacy of the apparatus, the minuteness of the phenomena, the adventurous

excursions of the experimenters and the grandeur of the inferences”.

Cosmic rays consist of high energy particles incident on the Earth from outer
space, plus the secondary particles, which they generate as they traverse the.
atmosphere. Their study has a special place in physics, not only in its own
right, but because of the pioneering role that cosmic ray research has played
in the study of elementary particles and their interactions. Let us recall that:
the discovery in cosmic rays of antimatter, in the form of the positron in 1932,
and of pions and muons and strange particles in the Tate 1940s, really kick:
started the building of large particle accelerators and the development of thet
associated detection equipment, developments which were essential in puttin;
the subject of elementary particle physics on a sound quantitative basis.

Equally, in the 1990s, the study of the interactions of sofar and atmospheril
neutrinos, on distance scales far larger than anything that had been attempies
at accelerators or reactors, revealed the first cracks in the Standard Model, witl
evidence for neutrino flavour mixing and for finite neutrino masses, as describef
in Sections 6.9-6.11. This has led to a revival, in the new millenium, of lepto
physics in fixed-target experiments at accelerators, and to the development o
radically new proposals such as the building of muon storage rings to serve a
sources of high energy electron- and muon-neutrinos.

At the highest energies, studies of y-1ays in the TeV range and above havel
indicated point sources in the skies where it seems the most violent events in thel
universe have taken place, and intensive studies of both y-rays and ultra-hip]
energy protons and heavier nuclei will certainly shed new light on mechanisms$
for particle acceleration, as well, perhaps, as revealing new fundamental pro-§
cesses taking place at energies far in excess of what could ever be achieved on¥
the Earth.

4
6.1 The spectrum and composition of %

cosmic rays
The charged primary particles of the cosmic rays consist principally of pro- J
tons (86%), a-particles (11%), nuclei of heavier elements up to uranium (1%), |
and electrons (2%). While these come from primary sources, there are also
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normalized abundances for C, N, and O and for Fe are also closely simi
suggesting that many of the cosmic ray nuclei must be of stellar origin,

The big differences between the cosmic and solar abundances are in thosg-

of Li, Be, and B. The abundance of such elements in stars is very small, sj
they have low Coulomb barriers and are weakly bound and rapidly consumed iy
nuclear reactions in stellar cores, Their comparative abundance in cosmic rg

is due to spallation of carbon and oxygen nuclei as they traverse the mtemtellil

hydrogen (see Fig. 6.1). In fact the amount of these lightelements determines thé’
average thickness of interstellar matter that the radiation traverses and indicates

an average lifetime of the cosmic rays in the galaxy of about three million years,
It is found that the energy spectra of Li, Be, and B are somewhat steeper than

those of carbon or oxygen, indicating that at the higher energies nuclei do not’:-
undergo so much fragmentation, presumably because they leak out of the galaxy

sooner than those of lower energy. In a similar way, the abundance of Sc, Ti, V,

and Mn in the cosmic rays is due to spallation of the abundant Fe and Ni nuclef,””

6.2 Geomagnetic and solar effects

The primary radiation, for charged particles below 10 GeV energy, does show |
directional effects and also time dependence. The charged primaries are affected

by the Earth’s magnetic field, which approximates that due to a simple magneti¢

dipole, and also by modulation in time due to the solar wind, which follows the -

eleven-year solar cycle.

We first discuss the geomagnetic effects. The axis of the dipole is at an an
to the axis of the Earth’s rotation. The geographical coordinates of the po
varies slowly with geological lime, the present N pole being located at longitud
101° W, {atitude 75° N. The calculation of the actual orbits of particles incid
on the Earth as they spiral in the dipole field is rather tedious and complex, a
most easily accomplished using a computer program, However, some of
main features of the geomagnetic effects can be understood analytically.

Constder first a particle of charge zle|, velocity v and momentum p = my
travelling in a circular equatorial path of radius r around a short dipole o
moment M. Equating centrifugal and magnetic forces we obtain

[+

my
Z|€| |B X V| = T

where the equatorial field due to the dipole is

()%

The radius of the orbit'is, therefore,

Koy Mzle| 7'/
= (5 %] €

known as the Stermer unit, after the physicist who first treated the problem.
A significant value of the particle momentum is that which makes the Earth’s
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radius rg equal to one Stgrmer unit, that is,

pe /iUy Melel

E

dn

where we have inserted the values in SI units of tofdn = 1077, M = 8 x

1072 Am, rg = 638 x 105 m, lel =1.6x 10719 Cand 1GeV = 1.6 x 1010
In fact, it turns out that no proton of momentum less than the above value
¢ can reach the Earth from the eastern horizon at the magnetic equator. Stgrmer
- showed that the equation of motion obeyed by a patticle has the form

cos? 3

r

b=rsinfcosi +

(6.4)

ve | sinf| < 1, (6.4) places restrictions on the values
bf b, r, and A for the ‘allowed’ {rajectories of particles teaching the Earth. The
tondition & < 2 is found to be critical in determining which momenta are cut
by the Earth’s field, Inserting & = 2 in (6.4) the equation for the cut-off
“momentum at any A and ¢ is given by

2
cOs“ A
= 6.5
g I +(1—sinf cos? 1)172 (6.52)
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Fig. 6.4 Coordinate system and variablcs
describing a particle A with velocity ¥ in the
fieldof a dipole M at O. 8 is the angle between
the velocity vector v of the particle and the
meridian pline OAB rotating with the particle.
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Fig. 6.6 Diagram depicting the acceleration
of a charged particle on crossing a shock-
front, and being scattered back across the front
by the upstream gas,

gas. A Type Il supernova (see Section 7, 1 1) typically ejects a shell of materjyl;
about 10 M. (2 x 10°! kg), with velocity of order 107 m s into the interss
medium, approximately once per century in our galaxy. This gives an av
power output per galaxy of

Wsn =5 x 1042 Jyr! .

Aflthough the galactic supernova rate is quite uncertain, it appears, therefors,
that an efficiency for the shockwave 1o fransmit energy to cosmic rays of a few
per cent would be enough to account for the total energy in the cosmic ray
beam. :
In the 1950s, Fermi had considered the problem of cosmic ray acceleration’
He first envisaged charged cosmic ray particles being reflected from ‘magneﬁ'é ;
mirrors” provided by the fields associated with massive clouds of ionized intays:
steilar gas in random motjon. It turns out, however, that such a mechanism is
foo slow to obtain high particle energies in the known lifetime of cosmic rays.
in the galaxy. Fermi also proposed that acceleration could occur due to shoch-
fronts. Consider, in a simplified one-dimensional picture (Fig. 6.6) a re]ativisﬁgf
particle travelling in the positive x-direction, which traverses a shock-front
moving with velocity —, in the negative x-direction. Suppose that the pamelg
is back-scattered by the field in the gas behind the front;-it will have a velocity
component in the direction of the shock of

2u1 3M]
Up = —— M8 — -
PTG F1 T 4

where the ratio of specific heats G, /C, = % for an ionized gas. Thus,#
particie travels back across the shock-front, to be scattered by magnetized clo
upstream of the front, If these scatter the particle backwards again (i.e. in {hi
direction of positive x), the particle can re-cross the front and repeat the cydly
of acceleration once more. Because the front is planar (i.e. unidirectional) 4
straightforward application of the Lorentz transformations (see Appendix
shows that the fractional energy gain is of the order of the shock-front veloc
(see Problem 6.14):

AE :
There are many possible sources of shocks, but as indicated above, Type @
Supernovae shells seem to be good candidates, with shock velocities of ordéfl

Shock front
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f Suppose that, in each cycle of acceleration at the shock-front, the particle
r gets an energy increment AE = aE. After n cycles its energy becomes
e
E=Eyl+a)
3) Thus, in terms of the final energy E, the number of acceleration cycles is
In(E/E,
e n= DE/E) (6.11)
: In(l + o}
- ‘
ay At each stage of the acceleration the particle can escape further cycles. Let P
“'be the probability that the particle stays for further accelération, 50 that after n
. - cycles the number of particles remaining for further acceleration will be
tic
. N=NyP"
;{2 here Ny is the initial number of particles. Substituting for n we get
cke N In(E/Eg) In P
e (Y} =nmp = BELODE g pys
i} ln(l -+ O!)
mt
?le here s = —In P/ In{l + &). The number N will be the number of particles
iy vith n or more cycles, thus with energy > E. Hence, the differential energy
trum will foilow the power law dependence
dN(E) 1
9) E = const. (W) (6.12)
he "“'For shock-wave acceleration, it turns out that s ~ 1.1 typically, so that the
p differential spectrum index is —2.1, compared with the observed value of —2.7.
:h: The steeper observed spectrum could be accounted for if the escape probability
dle {1— P) was energy dependent. As we have already seen, the spallation spectrum
ha of Li, Be, and B indeed falls off more rapidly with energy than that of the parent
)8) Cand O nuclei, suggesting that the escape probability does increase with energy.
it The shock-wave acceleration from supernovae shells appears capabie of
g _accounting for the energies of cosmic ray nuclei of charge Zle| up to about
:'5_‘,‘]002 TeV (10'4Z eV), but not beyond this. Other, largely unknown, accelera-
10) tion mechanisms must be invoked for the very highest energy cosmic rays.
el
det 6.4 Secondary cosmic radiation:
hard and soft components
The term *cosmic rays’ properly refers to particles and radiation incident from

outside the Earth’s atmosphere. These primary particles will produce secondar-
“":488 (mesons) in traversing the atmosphere, which plays the same Tole as a target
in an accelerator beam. The situation is shown schematically in Fig. 6.7. The
most commonly produced particles are pions, which occur in three charged and
; states t*, n~, and n°. Since the nuclear interaction mean free path in air
is about 100 gm cm 2 for a proton (and much less for a heavy nuclear primary),
“ompared with a total atmospheric depth of X = 1030 gm cm ™2, the pions will
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Fig. 6.7 Diagram (not to scale) indicating the
production and decay of pions and muons in
the atmosphere.

be created mostly in the stratosphere. The charged pions decay to muons g

peutrinos: ©* — wt 4+ v, and 1T — W + Uy, with a proper lifetimei
T = 26 ns and a mean free path before decay of A = ycr where y = Er /myd
is the time difation factor. With mrc” = 0.139 GeV, A = 55mfor a 1 GeV piog
Now to a fair approximation the upper atmosphere is isothermal and the dei
x (gm cm™2) varies exponentially with height A (km), according to the formu}

kno
x = Xexp(—h/H) where H=6.5km ove
By differentiating this expression one sees that in an interval Ahof A = 55m ~ :
0.01H, the depth will change by only 1%. Thus, nuclear absorption will only:: "
become important for charged pions with A ~ H or energies of order 100 G
or more, and at GeV energies practically all charged pions decay in Aight (ra 6.5
than interact). - Fir
Athigh (TeV)energies, on the contrary, the pion decay probability is of order pun
100 sec 8/Ex {(GeV), where 0 is the zenith angle, and the majorily of pions in . o
this case undergo nuclear interaction before they have a chance to decay. Note’: P
. : ol
that because of this I/E factor, the power law energy spectrum of the daughte for
muons at TeV energies will have a (negative) index greater by one unit than’;
the purent pions or protons. Fifty years ago, the posifion of this ‘knee’ in the
muon spectrum was in fact used by Greisen to get one of the first estimates of ;
the charged pion lifetime. Wl
The daughter muons are also unstable, undergoing the decay .+ — et 4-v,+ .
vy, with a proper lifetime of T = 2200 ns. Since the muon mass is 0.105 GeV, _ :;
1 GeV muon has a mean decay fength of 6.6 km, about equal to the scale heigl{ ] e
H of the atmosphere. Muons of energy 1 GeV or less will decay in flight i: i1 -
the atmosphere (there is no competition with nuclear interaction since muoridi is
do not have strong interactions). However, a 3 GeV muon, for example, has ¥ .
mean decay length of 20 ki, of the same order as the typical distance from its I\Z
point of production to sea-fevel. Moreover, with an ionization energy loss rate 3 th
of 2MeV gm~! cm? of air traversed (see equation (6.13)), muons with 3 GeViigh
or more energy can get through the entire atmosphere without being brought t 2 ;
rest or decaying. Still higher energy muons can reach deep underground, an .
for this reason they are said to constitute the hard component of the cosmi e

radiation. The remaining products of charged pion and muon production, th
neutrinos, are discussed in Section 6.8. ‘

So much for the charged pions and their decay products. The neutral pions ;
undergo electromagnetic decay, n° — 2y, with an extremely short lifetime of !
8x 107" 5. As described below, the photons from the decay develop electron— 3
photon cascades, mostly in the high atmosphere, since the absorption fength of
these cascades is short compared with the total atmospheric depth, The electrons
and photons of these cascades constitute the easily absorbed soft component of
the cosmic radiation.

Among the products of the nuclear interactions of primary cosmic rays in
the atmosphere are radioactive isotopes, of which an important one is 4C ¥
formed, for example, by neutron capture in nitrogen: n +4 N — MYC4!H.
The 4C atoms produced in this way combine to form CO; molecules and thus
participate, like the more common, stable 12C atoms, in the circulation of this
gas in the atmosphere, and through rainfall into the oceans, and in absorption in
organic matter. Since carbon-14 has a mean fifetime of 5600 yr, its abundance
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d ~ relative to carbon-12 in organic matter can be used to date the sample. This,
sf 4 of course, assumes that the carbon-14 production rate by cosmic rays has been
i " constant with time. In fact, comparison of the age from the isotope ratio with
I that from ancient tree ring counts shows that the cosmic ray inteasity did vary in
h " the past and was some 20% larger 5000 yr ago. This variation was presumably
a due to long-term fluctuations in the value of the Earth’s magnefic field, which is
. known from rock samples to have changed its sign and magnitude many times
i OVer geological time.
iy |£6.5 Electromagnetic cascades and air showers
A\ ;
er #.6.5.1 Tonization and radiation losses
£'First of all we discuss the ionization energy loss of high energy charged
er articles, and the radiation loss of electrons, in traversing an absorber. Charged
n particles fose energy as a result of collisions with atomic electrons, leading to
e onization of the atoms. The rate of energy loss is given by the Bethe—Bloch
e ormula
an i
he Al

dE B 4nNgZletN /2 2my? 2 3
o« | &, (a)m—(TZ )(z) [‘“[ 7 ] ‘ﬂ] 13

L

}“'“ﬁhere m is the electron mass and v and ze are the velocity and charge of the
Fipcident particle, 8 = v/c, r? = 1/(1- 8%, No is Avogadro’s number, Z and A
ht are the atomic and mass numbers of the atoms of the medium, and x is the path
’ length in the medium, usually measured in gm cm—2. The quantity 7 is the mean
ionization potential of the medium, averaged over ail electrons in the atom, and
is approximately 7 = 10Z eV. Notice that dE/dx is a function of velocity v and

hi:_ is independent of the mass M of the incident particle. Tt varies as 1 V¢ at low
até velocity. After passing through a minimum value at an energy of about 3Mc2,
Y the ionization loss increases logarithmically with energy. At higher energies,
o polarization effects set in and the ionization loss reaches a piateau value of
nd about 2 MeV gm ! cm?, as in Fig. 6.8. Note also that, since Z/A ~ Lin
nic most materials (except hydrogen and the very heavy elements) the energy loss,
he expressed per gm cm~2 of material traversed, depends little on the medium.
.- In addition to suffering ionization energy loss, high energy electrons undergo

Coulomb scatiering by the atomic nuclei of the medium as well as radiation loss
?;:, ‘with the emission of photons, a process known as ‘bremsstrahlung’ or braking
;n- radi.ation. The average rate of radiative energy loss of an electron in traversing
'y of athickness dx of medium is
o . (ﬁ) __£ (6.14)
wof - dx rad Xo
S in ~where the radiation length Xy is given by
He
n. Xlﬂ = 4o G) (Z+ 1)r2Nyln (%) (6.15)

!hete Te = e?/4amc? is the classical electron radius and @ = 1% Note that
ecause the radiation probability is proportional to the square of the acceler-
on, Xp o | /rg o m? and the radiation length for a muon will be of order

&




160 Cosmic particles

Fig. 6.8 Mean ionization energy loss of
charged particles in an argon-methane gas
mixture, plotted as a function of momentum
in mass units, p/me. The measurements were
made by multiple ionization sampling, and
show the relativistic rise from the minimum
to a plateau (after Lehraus ez af, 1978).

Ar+5% CH,
164

m, | /{“

L il R |

i 10 107
pinmc

{my. /me)? times that for an electron. If ionization losses are neglected, the meag’
o e P - O
energy of an electron of initial energy Ey after having traversed a thickness x

of medium will be

(E) — Egexp (;Df)

We see from (6.15) that the radiation length varies approximately as 1/Z.

example it is 40 gmcm =2 in air, compared with

the rate of ionization energy loss is practically constant for high energy el
trons, the rate of radiation loss is proportional to energy E. The energy
which (dE/dx)ien = (dE /dx}aq is known as the eritical energy E.. Elect
above the critical energy fose their energy principally through radiation
cesses, while for those below the critical energy it is mostly through jonizati

Roughly, E. ~ 600/Z MeV.

10?

(6.16

6 gmem—2 jn lead.

ginal electron radiates a further photon, also of energy Eg/4. Thus, after two

radiation lengths, we have one photon, two electrons, and one positron, each

way, it follows that after ¢ 3
radiation lengths, we shall have electrons, positrons, and photons in approxim- ‘%
ately equal numbers, each with energy E(7) = E, /2", Here, we have completely
cade multiplication process §

of them with the energy Ey/4. Proceeding in this

neglected jonization losses. We assume that this cas

supr

radi.

am:
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continues until the particie energy falls to E = E, the critical energy, when we
suppose that the ionization loss suddenly becomes dominant and that no further
" radiation or pair conversion processes are possible. Thus, the cascade reaches

a maximum and then ceases abruptly, The main features of this model are

1. The shower maximum is at a depth ¢ = f(max) = In{£y/E,)/In2, that
Is, it increases logarithmically with primary energy Eq.

2. The number of particles at shower maximum is N (max) = 2/max) —
Ey/E, that is, proportional to the primary energy.

3. The number of shower particles above energy E is equal to the number
created at depths less than ¢(E), that is,

N(>E) = f exp(tin2) dr = /B

In2
so that the differential energy spectrum of the particles is
dv  dE
—— a JR—
dE  EZ !
nean 4. The total track-length integral (of charged particles) in radiation
288 x i Iengths is
' 2 2 \E E
L= (—)fz'dr~(——)—°~-°
5.16) 3 3m2) E. E
“This last result also follows from energy conservation: since the ionization
. For oss per particle is E. per radiation length, essentially all the incident energy
vhile " i$ finally dissipated as ionization energy loss. Thus, we obtain the important
elec- result that the track-length integral gives a measurement of the primary energy.
Iy o . . -
{rons
pro-
ttion.
ctron
nuc-
clore
nergy
1ately
In practice, of course, the effects of both radiation loss and ionization loss
are present throughout the shower process, and an actual shower consists of
an initial exponential rise, a broad maximum and a gradual decline thereafter,
actro- as shown in Fig. 6.9. Nevertheless, the above simple model reproduces many
nergy of the essential quantitative features of actual electromagnetic cascades. (Our
| radi- © modei has also treated the shower as one-dimensional. Actual showers spread
thoton ;- §  Outlaterally, due mostly to Coulomb scattering of the electrons as they traverse
e ori- § -the medium. The lateral spread of a shower, in radiation lengths, is a few times
crwo §  theso-called Moliere unit, equal to 21/E, {MeV).,)
each}
after (08 6,53 Extensive air showers

JNetely fthe primary particle is a high energy proton rather than an electron, a nuclear
rocess:f  *2¢cade will develop through the atmosphere. The longitudinal scale is the
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Fig. 6.9 Longitudinal deveiopment of elec-
tromagnetic showers due to 6 GeV electrons
in CERN experiments (after Bathow ef al.
1970).

Wavefront

Particle a

Fig. 6.10 Huyghens construction for emis-
sion of Cerenkov light by a relativistic
Pparticle.
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nuclear interaction length in air, of about 100 gm cm 2. The proton (or heavier
nucleus) generates mesons in these interactions, and they can in turn generate

further particles in subsequent collisions. While, in the electron—photon shower,;.
the electrons lose the bulk of their energies in aradiation length, the nucleons cag
in general penetrate through several interaction lengths, losing only a fraction
of their energy in each encounter, to struck nucleons as well as mesans. Coupl

mostly by the transverse momentum of the secondaties in nuclear interaction
typically 0.3 GeV /c, and is much larger than for an electromagnetic shower of
the same primary energy. Such extensive air showers will contain a high ener
core, predominantly of nucleons, with 2 more widely spread electron-photon

energy in the form of neutrinos from pion decay, the great bulk of the energy
well as the overwhelming majority of the particles in a proton-initiated extensiv
air shower will end up in electron—photon cascades, So the track-length integral
will again give a measure of the primary energy of the shower.

The detection of extensive air showers js accomplished by a variety of tech-
niques. The oldest technique, pioneered by Auger 75 yr ago, uses an extended:
array of detectors in coincidence. These sample the charged particies in the’
shower, usually with scintillator or Cerenkov counters. Such showers only
become detectable at sea-level for primary energies Ey > 1000 TeV 10V ev),
when the maximum occurs near the ground. At mountain altitudes, the threshold /%
is typically 100 TeV. The particles in such showers all have v ~ ¢, so that the
shower front is quite well defined and the direction of the primary particle can be
measured by timing the different parts of the shower front as it crosses the array.

As relativistic particles traverse the atmosphere, part of the energy loss
appears in the form of a coherent wavefront of Cerenkov radiation (some-
what akin to the bow wave at the stem of a ship) as shown in Fig, 6.10.
This radiation is mostly in the ultraviolet or blue region of the spectrum. The
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length, again in the blue wavelength region. We note that the Cerenkov light
emitted in a narrow cone of angle § ~ (2¢)!/2 (=1.4° at ground level, althoug
Coulomb scattering of the electrons will considerably broaden this), so that the
light appears in a restricted radius of 100 m or so around the shower axis, ang

the axis must be fairly close to the mirror system in order to record any signal
In contrast, the fluorescent light is emitted isotropically. This means that distaps

showers several kilometers away, not aimed towards the mirror/photomultipliq Sinc:
system, can be detected, and therefore the sensitivity to the highest energy—and (-
rarest—events is greatly increased. The first system employing these techniqueg -+
was the large mirror array at the Whipple Observatory(see Fig, 6.11). It employs
two spatially separated arrays of mirrors to give stereo images of the showerg 5,
from the light output. In this way, it is possible to reconstruct the shower profile: The
and to distinguish showers initiated by primary photons, which develop early thre:
and are contained in the upper atmosphere, from those generated by nucleons, 2 even
which develop more slowly and are more penetrating. This feature is valuable = | arv
in identifying point sources of y-rays, as described in Section 6.7, o0 L
The ‘weakness of these techniques is that they have a poor duty cycle. The of th
problem of stray background light can only be overcome by operating on 1
cloudless, moonless nights. £ T
equ.
Or %
6.6 Ultra-high energy cosmic ray showers prot
wol
As shown in Fig. 6.2, the spectrum of charged primary cosmic rays extends: Spet
to at least 10°® eV. Most of the data from this plot comes from very extensi ene:
counter arrays (at sea level or on mountains). The largest of these to date i of ¢
the AGASA array covering 100 km? in Japan. A larger array, called AUGE] suct
in Argentina is planned to cover 3000 km? and should yield about 50 even asv
per year above 1020 eV. Although there is a “knee’ followed by an increasing will
slope of the spectrum above 10'° eV, above the ‘ankle’ at 1015 eV there is’
some indication for a flattening of the spectrum. Although at these energies n
the primaries should suffer only a minor deflection in the galactic magneti 6.’
field, the measured directions of the primaries do not indicate any localized
sources. However, the most surprising feature of the spectrum is that there i The
no sign of it fading away above 10! eV. Many years ago Greisen, Zatsepin an pas
Kuzmin pointed out that the universe could become opaque at such energies o
through photopion production, on account of the A~ resonance (see Fig, 1.13) - the
in collisions of primary protons with photons of the microwave background - gal
radiation: : ;)ut»
Y+p—> At p4® , or
BN (6.18) sou
Qu
If the proton has mass M, momentum p and energy E, and the microwave mo
photon has momentum q and energy gc then the square of the total centre- 2.
of-momentum energy in the coilision will be Biven (in units ¢ = 1) by (see an
Appendix B on relativistic kinematics) the
dis
S=E§ms=(E+q)2—(P+Q)2 ha(
1
= M 4 29(E — |p|{cos ) wh
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where € is the angle between the proton and photon directions. The above
guantity must be at least equal to the square of the sum of proton and pion
masses, so that

M2+ 29(E — pcosf) > M? +m%[ + 2Mm,

Since the proton is extreme relativistic, £ = p and for a head-on collision
{1 — cos ) = 2, s0 the threshold proton energy is

Py
34

M+ my/2)
Myg—————=

Eg =
th 2q

"The microwave background has 7' = 2.74 K, kT = 2.35 x 10~4 eV and the
threshold energy is (4.26/y) x 10°° &V, where the photon energy is gc = ykT. So
“eiven for 0.1% of the photons in the extreme tail of the black-body distribution
-ty > 10, the threshold proton energy is still atmost 102° eV. Such protons are
100 energetic to be confined to our local galaxy by the galactic fields, which are
of the order of microgauss.
*~The cross section for the reaction (6.18) near threshold is of order ¢ —
25 10%® cm?, while the total microwave photon density is p = 400 cm =3 (see
Aquation (2.41)). Hence, the mean free path for collision A\ — 1/pe ~ 10% cm
- gesome 5 Mpc, comparable to the size of a galaxy cluster (see Table 2.1). Thus,
tons with energies well above 102° &V at much greater distances than this
uld have their energies attenuated below 102 e V. The fact that the AGASA
sctrum shows no sign of such a cut-off could suggest that even the most
“smergetic cosmic rays are produced in the local cluster (still containing dozens
of galaxies, but with no known sources or mechanisms that could generate
such tremendous energies), New counter arrays with much larger acceptance,
a8 well as detection based on air fluorescence, are coming into operation and
will hopefully shed light on this problem.

p

6.7 Radio galaxies and quasars

The electromagnetic radiation from a galaxy such as the Milky Way encom-
passes a vast spectral range, from radio wavelengths (centimetres to kilometres)
@ y-rays with energies up to many TeV, In our own galaxy, less than 1% of
the total electromagnetic output is at radio wavelengths, but so-called ‘radio
falaxies’ are observed in which the radio emission can far exceed the optical
output (from stars). The most dramatic radio emission is from quasars (standing
for quasi-stellar radio sources), which are by far the brightest optical and radio
sources in the sky, far exceeding the total light output from their host galaxies.
Quagars invariably have large redshifts (up to 7 ~ 5) and they correspond to the
';Mdistant events known, occurring at times 1 ~ #, /A + z)3/ 2__see (2.6) and
@11)—in the development of the universe. Quasars are indeed very largely
‘amcient phenomenon, occurring billions of years ago, at an early stage in
e evolution of galaxies. We observe them today purely because of their great
and the finiteness of the velocity of i ght or radio waves.
\ are often associated with galaxies so distant that the optical signal is
hdly detectable, and their original discovery was made with radio telescopes,
‘Which incorporate giant receiving dishes. These have several advantages over

6.7 Radio galaxies and quasars
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optical telescopes: the radio signal does not suffer appreciable absorption by
and dust, so one can probe decp into galactic centres; the signal can be amp|
electronically, and its phase can easily be measured, so that the amplitudes.gf
signals from different telescopes on a very long baseline L can be combinad
coherently to yield an effective aperture of L and a very high angular resol
A6 = \/L. For example if L ~ 1000 km, A6 is of the order of microradj
When the optical signal is detected, it is found that the radio emissi
primarily from a pair of lobes on either side of the galactic centre, and thege
may be separated by huge distances (even of the order of Mpc). The balief i that
Quasars are associated with very massive black holes, of typically [06-] OsMa
at galactic centres. Black holes are discussed in Chapter 7: they are objects with.
such strong gravitational fields that even relativistic particles such as photons’ﬁé"
trapped inside them. A massive black hole would be surrounded by a spinnig ,
pancake-like accretion disc of galactic material—gas, dust, and qtars—-wlncﬁ
feeds its growth, In this process, the accretion material will undergo violent
oscillations, and a result is that charged particles are somehow accelerated tg.
very high energies and punch their way through the minor axis of the accres
tion disc, giving two jets in opposite directions. These jets create €normoug
lobes of plasma as they traverse the intergalactic medium, and it is this plasma
that generates the radio emission. Since magnetic fields will be associated
with jets of charged particles, radio emission would be part of the synchrotrof,
radiatien produced. The name comes from particle accelerators called syn
chrotrons, in which electrons are confined and accelerated in circular paths bg
strong magnetic fields, and radiate quanta as a result of the acceleration.
Figure 6.14 shows a sketch of the two-jet process, and Figure 6.15 a pic

of a typical radio galaxy, Cygnus A.

6.8 Point sources of y-rays; y-ray bursts

The majority of cosmic Y-rays form a random background of secondary origig
coming, for example, from the decay of neutral pions produced when prim
protons interact with interstellar matter. N evertheless, using instruments such
EGRET on the GRO (Gamma Ray Observatory) satellite launched in 1991 (se
Fig. 6.12), point sources have been detected in the range of quantum energicg
from 3 keV to 30 GeV, and using the ground-based air Cerenkov method, o
energies of 10 TeV. :

Several known pulsar sources (see Section 7. 13) such as Crab, Geminga, an
Vela have been detected in this way by different laboratories (see Fig. 6.13);
The main mechanism producing the y-rays is believed to be that of radiatio i
by electrons in the intense magnetic fields of the pulsars, that is, in the form of#§
synchrotron radiation as described above. The rate of emission is proportional ¥
to the square of the acceleration. We may note here that if, instead of being i
due to magnetic bending, the acceleration is due to nuclear Coulomb scattering:
in traversing a medium, it is called bremsstrahlung. In either case, the power:i
radiated in photons varies as m~, where m is the particle mass. Hence, it is'%
important for the lightest charged particles, that is, electrons. S

The energy spectrum of the radiated photons is roughly of the form dE /E, B
that is peaked to low energies. However, the electron and photon intensities near §
such sources are so high that very energetic photons can be produced via the 3
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6.8 Point sources of v-rays: v
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inverse Complon effect, that is, low energy photons being boosted by collisions

with the very energetic electrons (which, in turn, are the products of shock

scceleration).

- The sources described above are (relatively) steady sources of y-rays. The
-gource in the Crab, for example, originated nearly one thousand years ago (the
“AD 1054 supernova), and produces y-rays of energies up to several TeV, How-

ever, many of the y-ray sources have been identified with the so-called active

galactic nuclei (AGNs) with redshifts up toz ~ 2.5 (about 1% of all galaxies
are ‘active’), These sources do vary with time. They, just like the quasars—
:With which they may even be identified—are considered 1o be associated with
YTy massive black holes located at galactic centres, because it seems that black
--holes are the only compact sources capable of generating such enormous ener-
and intensities of radiation, principally concentrated in ‘jets’ as described

“above. Presumably, like the radio emission, the y-rays originate from these jets
.- Welectrons spiral in the magnetic field of the jet and emit synchrotron radiation

:(Fig.6.14),

Indeed, it has become clear that the nature of the phenomena associated with
massive galactic black holes depends to a large extent on the angle between

-ray bursis 167
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Fig. 6.12 Diagram of the EGRET (Energetic
Gamma Ray Experimental Telescope) instru-
ment on the GRO satellite, Gamma rays are
detected when they matcrialize into ete-
pairs in the upper stack of tantalum sheets and
spark chambers, the total energy of the ensu-
ing electron—photon shower {Section 6.5.2)
being measured from pulse heighits in the
lower array of Nal scintillators (after Ong
1998).

Fig. 6.13 Map of y-ray point sources detec-
ted by the EGRET (Fig. 6.12) experiment,
for gamma emcrgies above 100 MeV. The
coordinates are thie longitude and latitude rel-
ative to the plane of our galaxy (from Ong
1998).
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E.
16 i""f oscillations, for which there is no evidence and which is not considered fur-
e 1 “ther). It was proposed that, while neutrinos are created or destroyed as Aavour
a8 H;%fsigens.a#es, they propagate t through space as mass eigensiates. A particular
vé ﬁﬂavour eigenstate denoted by the amplitude v,, Yy, OF vy is therefore expressed,
th - as regards its time evolution, as a linear combination vy, vy, and vz of mass
ve % eigenstates, which propagate through space with slightly different frequencies
e due to their different masses, and between which different phases develop with
Ve f fistance traversed, corresponding to a change or oscillation in the neutrino
he Bavour.
X, #. The 3 x 3 matrix connecting neutrino flavour and mass eigenstates is ana-
ge Jogous to the CKM matrix (3.33) connecting quark flavour (strong interaction)
he igenstates with the weak decay eigenstates. However, in order to simplify the
by reatment we shall consider the case of just two flavours. In fact, it tums out
t the actual effects observed to date can all be accounted for in terms of
of gvofold mixing only. Using neutrino symbols to denote the wave amplitudes
ve bf the particles involved, let us for example consider the mixing of v, and Vi
lly il terms of vy and vs:
or g -
he (\),) _ ( cos sin ) (nl) 6.19)
iy Y —smée cosd ) \w
re 6 denotes some arbitrary mixing angle. The wave amplitudes
Ve = V1 CO88 + vz 5in @
. ¢ _ 6.20)
i vy = —v; sinf + vy cos P
n- ..
as R’c orthonormal states. If £ denotes the neutrino energy; the amplitudes of the
ns) mass eigenstates as a function of time will be
nd
vi{t) = v; (0) exp(—iEys)
nd ) 6.21)
£ v2(2) = v2{0) exp(—iEz1)
As
:2 where we have used units /# = ¢ = 1, so the angular frequency w = E. The mass
.- tigenstates will have a fixed momentum p, so that if the masses are m; <« E;
ind Awhere i = 1,2)
itio i m?
vas Ei=p+ 5 (6.22)
1 as )
Suppose that we start off at t = O with electron-type neutrinos, that is, v () =0
A ad v (0) = 1. Inverting (6.19) we have
W (0) = %.(0) cos
. i =V, COS8
e } o (6.23)
und V2(0) = ve(0) sin 8
s of
ted
Ve(#) = vi(t)cos @ + va(r) sin 8
- 1 . .
:as (6.21) and (6.23) the amplitude of the electron neutrinos becomes
cl-- 2 Ve (£) 2 . .2 .
ino % Ae(t) = = cos” § exp{—iE1!) + sin” § exp(—iEat)

v (0)
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so that the intensity is

L . in? 2 & !
I__h:(o) = AeAl = 1 — sin® 26 sin? [(Ez - El)i]

We use (6.22) and write the difference of the squares of the masses as
Z— mf, where here and in what follows we assume 2 > my. The prol

m
2 0
of finding one or the other flavour after atime t = L/c, where L is the distaney

travelled, is

P(ve — ve) = | — 5in? 20 sin2 (1.27Am2§)

Pe = v ) =1 = Pue = v)

Here, the numerical coefficient is just 1/(4he) if we retain all the factors of k
and ¢, and equals 1.27 if L is expressed in km, Am? in (eV/c?)? and E in GeV,
Figure 6.16 shows how the flavour amplitudes oscillate for the case § = 45°,
The oscillation wavelength is A = 4nE/Am2. For example, for a value of
Am? = 3 x 1073 eV? found from the atmospheric data as discussed below,
A = 2400 km for E = 2 GeV,

As stated previously, experimental studies of atmospheric neutrinos started -
in earnest in the late 1980s in massive (kiloton) detectors originally intended”
to search for proton decay, in which the Neutrine interactions were at first
considered to be an annoying background incapable of eradication. In fact;4

atmospheric neutrinos, like many other discoveries in science, has been larg
accidental, as a by-product of an investigation that failed in its original aj

of the order of 1 GeV and determined by the effect of the Earth’s magneti
field on the primary cosmic-ray nuclei, combined with the accessible neutrin
path-lengths determined by the Earth radius, are exactly matched to the releva
scale of neutrino mass differences, (Since there are three masg eigenstates, th
will be two independent mass differences. The larger one is associated wil

atmospheric neutrinos, and the smaller one with solar neutrinos, as described:
below.) .

Fig. 6.16 Two neutrino (v, -» Yy ) escillations, showing amplitudes of the Inass eigenstates for the 'gn
case @ = 45°, They are in phase al the beginning and end of the piot, separated by one oscillatory ,( !
waveiength, and thus from (6.19) corresponding at these points o pure electron-neutring flavonr 5
eigenstates, In the centre of the plot the two amplitudes are 180°
the muon-neutrino flavour eigenstate.
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Itis also relevant to remark here that searches for neutrino flavour oscillations
had been carried out at both reactors and accelerators for the last thirty years,
without success, presumably because the baselines employed were t0o short

GG DANCINEs employed were 00 snort in

comparison with the oscillation wavelength to achieve a measurable effect (see

% Fig 621).

Figure 6.17 shows the zenith angle distribution of events attributed to muon-

i and electron-neutrinos in the Superkamiokande detector, containing 50000

i

s tons of water viewed by 11 000 photomultipliers (see also Fig, 3.13). Charged

. current reactions of the electron- and muon-type neutrinos result in production
“of charged electrons or muons. These emit Cerenkov radiation as they traverse
e water (see Fig. 6,10), and this appears as a ring of light at the water surface,
‘;Which is detected by the photomultiplier array. Muons give clean Cerenkov
.rings, while those for electrons are more diffuse, due to bremsstrahlung and
ultiple scattering as the electron traverses the water. The direction of the
-charged lepton is found from the timing of the pulses, and at the energies
involved, this givés a fair indication of the zenith angle of the incident neutrino.
As shown on the x-axis in Fig. 6.17, the typical path length of the neutrinos
through the atmosphere and the Earth is a strong function of the zenith angle 8,
ging from about 20 km for neutrinos from directly overhead, to 200 km for
ose coming in horizontally, to 12 000 km for those coming vertically upwards
om the atmosphere on the far side of the Earth. The points in this graph show
e ratio of the observed event rate to that expected for the case of no oscil-
ions, The ratio for electrons, and hence electron-neutrinos, shows no zenith
‘angle dependence, while the upward-travelling muons from muon-neutrinos
% ‘are strongly suppressed relative to the downward ones, the factor being 0.5 for
those moving vertically upwards. In comparing these results to the expecta-
."ions from (6.24), it is clear that because the events are integrated over a very
“broad energy spectrum as well as a range of path-lengths, no actual oscilla-
tions will be observed and the mean value of the factor sin?(1.27 Am2L/E)
for large L will be just % Thus, the fact that the observed suppression is %
implies that sin®(20) = 1, that is, the mixing-is maximal as in Fig. 6.16 (sce
also Fig. 6.21). For the muon events, the curve shows the distribution expected
for maximal mixing and for the best-fit value of the squared mass difference
Am? = 3 % 1073 (eV/c)2. Since the electron events show no zenith angle
-“offect, the results are ascribed to vy, — v oscillations.
= Using a man-made muon-neutrino beam of a few hundred MeV energy gen-
“rated at a proton accelerator at KEK near Tokyo, oscillatory effects have also
“been observed over a long baseline of 250 km between the KEK laboratory
and the Superkamiokande detector, by comparing the muon rate in this distant
detector with thatin a detector near the accelerator.

6.10 Solar neutrinos

_~Anomalously low rates, which have also been interpreted in terms of neut-
oscillations, were first observed for solar neutrinos some thirty years ago.
ion 7.6 describes the reactions involved in the so-called pp cycle of thermo-
&Waclear fusion of hydrogen to helium in the solar core. Neutrinos are produced
a number of reactions (see equations (7.5)—(7.11)).

6.10  Solar neutring
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Fig. 6.17 Observed zenith angle distribution
of clectron and muon events with leplon
momenta above 1.3 GeV/c in the Super-
kamiokande detector, plotted as a ratio to
the rate expected for mo oscitlations (Fukuda
e al (1998)). The dashed curve in the upper
plot shows the predicted variation for max-
imum v, — v, miiing with Am?® = 3x
1073 ¢V2, The lower plot indicates no oscil-
lations of electran-neutrinos. The horizontal
scale indicates the neutrino path lengths
through the Earth and the atmosphere, at
different zenith angles.
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Figure 6.18 shows the calculated fluxes of nentrinos at the Earth as a functiong
of energy. Although the fluxes at the higher energies, notably from 3B decay, &
are very small compared with those from the pp reaction, they make substantia F
contributions to the total event rate since the cross sections for the detectors3%
employed vary approximately as E3, Table 6.1 shows the results from several{l
experiments, giving the ratio of the observed event rate to that calculated by:
Bahcall ez al. (2001) in the absence of oscillations. The first two entries are for g
radiochemical experiments, detecting the accumulated activity of the product 3l
nuclei after fixed time periods. They offered formidable experimental chal-
lenges, requiring the detection of less than one atom of the product element per-#8
day, in a mass of 50 tons (it the case of gallium) or 600 tons (in the case of ¥
cblorine). The gallium experiments SAGE and GNO have a threshold energy
of 0.2 MeV and are therefore sensitive to PP neutrinos, which from Fig. 6.18
extend up to an energy of 0.4 MeV. 3

The remaining experiments have higher thresholds and are not sensitive to the
pp neutrinos. The SNO and SUPER-K experiments employ 1 kiloton of heavy
water and 30 kilotons of light water, respectively, and both measure events

in real time, detecting the Cerenkov light emitted by the relativistic electrons
traversing the water using large photomultiplier arrays (see Fig. 3.13). The
electrons originate from elastic scattering reactions (rows 4 and 5 Table 6.1)
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Table 6.1 Solar neutrino experiments

periment Reaction Threshold (MeV)  Observed/expected rate
:8AGE+ GNO CC 1 Ga(v,,e)"'Ge 0.2 0.58 + 0.04
'HOMESTAKE CC YCl(ve, ) Ar 08 0.34 & 0.03
sNO CC v+*H-op+p+e i 0.3540.03
“*SUPER-K ES vie—+vte ~5 0.46 +£0.01
SNO ES Vie— vie ~3 047 £0.05
SNO NC v+2H—p4+n+v ~5 101 £0.12
: CC = charged current (W exchange); NC = neutral current (Z exchange); FS = electron scattering {via NC
o Jor v, v, and via NC and CC for v,),
Zdy,
itial
tors o from charged current reactions (row 3). The SNO experiment also detects
eral ﬁl&ons from disintegration of deuterium in a neutral current reaction (row
1 by Gof Table 6.1). The higher threshold of 5 MeV for the SNO and SUPER-K
for &periments is determined by the radioactive background levels in the water,
luct photomultipliers, etc. The Homestake, SUPER-K, and SNO experiments are
hal- largely sensitive to the boron-8 neutrinos.
per The SUPER-K experiment measures neutrino—electron elastic scaltering,
aof the magnitude of the forward peak in the angular distribution of the
gy tered electrons relative to the Sun’s direction (see Fig, 6.19). This can pro-
5.18 d through either charged current (CC) scattering (for v, only) or through

current (NC) scattering (via Z exchange) which can apply to all flavours
hem:rino, that is, to ve, vy, or v;.

The significant facts about Table 6.1 are, first, that the CC experiments meas-
1ate well below that expected, while the SNO neutral current reaction
Isistent with expectations. Since the NC cross section is the same for
®utrino flavours, the rate is independent of any oscillations the electron-
tattinos may undergo, and bears out the comrectness of the solar model.

6.10 Solar newtrinos 175

Fig. 6.18 Fluxes of solar neutrinos at the
Earth from various reactions in the Sun (from
Bahcall 1989).
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Fig. 6.19 Angular distribution of clectrons
relative to the Sun in the SUPER-K. experi-
ment. The flat distribution in cos & is due to the
backgronnd of secondary cosmic rays, while
the forward peak is due to scattering by solar
neutrinos, v+ e — v 4 e (courtesy M. Smy,
for Superkamiokande collaboration 2002).
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Second, the ratio of observed 1o expected CC rates is less for the experiments
insensitive to the low energy (pp) neutrinos, implying an energy-dependent
suppression factor. Finally, the SUPER-K and SNO results on electron scat-
tering (ES) are in excellent agreement with the Homestake and SNO resulig
on the CC reactjons, if one accepts that these latter results indicate thar only-
about 35% of the total neuirino flux arriving at the Earth is in the form of

electron-neutrinos and that the remaining 65% has been transformed from p,,'

to v, and/or vy, which then scatter from electrons through Z0 cxchange, Tiy
rate for these neutral current events calculated from the known value of

Weinberg angle (sin? 6, = 0.23) should then be about one-third of that
the v, bringing the expected total ES rate into excellent agreement with
measurement,

The fact that the suppression factor for the CC reactions depends on th

neutrino energy range, as evidenced by the first two entries in the tab)
led to the possibility that mechanisms other than vacuum oscillations w
involved. First Wolfenstein (1978) and later Mikhaev and Smirnov (1986) po

fed out that the oscillations could be considerably modified by matter effects

namely by what is called the MSW mechanism, after the initials of these
physicists.

6.11 Neutrino oscillations in matter

We start the discussion of the MSW mechanism by writing out the timi
evolution of the mass eigenstates (6.21), given by the Schroedinger equation:
idy/dr = Ey for the time dependence of the wavefunction in tetms of the

energy eigenvalue E, In matrix form, using (6.22) this appears as

.d(\)] _{E1 0 (\)1 . m%/Zp 0 v r
la wl] Lo EzJ\v,)] ™ 0 m%/Zp v2)+(0
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i

! The term on the extreme right is a constant phase factor which affects v 1 and

.d (v, _ Ve
(o) = () (€20

Mo — mi+mh] /1 o Am?N (—cos20  sin2p
v= s o 1/%{%, sin20  cos20

‘interactions with matter, electron-neutrinos in the MeV ENergy range can
i_’dcrgo both charged (W+ exchange) and neutral curreng (Z° exchange) inter-
‘actions, while muon- or tau-neutrinos have only the neutrai current option,

nts their energies are too low to generate the charged lepton Hence, electron-
ent trinos suffer an extra potential V. affecting the forward scattering amplitude,
“at- ch leads to a change in the effective mass
Alts

nly Ve = Gr/2 N,

;’ef m=E'_p , (E4 Vol —pPam? 2EV, {6.27)
‘he Am} =2./2 GrN.E

the

for

the ‘vonstant, and A2, is the shift in mass squared. (For anfineutrinos, which are

=
he inthe case of electron-neutrinos traversing matter, one should substitute in the
le. vacuum expression for the average mass squared in (6.26)
‘e
m ! 10 1 1 0 10
) L 2 o2 2

s, z(m, + m3) (O ]) — 2(ml + my) (O l) +24/2 GEN.p (0 0)
ce

@ 1 1 0

=|50n} +md) + /2GeN.p
2 0 1
1 0

e Then, the matrix Mw appropriate to matter traversal is modified from the
" um matrix My in (6.26) as follows:
he.’

2 2
_|mtm  2GEN. | /1 0
= [ 2| 1

2 Am?l(~cos204A  sin20
5 G +[ 4p ] ( sin 20 cos 20 —A) (6.28)
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where A = 2, /2GeN,p/ Am?. The first term again gives the same phase f;

for ve and v, and can therefore be omitted. If we denote the miXing angle in
preserice of matter as &, and the mass difference squared in matter ag Am:_
. the second term in (6.28) can also be written as in (6.26):

! Am,z,, —cos20y, sin26, ‘
J [ 4p ] ( §in 28, cos 26, (629)

and equating this with the second term in (6.28) gives

sin 28 _ tan 2¢
[cos20 — Al ~ [1 = (Ly/Le) sec 29] (6.30)

[,

where the vacuum oscillation length is L, = 4mp/Am? and the electron intep;
action length is defined as Le = 4w/ (QJZGFNC.), sothat A = L,/L.. We note’
that, irrespective of the value of @, it is possible for the matter mixing angle b
to go through a ‘resonance’ with 6, = 7 /4, provided that L, is positive and m
therefore Am? > 0, that is, mz2 > my. The resonance condition is cleatly w

tan 26, =

cos 20
(24/2Ggp)

where N,(res) denotes the cotresponding ‘resonant’ electron density. Fm;
example, the density in the core of the Sun is @ (core) ~ 100 gm cm™3, or
Ne(core) ~ 3 x 101 m3, giving L. ~ 3 x 10 m {compared with a solaﬁif
radiug of 7 x 10® m). The solar density falls off roughly exponentially wigh;
radius outside the core. If at some radius the “resonance’ condition is fulfille
electron-neutrinos could be transformed partly or entirely 10 muon- or tavo
neutrinos, even if the vacuumn mixing angle is very small. Neutrinos will ulw_
pass through the resonance region if the critical electron density is less than th
in the solar core, that is, if the energy exceeds a minimum value

Ly =Lccos260 or Ne(res) = Am? (6.31) ;
= t
1

cos 20
Enin = Am2—__ 2027
™= A 122G, (core)]

This could explain the larger suppression observed in Table 6.1 for the highi
energy boron-8 neutrinos.

For an intuitive picture of the MSW effect (Fig. 6.20), let us for simplici
assume that the vacuum mixing angle is small, Then, an electron-neutrin
starts out in the solar core, predominantly in what in a vacuum would
called the vy eigenstate of mass mj, but the extra weak potential increases
the effective mass in the appropriate region of electron density to the value?
my (refer to equation (6.19) for 4, = 45°), which in a vacuum would
identified as consisting principally of the v, flavour eigenstate. If the solar
density changes fairly slowly with radius, this mass eigenstate will pass out
of the Sun without further changes, and in vacuum it will be jdentified with',
the muon-neutrino eigenstate. In general, however, there will only be parti
| flavour conversion,

One of the most crucial aspects of the data is the observed energy spectrum:
of electrons from the boron-8 neutrinos in the SUPER-K and SNO experi-';
ments, which indicates an almost constant suppression factor over the rang g
6-14 MeV. The fits to the data indicate a fairly large vacunm mixing angle. -ﬁ f

(6.3
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solar density, For muon-
fientrinos, the mass is independent of density and is represented by the horizontal line. For electron-

peutrinos, the mass squared is proportional to the density as in (6.27) and, if there is no flavour
mixing (¢ = 0) is represented by the diagenal line. The two levels cross at the paint P, where
YAm? cos 20 = 2./2GgN,E {see equation (6.31)). If the electran density in the solar core is greater
ithan the ‘resonance density” at P, the electron-neutrino will be located beyond P in the upper part
31y | :iofthe diagram. As the neutrino moves outwards into regions of lswer density, it eventually reaches

; resonance density, and provided the solar density varies slowly with radius, it will move along
51.'” continuous curve and emerge from the sun as a muon-nentring,
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ith The present atmospheric and solar neutrino results are shown in Fig. 6.21,
d, “where the fitted values of tan?# are plotted against Am?, and the shaded
- areas represent the allowed regions for the parameters. From the atmospheric
ys “results, the most massive of the three neutrino mass eigenstates will have a masg
at my > (Am2 )72 2 0.05eV /c2.

er 6.12 Point neutrino sources

ty “The existence of point sources of TeV y-rays described in Section 6.7 is gener-
10 ~.ally associated with electromagnetic process (e. g. synchrotron radiation), but
be § .‘may also imply that of high encrgy neutrino point sources, since both could
& arise from pion decay, that is, from 1° —s 2y and n¥ > pt o Vg, Tespect-
1© ively. Such neutrinos could be detected in underground experiments via the
”® secondary charged muons they produce, At Tey energies, the muon range in
o f. . %ock would be measured in kilometres, and the object is to detect muons trav-
o .} alling upwards (since any downward flux would be completely swamped by
th: Mmospheric muons from pion decay in the atmosphere overhead). Here, the
i

¥ery weakness of their interactions is being exploited to detect neutrinos which

Ve come up through the Earth and produced a signal free of background,

gxcept for the ubiquitous atmospheric neutrinos, which are however broadly
Stributed in angle.

_;ﬁ"nle rate of such neutrino events (compared with that of y-rays) is expected

1 be low on account of the weak cross section. However, this is to some extent
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while a binary system consisting of two stars in a circular orbit of diamef
and angular frequency w radiates power

2 6 2p4 kW
p= [ 32)2’GuD? 639
5 o8 .

where 14 is the reduced mass, and for stars of equal mass M, 1z = M/2, =

For an experiment on a laboratory scale, we could take 7, ~ | m, M ~ | kg
and @ ~ 10% s~! which from (6.37) gives P ~ 10736 W only. According o
(6.39), even the entire Earth, in its orbit around the sun, radiates a mere 196 W,
More likely objects for a measurable level of gravitational radiation may be
binary stars in a late stage of evolution, just as they coalesce to black holes,;
when a considerable fraction of the rest energy of the stars should be ermtted
as gravitational radiation. Indeed, it is believed that gravitational energy loss
is what leads to the collapse. Somewhat less dramatic is the radiation emitted -
during the formation of a nentron star, which is followed by the spectacular
optical display of a Type I supernova (see Sections 7.8-7.10),

6.14 The binary pulsar

To date, the most convincing evidence for the existence of gravitational radia-.
tion, and through it, a quantitative test of general relativity, comes from the:
observations of the binary pulsar PSR 1913 + 16 by Hulse and Taylor in 1975..
This binary consists of two neutron stars, of which one is a pulsar with a period;.
of 0.059 s. Pulsars are neutron stars (see Section 7.13) which spin rapidly
frequencies of [0-100s—!, emitting radio waves in a beam which periodica
sweeps past the observer, like a rotating beam from a lighthouse. The orb
period of this binary, T = 7.8 h, and other characteristics of the orbit wi

4 .
?: = —(2.423 £ 0.006) x 10~ (6.40

the tangential velocity of each staris v =
is the sum of kinetic and potential energies:

2 2
GM

E(tot) = 2 x (—Ml) -
2 D

641)=
Balancing the gravitational and centrifugal forces on one of the masses gives

14

M2 Gm?
D~ p2
so that
GM?
E(toty = ———

2D

n
ul
el
th



|
fr
l 6.15  Detection of gravitational waves 185
;
e L. .
D F That is, the kinetic energy is just half the (absolute value of) the potential
; energy—an example of the virial theorem. Since from the above equations
%’, E{tot) o 1/D and w o< 1/D%/2, the orbital period t oc E(tot)~*2. Hence,
9 |
i 1\ dr 3\ dE 3
‘ —)—=—=—|=)—=—-|=|P/E 6.43
(r) dr (ZE) dr (2) / 6-43)
|
o & where P is the power radiated. The characteristics of the binary give « =
V. P22 x 107N M ~ 1.4M. Inserting these values to obtain D and E(tot), and
be using (6.39) to estimate the power radiated, one obtains dr/dr ~ 10713, A
8, . full calculation, taking into account the eccentricity of the binary orbit and the
d ’?_ inequality of the masses yields the result
S8
ed
d
ar S = 240 x 10712 (6.44)
dr
* in astonishingly good agreement with the observed value (6.40). This result has
: given great confidence that the basic physics is well understood and that, despite
normous experimental difficulties, the detection of gravitational radiation in
2 the laboratory is worth pursuing.
he
’5.
od '6.15 Detection of gravitational waves
ith ‘
3% " When gravitational waves impinge on a detector, the difference in the accel-
ial ;- eration from different parts of the wave can induce a deformation or strain,
'Te - corresponding to an extension Ax in length x. The strain 2 = Ax/x is given by
es
or GFP
2
~ 6.45
(®w?R?) (6.45)
0 where P is the power emitted by the source, R is its distance from the detector,
- and w is the frequency of the radiation. Clearly, a detector with a quadrupole
or moment is necessary to excite a quadrupole amplitude. Inserting the value of P
bit .. from (6.37), we find for the amplitude
m, 2 2
m GML
h~——— 6.46
(c*R) (6.46)
h . Where the product ML2w?” is the second derivative of the quadrupole moment
: L? of the source and is equal to the kinetic energy Eyi, ~ M2 associated
5 ;- With the source oscillations. In a violent event such as the collapse to a neutron
;- 8tar, gravitational energy released due to the infall is of the order of 0.1M5c?
(see Section 7.11). If we optimistically assume that 10% of this appears in the
.} form of gravity waves then
GMy 1013
~ ~ (6.47)
(100c2R) R
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Fig. 6.25 Sketch of a Michelson interfero-
meter layout for a gravitational wave detector,

M4 wuqe

;

D2

i

I
Laser M3 rmps M1 D1 M2
/I —

!j Detector

where R is the distance of the source in parsecs. For the local galaxy, R ~ 10 kpe
and 2 ~ 107", while for the Virgo cluster of galaxies R ~ 10 Mpc and
h ~ 10722, Note that, even for a bar | km long, £ = 107! corresponds to &
change in length of 10" m or one tenth of a nuclear radjus! It is likely that,
by going further afield, the decrease in # with increasing R in (6.47) may be
compensated by the R® increase in the number of sources and the possibility
of much more violent events, such as coll apse to massive black holes (AGNs),
with a gravitational wave energy far exceeding the solar mass energy.
Although the conceivable distortions to be Ineasured by gravitational wave
detectors as a result of the most violent cosmic events will be at best of the order
of 10720, they are not considered to be totally beyond reach. The most favoured .
technique is based on split laser beams and a Michelson interferometer—see .
Fig. 6.25. The laser light is split into two paths at right angles by the beam
splitter B. The beams are reflected back and forth by mirrors M1-M4 (M
and M3 being half-silvered) attached to masses and the fringes observed whei
the light beams recombine and interfere. A gravitational wave will stretch oni
dimension, say D1, and contract the orthogonal dimension D2, thus causing |
fringe shift. A Fabry—Perot etalon is used so that the beams make many traverse

 The charged primary cosmic rays consist principally of high energy nuclei
of the elements, their chemical composition being in general similar to
the solar syster abundances, The exception is for lithium, beryllium, and
boron, which are abundant in the cosmic rays and produced by spallation
of heavier nuclei in collisions with interstellar matter.

* The energy spectrum falls off as a power law, dN/dE ~ E~27 which
extends up to energies of at least 102° eV,

o The charged primary radiation js affected by Solar System magnetic
fields. The Earth’s field imposes a cut-off in momentam depending on
magnetic latitude. Cosmic rays are also moderated by solar effects (the
solar wind), which follows the eleven-year sunspot cycle.
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o The energy density in cosmic rays, at about 1 eVcm ™ ”, is compar-

able with that in the cosmic microwave background, in starlight and
in galactic magnetic fields. The rate at which energy needs to be injec-
ted into the cosmic rays can be accounted for in terms of shock-wave
acceleration in supernova shells, provided these processes have effi-
ciencies of a few per cent. While this mechanisms can work up to
energies of 1014 eV, the acceleration mechanism for the highest energies is
unknown.

The cosmic rays at sea level are of secondary origin, and generated by
collisions of the primaries in the atmosphere. The hard component Con-
sists of muons from the decay of charged pions created in the atmosphere,
while the soft component consists of electrons and photons originating
from the decay of neuiral pions.

High energy cosmic ray nuclei can generate a nuclear cascade in the
atmosphere, and this can lead to an extensive air shower, consisting of
nucleons, muons, and electron—photorn cascades extending over a large
area (typically of radius 1 km). Practically all of the energy at sea-level is
in the electron—photon component, and there is a linear telation between
the primary €nergy and the shower size.

The electron—photon showers an be detected via the Cetenkov light or
scintillation light they generate in traversing the atmosphere.

At energies above 1019 eV, interactions of the primaries with the
microwave radiation, leading to pion production, is expected to show
suppression effects, but none is observed.

Point sources of y-rays of energies up to 30 GeV have been detected with
the EGRET detector on the GRO satellite, The sources include pulsars
and AGNs. Point sources involving y-Tay energies in the TeV region and
above have been detected using the ground-based air Cerenkov method.
Intermittent as well as steady sources are detected. The sporadic sources
consist of bursts lasting 10 ms—10 s, which can disappear completely and
reappear a year or 80 later. In the TeV energy region the y-ray bursts are
known as blazars. The shortness of the bursts indicates compact sources,
and the blazar rate is consistent with the estimated rate of mergers of
binary neutron stars to form black holes.

Atmospheric neutrinos from the decay of pions produced in the atmo-
sphere have been studied extensively In deep underground experiments,
and show clear evidence for oscillations in the neutrino flavour (v of
V) OVET baselines comparable with the Earth radius, associated with the
differences in mass of the neutrino mass eigenstates. The amplitude of
the (v, — v} mixing is near maximal.

Similar escillation phenomena have been observed for neutrinos from
the Sun. The suppression of ve events due to mixing shows an
energy dependence, which can be described in terms of matter-induced
oscillations inside the Sun.

o Attempts are under way to detect point sources of high energy neutrinos.

The existence of gravitational radiation of the expected magnitude has
been demonstrated from the slow-down rate of a binary pulsar. Attempts
to detect gravitational radiation directly are currently under way.

6.16 Summary
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Problems

More challenging problems are marked with an asterisk.

(6.1) Relativistic cosmic-ray protons are accelerated by a
shock-front. Deduce the form of the differential energy
spectrum of the protons, assuming that the probability
that a proton will re-cross the fronl is 80% and that the
fractional increase in energy per crossing is 20%.

(6.2) The refractive index, r, of air at sea-level is given by
n—1=2.7 x 107%, a quantity which is proportional to
pressure. Calculate the radial spread in metres of the ring
of Cerenkov light at sea-level, due to an wltra-relativistic
charged particle travelling veriically downwards at a
depth of 100 gmcm™ in the atmosphere. Assume an
exponential atmosphere with density p and height 4
related by p = pg exp(—k/H) where H = 6.5 km. The
tolal atmospheric depth is 1030 gmem—2,

(6.3) The average rate of energy loss of ultra-rclativistic
muons of energy E in traversing x gm cm™2 of mater-
ial is given by the formula dE/dx = a + bE, where
a = 2.5MeVgm™' cm? is the rate of jonization loss and
the second term accounts for radiation energy loss. Cal-
culate the average range (in km) of a 5000 G&V muon in
rock of'density 3 gm cm~?, for which the critical muon
energy is 1000 GeV.

*(6.4) Primary cosmic ray protons interact in the atmosphere
with mean free path A ~ 100 gmem~2. They produce
relativistic charged pions of energy £ travetling vertic-
ally downwards. These pions may subsequently decay
in flight, or (hey may undergo nuclear interaction, again
with a mean free path equal to A. Assuming an exponen-
tial atmosphere as in Problem 6.3, show that the overall
probability that a pion will decay rather than interact is
P = Eo/(Eo + E) where E = mypc?H Jety,. Calculate
the value of Ey. How is the expression for P modified
if the pion is produced at angle 8 to the zenith? The
total depth of the atmosphere (1030 gm cm—2) can be
assumed 1o be very large compared with A (mpc? =
0:14 GeV; H = 6.5 km; 1, =26 ns).

*(6.5) Calculate the maximum and minimum energies of
muons produced by decay in flight of high energy
charged pions, m* — p+ + v,. Assuming that the
differential energy spectrum of the picns produced in
the atmosphere follows a power law, dN/dE o E-3 dE,
find an expression for the ratio of the nuinibers of muons
at sea-level to the number of pions created at the same
energy, thatis R = 4N, (E}/dNy (E), assuming that the
pion decay probability averaged over the atmosphere is
P = Ey/(Ep + E) as quoted in Problem 6.4. Neglect the

(6.6)

6.7

“(6.8)

*(6.9)

(6:10)

(6.11)

(6.123

ionization energy loss of pions and muons in the atmos:
sphere. Calculate the value of R for E/Ey = 0.1, 1.0, and
5.0 (mzc® = 139 MeV:mye? = 106 MeV; m, ~ 0). °

State whether you betieve that CP-violating effects in g
neutring beam are possible if the mixing is between just
two flavour eigenstates. What happens if matter effecti -
are taken into account, for a beam traversing the Earth?;

In an experiment using a nuclear reactor as a sonrce of g
electron-antineutrinos, the observed rate of the reactioq :
Ve +p — et + nina detector placed 250 m from the
reactor core is found to be .95 £ 0.10 of that expec.

ted. If the mean effective antineutrino energy is 5 MeV,

what limits would this place on a possibie neutrino mass _
difference, assuming maximum mixing? :

In the Kamiokande experiment, solar neutrinos are

observed through the process of elastic scattering off .}
electrons, and the detection of the Cerenkov light emit-
ted by the recoiling electron as it traverses the water
detector. If the incident neutriizo has energy Eo, calcus,
late the angle of scattering of the electron in terms o

its recoil energy E. (Assume that the electron (and neuts]
1ino) masses can be neglected in comparison with the;
energies.)

High energy charged pions decay in flight in the aum.
sphere. Calculate the mean fractional energy received:
by the muon and by the neutrino in the decay n+ — -
w* +v, . Estimate also the mean fractional energy of the’
pion, which is carried by each of the neutrinos (antineut-
rinos) in the subsequent muon decay p+ — et v+,
Assume that all neutrinos are massiess and neglect ion--
ization energy losses in the atmosphere and polarization
effects in muon decay (see Problem 6.5 for particle

masses).

Calculate the power radiated by the Moon in Earth
orbit due to gravitational radiation (Barth’'s mass =
6 x 10™ kg; Moon’s mass = 7.4 x 1022 kg; mean
Earth-Moon distance = 3.8 x 10° km, orbital period
of the moon = 27.3 days).

Use the formulae and data in Section 6.13 to check
the estimate of the decrease in orbital period of PSR
1913 + 16, assuming a citcular orbit and equal masses
for the members of the binary star system.

Calculate the mean free path of high energy (1 Tev)
cosmic-ray electrons in the galaxy, assuming that
it is determined by collisions with the microwave

®
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background radiation. Could such electrons be extra-
galactic? (Hint: Refer to equations (1.20) and (1.26) in
Chapter 1.)

(6.13) Estimate the fraction of muon-neutrinos of energy 1 Gey
whichinteractin traversin g the Earth’s diameter (take the
mean Earth density as 3.5 gm cm—*, and Farth radius as
6400 km).

(6.14) Show that, when a relativistic charged particle, travelling
in the positive x direction, is scatterd backwards by the
field due to a shock-front moving with non-relativistic
velocity u; in the negative x direction, it receives a
fractional energy increase of order uj/e.

Show that neutrinos, originating in the atmosphere at
altitude 4, and at zenith angle & lying between 0 and T,
have path-length 1 10 a detector placed near the Earth’s
surface givenby L. = (R? cos? 84+R*H2R)V2_R cos 6.
Hence, verify the values of L quoted in Section 6.9,

Froblems 189

*(6.16) Calculate the apparent transverse velocity of a jet trav-
elling with velocity v at inclination 4 tothe Jineof sighe to
Earth, and show that this transverse velocity can appear
to be superluminal, with a maximum value yBc, where

B=vjcandy = 17(1 - gY1/2,

(6.17) From the formulae for the Lorentz transformations of
momentum and energy in Special Relativity {see equa-
tion (B.15), Appendix B), calculate an expression for
the angle of emission 8 in the laboratory system of a
photon emitted at angle 8* in the rest-frame of an elec-
tron travelling with relativistic velocity 8 = v/je = 1,
Hence, show that when accelerated in a magnetic field,
a paralle] jet of high energy electrons will emit photons
confined to a forward cone of half-angle & ~ 1 /3, where
y=1/(1~gHi,
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Particle physics in
the stars

7.1 Introduction

In the earlier chapters we have traced the primordial development of the uni.’
verse, principally through the properties and interactions of the elementary

particle constituents of matter. This phase came to an end when the temper-

ature of the fireball fell below a value kT ~ 0.3 eV and z ~ 107, when the

radiation and (baryonic) matter decoupled, and at about the time when the unj-

verse became matter-dominated. The previously opaque universe, consisting

of a plasma of electrons, hydrogen and helium nuclei, and photons, was then

replaced by a relatively transparent but almost totally dark universe, consist-,
ing very largely of clouds of neutral atoms and molecules. From these clonds,”
stars were able to form by gravitational infall as soon as the redshift fell to

z ~ 20-30. Then, there was light. The process of star formation has of course.;
been continuous since that time,

The evolution of the stars, at least during most of their life, is only periphers
linked with elementary particle physics as such, so we shall discuss it rath
briefly and in particular contexts, for example, with respect to solar neutrin
described in Chapter 6. However, the late stages of stellar evolution do depenﬁ?
very directly on particle processes at a fundamental level and at quite h!glg\i
energies, involving some of the most violent events in the universe, and
describe these in more detail.

7.2 Stellar evolution—the early stages

As described in Section 5.6, stars can condense out of gas clonds (predominanﬂj;
hydrogen) once the mass and density of the material fulfils the Jeans criterion
(3.31). The gravitational potential energy lost under contraction ‘goes to heat
up the gas. The resulting gas pressure opposes further contraction, and the'
so-called ‘protostar’ reaches a state approaching hydrostatic equilibrium (see
Example 7.2). Typically, the gas density at this stage is 10~15 kgm™ and
the radius is 10'3 m (i.e. about one million times the solar radius). As the star
radiates energy from the envelope it slowly centracts further, to about 2 huadred
times the solar radius. By then, the amount of gravitational energy that has been
released is of the order of 10 eV per particle, so that collisional dissociation
of hydrogen molecules (requiting 4.5 eV) and ionization of hydrogen atoms

(13.6¢V)can take place. The energy generated when these atoms and molecules -3
recombine is released as photons to the outside world, allowing still further =

contraction. Without any source of ehergy apart from gravitation, the energy
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diated by the star must always be compensated by further contraction, and a
wsequent increase in pressure and temperature of the core. In fact, the kinetic
eat) energy of the star must be just equal to half its gravitational energy—an
iample of the virial theerem on the partition of kinetic and potential energy in
system in thermal equilibsium.

Further collapse of the star is eventually halted by the onset of thermonuclear
actions. Figure 7.1 shows the binding energy per nucleon as a function of the
ass number A of the nucleus. It is clear that if two light nuclei fuse to form
heavier nucleus, energy will be released, provided the product nucleus has
< 56, the mass number of iron, for which the binding energy per nucleon is
maximum. The amount of energy released is substantial. For example, if as
scribed below, helium is formed from hydrogen, the binding energy liberated
of the order of 7 MeV per nucleon.

The electrostatic potential between two nuclei of charges Zje and Zye and
158 numbers A; and Ay with separation r is V = Z;Z;¢2 /41r. When justin
ntact, r = ro(A}/ L Aé/ 3) where ry = 1.2 fm is the unit nuclear radiuvs. The
ststage of the pp fusion process in the Sun is the weak reaction

P+p—d+e’ + v, +0.32MeV (1.1)

h a Coulomb barrier height Vo = (1/4w)e?/2ry = (e2/4mhe) x (he/2r).
the?/Anthe = o = 737+ Bc = 197 MeVim, and ry = 1.2 fm one finds
= 0.6 MeV. This is very much larger than the thermal energy of protons

€ core temperature of the Sun, which can be estimated from the solar
tinosity to be kT ~ 1 keV. Although in classical terms the two nucle
mot therefore surmount the Coulomb barrier, in quantum mechanics they
| penetrate through it with finite probability. This effect had, in the 1920s,
cessfully accounted for the long lives of radioactive nuclei undergoing alpha
ay. The barrier penetration probability is given by the approximate formula,

Fig. 7.1 Binding energy per nucleon as a
function of mass number A, for nuclei stable
against beta decay. The maximum binding
is in the Fe-Ni region of the Periodic Table.
(Enge 1972.)
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Fig. 7.2 Curves showing at left the Maxwell
distribution of rclative energy of colliding
nuclei, and at right the barrier penetrability,
for the pp reaction. The fusion rate is propor-
tional to the product of these distributions and
is shown by the solid curve.

valid for E < Eg:

1/2
P(E):expl:—(i:—c) :|
Ee = 2)11 212282 2

o= (%) (%%°)

is the so-called Gamow energy (named for George Gamow, whe first investig.
ated the barrier penetration problem). The quantity m is the reduced mass of
the two nuclei, and for the pp reaction it is half the proton mass, /2. With
¢ = 4nahc one gets Eg = myc?na® = 0.49 Mev. So, if the relative kinet
energy £ ~ 1 keV as indicated above, the barrier penetrability will be of the
order-of P ~ exp(—22) ~ 10, In fact the protons will have a Maxwellié
distribution in kinetic energy of the form R

where

o<

E
F(EYdE ~ E¥? exp (_E) dE (74
As shown in Fig. 7.2, the penetrability factor in (7.2) increases with energy,
while for E > &7, the number of protons in (7.4) decreases with energy. The
fusion rate is the product of these two distributions. However, even if the barrier
is successfully penetrated, the usual reaction between the protons will be elastic

Maxwell
distribution
F(E)
l,/ Fusion
[ prohability
\ FEYXP(E)

! Barrier
I .
1 penctrability
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Fig. 7.4 Onion-like appearance of the cross
section of a massjve star at an advanced stage
of nuclear fusion. The heaviest elements are
in the core; where the temperature and dens-
ity are greatest, and are surrounded by lighter
elements in spherical layers of successively
lower temperatures and density.

the helium, at a temperature just above 108 K, resulting in production of carha
and oxygen, the most abundant elements in the universe after hydrogen m
helium.

Since the core temperature and pressure have increased, relative to the valieg
in the pp cycle, by an order of magnitude, the outer envelope of the star expaiidy
by a large factor. It becomes a red giant. The luminosity increases and the
surface temperature decreases, so that the star moves off the main sequence ang
over to the red giant branch in the Hertzsprung—Russel] diagram.

Helium buming involves the fellowing somewhat complex chain of events.
In the absence of any stable nuclei with masses 5 or 8, fusion has to proceed by
the so-called triple alpha reaction, as first discussed by Salpeter in 1952, The
first stage is

‘He 4+ “He « SBe 7.1

The nucleus ®Be is unstable by 92 keV, so that the two helium nuclei must have
this relative energy in order to ‘hit’ the ground state, and to do this efficiently
requires a temperature, read off from a curve of the same type as shown in
Fig. 7.2, of T = (1-2) x 10° K. The mean lifetime of ®Be is about 2.6 x 1016 .
The equilibrium concentration of beryllium nuclei in (7. 12) is only about one-
billionth of that of the helium nucle;. Nevertheless, a *Be nucleus may capture
a third alpha-particle to form the nucleus 12C* in ap excited state at 7.654 MeV,
which is just 0.3 MeV above the threshold energy for *He + 3Be:

‘He + *Be « 2¢* (7.13)

Hoyle (1954) had pointed out the need for, and estimated the energy of, thi
resonant state in carbon, and it was subsequently found in accelerator expert
ments. Usually, the carbon decays back to beryllium plus helium as in (7.13

but can, with only 3 x 19~4 probability, decay by radiative transitions to the )
ground state: i

Once carbon nuclei have been created, the next stage of oxygen production can
Proceed via radiative alpha-particle capture:

*He + 2C - 150 1 y (7.15)

It is fortunate that in this case there is no resonance in 150 anywhere near
the threshold energy, so that not all the carbon is consumed as soon as it is
produced, and both carbon and OXygen are abundant elements in the universe.
Obviously, the existence of the 7.654 MeV resonance level in the carbon 12

nucleus was vital for the development of carbon-based biological molecules

and life as we know it in our particular universe,

7.5 Production of heavy elements

A massive star evolves further through fusion reactions to produce successively

heavier elements, involving higher Coulomb barriers and higher core temperat-
ures, A cross section through the star would have an onion-like dppearance, as -

in Fig. 7.4, with the heaviest elements in the core and lighter ones in spherical
shells of successively larger radius and lower temperature.

|gozoE= |2

PC* - 2C 12y (oret 4 e} (7.14)
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7.6 Electron degeneracy pressure and stellar stability 197
- Table 7.1 Nuclear fusion timescales for a star of 25M¢, (after Rolfs and Rodney 1988)
d Fusion of Time to complete Core temperature (K) Core density (kg m ™)
e LOH 7% 108 yr 6 x 107 5% 108
ds & He 5% 10° yr 2 x 108 7x10°
; Yo 600 yr 9 x 108 2 x 10%
he 4. Ne 1yr 1.7 x 10° 4% 10°
i ;0 0.5yt 23 x10° 1 x 1010
Iy si 1 day 41 x10° 3% 1010
ts. A';,
by i
he > Carbon burning commences when the core temperature and density are T ~
-5 % 10° K and 3 x 10° kgm™>, respectively, and leads to the production of
2) . neott, sodium, and magnesium nuclei:
ve IZC + 12C — 20Ne+4He
iy — BNa+p (7.16)
m — Mg +n
5.
e 1 still higher temperatures, of the order of 2 x 10° K, oxygen burning leads
'{f -to the production of silicon:
180 + 150 — Bg; 1 4Ye (7.17)
3) At such temperatures, the thermal photons have appreciable quantum ener-
Jis ies. For example, a tiny proportion of the photons, with over 20 times the
ri‘- mean Planck energy, will have energies above 9 MeV and can, therefore, cause
3) photodisintegration of silicon, with the prolific production of helium nuclei:
he ¥ + 3Si - Mg + *He (7.18)
+ On account of their lower Coulomb barriers, the helium nuclei released can
an how, by radiative capture, induce successive fusions to form sufphur, argon,
calcium, and eventually iron and nickel. These reactions proceed easily and the
overall rate is really determined by the first stage of photoproducton (7.18),
3 With the production of **Fe, however, the exothermic fusion process finally
ends, since as indicated in Fig. 7.1, iron is the most strongly bound nucleus,
ar _The typical timescales, temperatures, and densities involved in nuclear fusjon
s _-reactions are indicated in Table 7.1.
NG
12
|
e 7.6 Electron degeneracy pressure and
stellar stability
‘: At high densities, such as those that occur in stellar cores at an advanced stage
- of the evolutionary path, a new form of pressure. in addition to gas pressure and
ly ‘Tadiation pressure, called electron degeneracy pressure, becomes important.
at- .. 7¥o investigate the role of this degeneracy pressure, consider a gas of electrons
as & absolute zero temperature. The electrons will fall into quantum states of the
al Towest possible energy, and for this reason the gas is said to be degenerate.
- The Pauli Exclusion Principle applies to such identical fermions, so that each
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Provided that the electrons are non-relativistic, the degeneracy pressurs
(7.22), varying as n°/3, will win over the gravitational Pressure, varying gy
n*/3. So the star or stellar core will be stable against contraction, since any
increase in density will increase the outward electron pressure relative to the
inward gravitational pressure. In the case of relativistic degeneracy, however;

both pressures have the same density dependence, that is varying as n*3 s g
such a core, with mass exceeding the so-called Chandrasekhar limit, is pot

stable and a suitable trigger can send itinto a state of collapse.

The condition pr < m.c that the electron momentum is non-relativistie
implies from (7.20) that the average distance n~!/3 between electrons exceeds
the electron Comipton wavelength:

3N\ h
8n MecC e
The number density of nucleons is An/Z, so that the critical density for stability
will be —
T Mo 3
= 7.
»= (7)) (%) 28

Equating the gravitational pressure (7.25) with the non-relativistic degeneracy
pressure (7.22) gives a value for the density at which the two are equal;

333002 5 3
RS o

Identifying this with the critical density (7.28), we get a value for the maximum
mass of a stellar core which is stable against collapse:

W2\ e\ oz N2 Z\2 5
- - — ) =4 = ~1.2 30
Men (Sn)(c) (Amp) i (A) Ho& 1Mo .30 =

where M, is the solar mass, and a core of helium or heavier elements, with
Z/A = %, has been assumed. A more sophisticated stellar model, in which the ;

density varies with radius, yields the more realistic value

Mch = 1.4Mg (7.31)

The quantity Mcy, is called the Chandrasekhar mass, after the physicist who

first discussed the stability of white dwarfs and obtained the above limitin 1931,

7.7 White dwarf stars

Stars of relatively low mass, such as our own Sun, after passing through the .

hydrogen- and helium-burning phases, will form cores of carbon and oXygen.
The higher temperature of the core will lead to helium being burned in a spher-

ical shell surrounding the core, and the stellar envelope will expand by a huge E
factor and eventually escape to form a planetary nebula surrounding the star, For k.

stars in the solar mass range, the central temperature will not increase encugh
to lead to carbon burning, so that after the helium is finished, there is no longer

s e

)
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As the collapse proceeds, some of the gravitational energy released goeg
into heating up of the core to well above 1010 K, that is, a mean thermaj
photon energy above 2.5 MeV, so that a fraction of the photons can caug-g'
photo-disintegration of the iron nuclei into alpha particles (helium nuclei), Wiﬁ :
enough photons, itis clear that iron can be broken down completely into heli
thus reversing the effects of all the fusion processes since the main sequencs
Pp cycle:

Pk

v + %Fe « 13*He + 4n (7_325

This equation indicates that an equilibrium between iron and helium nuclei ig
set up, in which the balance swings to the right-hand side as the core tempes-
ature increases. Of course, the absorption of energy in the above endothermic )
process (145 MeV for the complete photo-disintegration of each iron nucleus
into alphas) further speeds up gravitational collapse, the core heats still further
and the helium nuclei themselves undergo photo-disintegration:

¥+ *He — 2p +2n (7.33)

The collapse also heralds the onset of neutronization, in which the electrons

from the degenerate ‘sea’ convert free or bound protons 1o neutrons via inverse
beta decay:

€ +p— n+vy, (7.34)
with a 0.8 MeV threshold. When the radius of the core has collapsed by an

order of magnitude and the density has reached the vicinity of 1012 kg m=>, the ;
Fermi momentum of the electrons is, from (7.20),

Zp
(8mAm,)

1/3
PrC = he [ j‘ ~ 4 MeV 7.

e

so that an electron of energy near the Fermi energy can trigger the above reaction,
or an equivalent inverse beta decay in iron; :

e” + ®Fe — *Mn 4 v, (7.36)

with a threshold of 3.7 MeV. As more and more electrons are converted to neut-
rinos in these processes, the degeneracy pressure of the electrons will decrease

steadily and the collapse will then be virtually unepposed. The free-fall time of
the collapse will be given by (5.26)

e (377 0.1 7.37)
FF_(SZGp) .18 (7.

Eventually, the collapse is halted, as the density reaches the nuclear density. The
gravitational pressure is then opposed by the degeneracy pressure of the (non-
relativistic) nucleons. The core contains iron nuclei, electrons, and protons
as well as a preponderance of neutrons {hence the name neutron star). Very
roughly, we can treat the collapsed core as a giganti¢ nucleus of neutrons, so
that we expect the radius to be of the order of

R =rpAl? (7.38)

where rp = 1.2 fm = 1.2 x 10715 m is the unit nuc¢lear radius. For a core
mass M = 1.5M¢, the mass number A = M/myp, ~ 1.9 x 1057 and the radius
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1.8 Stellar collapse: Type Il supernovae 203

R ~ 15 km, for a nuclear density py = 3mp/4nr§ ~2x 107 kgm 3. The
tepulsive nuclear force at short distances resists further compression, and it is
estimated that as soon as the density exceeds nuclear density by about a factor
of 2-3, the collapse will be brought to an abrupt halt, and the core material will
"bounce’, producing an outgoing pressure wave that develops into a supersonic
shock wave, which will traverse the infalling material of the envelope.and finally
“: give rise to the spectacular optical phenomenon of a supernova explosion. Such
4, an event, resulting from the collapse of a massive star, is known as a Type II
supernova,

© As the initial collapse proceeds, the reactions (7.34) and (7.36) will result in
* emission of neutrinos. In particular, a short, few millisecond burst of 1051057
" neutrinos v, will accompany the outgoing shock wave. They will have ener-
- gies of a few MeV and acceunt for up to 5% of the total gravitational energy
released. However, as soon as the core density exceeds about 1015 kgm 2, it
becomes effectively opaque, even to neutrinos, and they become trapped in the
' contracting material.

The total gravitational energy released in the collapse to a neuiron star of
. 1.5M¢, and uniform density will be

R RER T

R e e

7R,

3 5/3
Egray = (5) GmgTO— =3.0x10% 1= 1.8 x 10% MeVv (7.39)
; \"wluch amounts, therefore, to about 100 MeV per nncleon. Note that this implies
#¢that an original uncontracted mass of 1.55M¢, of nucleons will result in a neut-

vl
-E

= Ton star with a mass of only 1.4M¢,. This energy release is much larger than
the energy required to disintegrate the iron into its constituent nucleons (the
| binding energy per nucleon in iron is 8 MeV) or to convert pretons and elec-
" trons to neutrons and neutrinos (0.8 MeV per nucleon). The huge amount of
energy released, however, remains temporarily locked in the core, which enters
a ‘thermal phase’ in which photons, electron-positron pairs, and neutrino—
antineuirino pairs, together with the neutrons and some protons and heavier
1 nuclei reach thermal equilibrium. All flavours of neutrinos and antineutrinos
will be generated in this thermal phase:

s Y < et te o Vi + v (7.40)

‘where i = e, y, 1. The mean free path for neutrinos in the core material
“’depends on both charged and neutral current scattering by nucleons, electrons,
" and nuclei. As an‘indication, we consider the charged current scattering (7.41)

of ve by neutrons. The cross section is of the order of Gip? from (1.18) and
{1.27), where pr = E ~ (E, — () is the neutrino energy above the (negative)
threshold (Q = —0.8 MeV)—see Problem 7.7. In detail, the cross section is

o

o0+ - pte) =143 | B2 =094 x 1079E e (741)

where g4 = 1.26 is an axial-vector coupling constant and E is in MeV. For

atypical nuclear density of p = 2 x 1017 kgm ™, the neutrino mean free path

oy} ordiffusion length would be of the order of A = 1/6Nap ~ 900/E? m, which

for a typical value of E = 20 MeV, means A ~ 2m only. For other processes,

) example neutral current scattering of muon- and tau-neutrinos, the mean
free path would be several times longer.
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In each scattering process (analogously to the case of photon djﬂ-‘ugiq
through the Sun in Example 7.1), the neutrino will emerge in an arbitragy \
direction, so that after N successive scatters, this ‘random walk’ will carry the i
neutrino a Toot mean square siraight line distance of AN/, Identifying thiz. &
with the core radius R we obtain a diffusion time from the central region ¢
the surface of ¢ ~ R?/ic of the order of 1 s. Since neutrinos are the only ™
particles able to escape, the 100 MeV gravitational energy release per nucleoq *
is divided between the six flavours of neutrino/antineutrino, and detailed com.
puter simulations indeed indicate that neuttinos and antineutrinos of all favours
are emitted from the core in comparable numbers over a period of 0.1-10 s,
with average energy ~15 MeV and with an approximately Fermi-Dirac distri-
bution as in (2.44}. They are emitted from a so-called ‘neutrinosphere’ withina -
few metres of the surface. Neutrinos account for 99% of the total gravitational
energy released in (7.39). The spectacular optical display of the superriova
explosion accounts for only 1% of the total energy release.

7.9 Neutrinos from SN 1987A

Figure 7.6 shows a photograph of the supernova SN 1987A in the Large Magel-
lanic Cloud, a mini-galaxy some 60 kpc from the Milky Way. It is famous
because it was the first supernova from which interactions of the emitted neut-
rinos were observed, in fact simultaneously, in the Kamiokande and TMB water
Cerenkov detectors (Fig. 7.7), originally designed to search for proton decay,
The neutrino pulse was actually detected some seven hours before the optical

signal became detectable. Fi‘
The principal reactions that could lead to detection of supernova neutrinos %
in a water detector are as follows: ®
Ue+p—>n+tet (7.42) "
v+e s uv+te” (7.42b)
v4+e s v4e (742¢c)

The secondary electrons or positrons from these reactions have relativistic *
velocities and part of their energy loss in traversing the water appears in the
form of Cerenkov light (see Section 6.5), which is detected by an array of
photomultipliers, as in Fig. 3.13.

The first reaction (7.42a) has a threshold of ¢ = 1.8 MeV and a cross section
rising as the square of the neutrino energy, asin (1.27) and (7.41), with a value of i@
1074 em? perproton at E, = 10 MeV. The angular distribution of the secondary
lepton is almost isotropic. The second and third reactions go via both neutral and
charged current channels for electron-neutrinos/antineutrinos, and via neutral
currents only for muen- and tauon-neutrinos/antineutrinos. Although not neg-
ligible, the summed cross section for these reactions (which vary as E, ) is only
10~% cm? per electron at 10 MeV. So, although in water there are five electrons ‘
for every free proton, the event rate for scattering off electrons is an order of :
magmitude less than that for the first reaction, Moreover, in (7.42a) the second-
ary positron receives most of the energy (E. = E, —1.8 MeV), while in (7.42b)
and (7.42c) the charged lepton receives typically half the incident energy.
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The event rates recorded, together with the known distance to the super.
nova (60 kpe) could be used to compute the total energy flux in neutrinos ang
antineutrinos, assuming that the total is six times that for Ve alone, Both data
sets, when account is taken of detection thresholds, are consistent with a mean
temperature of k7' ~ 5 MeV and, thus, a mean neutrino energy at production
of 3.15kT appropriate to a relativistic Fermi—Ditac distribution. The integrated
neutrino luminosity thus calculated from the event rates was

La~3x10%)x2x10% Mev (7.43)

with an uncertainty of a factor of two, and thus in excellent agreement with
the prediction (7.39). It perhaps needs to be emphasized that the neutrino flux
from a supernova is indeed prodigious. Altogether some 10°8 neutrinos were
emitted from SN1987A and even at the Earth, some 170 000 1i ght years distant,
the Alux was over 10" neutrinos cm 2.

The recording of neutrinos from SN1987A gave some information on neut-
rino properties. The fact that they survived a 170000 year journey without
attenuation testifies to their stability. Since the neutrino pulse lasted less than
10 s, the transit time of neutrinos of different energies was the same within 1
partin 5 x 1011, The time of arrival on Earth, # will be given in terms of the
emission time from the supernova, tsN, its distance L and the neutrino mass m

and energy E by
tg =1tsN + L 1 mct
E = IsN - + SE2

for m* « E2. For two events with different energies E; and E; the nme
difference will be given by

Lm?c4 1 1
At = [Afg — An| = ( ) [— - —:I
2e E12 E%

If we take as typical values £; = 10 MeV, E; = 20MeV and Ar < 10 s, this
equation gives m < 20 eV, a poorer limit than that from tritium beta decay
(Table 1.3).

It is of interest to remark here that the neutrino burst is very probably instru-
mental in helping the shock wave to develop the spectacular optical display -
of a supernova. Early computer models suggested that the outward moving i
shock might stall as it met with the infalling matter from outside the core, and
produce disintegration of this material into its constituent nucleons. However,
when account was taken of the interactions of the neutrinos with the envelope -
material, the transfer of only 1% of the total neutrino energy was found to be
enough to keep the shock wave moving,

So it seems possible that neutrinos of all flavours—ve, vy, and v.—
interacting via both neutral and charged current processes, still play a vital part
in cosmic events, while of course the corresponding charged - and t-leptons
disappeared by decay within microseconds of the Big Bang, and we are left
with only the electrons. We may also remark here that supernovae perform a il
unique role in the production of very heavy clements, since they are sources of
the very intense neutron fluxes which build up the nuclei in the later part of the
Periodic Table, via rapid neutron capture chains. So it is worth bearing in mind
that the iodine in your thyroid and the barium in your bones probably owe their
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xistence to the fact that there are three flavours of neutrino and antineutrino,
with both neutral and charged current couplings.

As stated above, only about 1% of the total SUpernova energy appears in

* the form of light output (although this is enough to dominate, for a time, the

luminosity of the host galaxy). The light curve, at least for the first three years, is
approximately exponential, being dominated by the decay of radioactive Co,
with a mean lifetime of 111 days (see Fig. 7.8).

7.10 Neutron stars and pulsars

The rump left behind after a supernova explosion is a neutron star, which

. ¢ontains neutrons, protons, electrons, and heavier muclei, but with neutrons
“predominating. In the free state, a neutron undergoes decay with a mean lifetime
--of 887 & 2 s, s0 we must consider the equilibrium in the reversible reaction

n<p+e” +v. +0.8MeV (7.45)

In the neutron star, the decay of the neutron will be prevented as a result of

the Pauli principle, provided that all the quantum states that can be reached by

the electron and the proton from the decay are already filled. To a very good
b+ Bpproximation, if we neglect the Q-value in the decay, this condition is satisfied
" when the Fermi energies of the degerierate neutrons and electrons are equal, that

I8 Ep(n) ~ Eg(e), so that the forward and backward reactions are in equilibrinm.
‘eknow from (7.39) that the neutrons and protons will be non-relativistic, while
the electrons will be ultra-relativistic, so that Pr(€) <€ pp(n). Then, it is clear

from (7.20) that the electron number density will be much smaller than that of

feutrons, as shown in the numerical example (Example 7.4).

7.10  Neutron stars and pulsars 207

Fig, 7.8 The light curve of supernova SN
1987A. After the initial outburst, the Tumin-
asity feli rapidly over the first t00 days, being
dominated by the beta decay of 6Nj to %Co,
with a mean lifetime 7 = 9 days. From
time ¢ = 100 to t = 500 days, the energy
release was dominated by the beta decay of
%Co 10 Fe, with T = 111 days. Beyond
t = 1000 days, the important decay is of 17 Co
to 5Fe (z = 391 days) as well as that of other
long-lived isotopes. Most of the heavy nuclei
would have been produced in rapid absorption
reactions of neutrons with the material of
the infalling envelope. Interestingly énough,
no neutron star has been detected following
this particular supernova (after Suntzeff er al.
1992).
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Although the early theory of neutron stars was developed shortly after
Chadwick discovered the neutron in 1932, major experimental interest had
to await the discovery of pulsars by Hewish et al. (1968). Pulsars are rapidly
rotating neutron stars which emit radiation at short and extremely regular inter-
vals, much like a rotating lighthouse beam which crosses the line of sight of an
observer with a regular frequency. Over 1000 pulsars are known, with rotational
periods ranging from 1.5 ms to 8.5 s. Only about 1% of pulsars can be asso-
ciated with past supernova remnants, since over millions of years the neutron
stars have drifted away from the remnant nebula. For a few young pulsars like
that in the Crab, the nebula is stil] associated. This most famous example of
a pulsar has a period of 33 ms, and is the remnant of the AD 1054 supemova
recorded by the Chinese.

In addition to pulsars like that in the Crab which emit radio waves, some
200 X-ray pulsars are known. These are neutron stars which are members of
binary star systems. Matter accretes from the massive companion star on to the
magnelic poles of the neutron star, creating the X-ray emission (*aurora’). The
X-rays are pulsed with the rotational frequency of the neutron star.

X-ray bursters are associated with neutron stars which have light main
sequence companion stars. Hydrogen is accreted on to the very hot neutron
star surface, and after some time, it reaches a density and temperature leading
to ignition in a thermonuclear explosion lasting several seconds. The process
is repeated as more material is accreted. y-ray bursters have already been men-
tioned in Section 6.7. They are associated with the most viclent events in the
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universe, releasing an estimated 10*® J in y-rays, about the same amount of
energy as in a supernova explosion. They are possibly produced as a result of
neutron star binaries merging to form black holes.

The maximum angular frequency o of a pulsar will be given by the require-
ment that the outward centrifugal force on the surface material should not exceed
the inward gravitational attraction, that is,

W' R < =T (7.46)

Inserting the values R ~ 15km, M ~ 1.5M, gives for the minimum periodz =
. 2n/w > 1 ms, and indeed no neutron stars are observed with shorter periods
than this. The very high frequencies observed for many pulsars result because
much of the angular momentum of the original giant stars is retained through
the white dwarf stage and the rotational frequency is enormously increased
because of the dramatic contraction to the neutron star size.

The pulsar radiation is ascribed to the existence of a rotating magnetic dipole
inclined atan angle € to the axis of rotation. Fora dipole of strength u the electro-
magnetic power radiated is proportional to the square of the radial acceleration,
that is, to w?:

P o po'sin?o (747)

¥ The magnetic field at the surface of a pulsar is of order 108 T, this high value
> resulting from the trapping and concentration of magnetic flux by the highly
%" conducting plasma during stellar collapse, the field increasing inversely as the
“ square of the radius. The energy lost through the emission of the radiation
resulis in a small deceleration of the pulsar. If 7 is the moment of inertia of the
pulsar, the rotational energy is %Iwz, so that the rate of change of rotational
energy or power emitted is
( da)) 4
P=lw|— | xw

ds

50 that d
w
ALY
dr @

~ Observations on the Crab pulsar indicate that at the present time, do/dr =

=24 %10 whilew = 1905~ If the initial angular velocity is ; , the time 7
“for which it has been spinnin g to reach the present value of w is

[ 11w
= — —_— = — < T = = —— = T
24 | " o2 | T 240? T 2deydr Y

- in agreement with its origin in AD 1054.

711 Black holes

i Neutrons play a similar role in supporting a neutron star as degenerate electrons
do in Supporting a white dwarf. The limit to which the degenerate neutron gas
“tan do this is analogous to the Chandrasekhar limit for electron degeneracy in
- White dwarfs. If we forget about the strong nuclear interactions and general

7.11
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]Imaginc a particle approaching a point mass
M along a radius vector r with velocity v(r).
The acceleration at r is dv/dt = vdvydr =
GM jr?. Integrating, assuming v = O al r =
0, the velocity at r is given by v2 = 2GM /r.

relativity effects in high gravitational fields, we can apply (7.28) and (7.29)
with the substitution mp for m, and A/Z =1, so that the limit (7.31) becomes

3\/5 h 372 B
i = (E) (E) my? ~ SM (7.48)

For neutron stars with masses M > M .5, the degenerate neatron gas becomey
relativistic and gravitational collapse is inevitable. However, strong interactiong
between the neutrons will tend to make the neutron star matter more incom.
pressihle and increase the maximum mass. On the other hand, the gravitational
binding energy of a neutron star is comparable with its mass energy (see (7.39)),
so that non-linear gravitational effects associated with the mass energy of the
field itself should be included and this wil tend to decrease the maximum mass
of the neutron star. So (7.48) should only be taken as an indication that the
critical mass of neutron stars is a few solar masses,

The fate of a neutron siar that undergoes gravitationa) collapse is a black
hole. The crucial property associated with a black hole is the Schwarzschild
radius for an object of mass M, given by the formula

2GM
Rschw = 7 (7.49)

This result was derived by Schwarzschild, who obtained an exact solution to
Einstein’s field equations of general relativity, for the specific case of a gravita-
tional field due to a large static mass M. By chance it happens that it can also be

found using special relativity and the equivalence principle (see Appendix B), +
or by equating the radial escape velocity from a point mass M to the velocity
of light.! As an example of (7.49), the Schwarzschild radius of & star of mass
M = 5Mg is Rschw = 15 km. Equation (7.49) implies that when the physical

radius of acollapsed star falls inside the Schwarzschild radius, there are no light
paths (geodesics) to the outside world. Photons from the star cannot escape its
gravitational field and it becomes black to an outside observer.

To understand how this can be, let us apply the special theory of relativity by
comparing a time interval df on a stationary clock in a remote inertial frame with
that, d’, on an identical clock stationary in an inertial frame that has velocity v
relative to the first frame, and is instantaneously co-moving with the surface of
the collapsing star. Then d> = d>(1 — v?/c?). Thus, as v — ¢, df — Oand
to an observer in the remote frame, the star appears ‘frozen® in time. Equally,
the wavelength of light from a star collapsing inside its Schwarzschild radius
undergoes a redshift according to the relation )’ = A /(1 — y? /32 and the
redshift tends to infinity as v — ¢. Since the quantum energy of the radiation
hv = hefh — Gas h — oo, the energy emitted from the star also tends to
zero. These phenomena are what would be recorded by an external observer.
An observer within the Schwarzschild radius would, however, record lots of
activity, but would not be able to commanicate with the outside world.

Black holes are inevitable consequences of Einsicin’s general theory of
relativity—even if Einstein could not bring himself to beliove in their exist-
ence. From the general theory it follows that everything possessing energy and
momentum, including photons, will be deflected by a gravitational field and
will be *trned around” if the field is strong enough.
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The experimental evidence for the existence of black holes is quite convin-
cing. Iirests, for example, on observation of binary systems in which the motion
of the visible star implies the existence of a compact invisible companion with
mass M > Mp,,. Such systems are observed as compact X-ray sources, the
X-rays being produced as mass from the visible star flows into the black hole.
Candidates are the X-ray source Cygnus X-1, with M = 3.4M, and V404

Cygni, which includes a compact object of M > 6M,. However, the most

... dramatic and compelling evidence is that for extremely massive (10°~10° solar
& mass) black holes at the centres of essentially all galaxies. Our own Mitky
Way, for example, contains 3 black hole of about 4 x 106 solar masses, as

deduced from the observed Keplerian orbits of one or two stars circulating it

+ with enormous velocities (see Problem 7.8),

Itis generally considered that some of the most violent events in the universe,

- such as y-ray bursts (see Section 6.7 ) from the so-called active galactic nuclei,
© may be associated with massive black holes (M ~ 108My) at the centres of
' galaxies. The infall of matter—stars, gas, and dust—towards the black hole

could generate electromagnetic radiation and also he responsible for acceler-

. ating the highest energy cosmic rays. Only about 1% of present galaxies are
< ‘active’ (AGNs). In most galaxies, the mass infal] of surrounding material into
“ the black hole has been essentially completed and one is left with the ‘ash’ of

. the originally very active galactic nucleus, namely a relatively guiescent but
- massive black hole.

7.12 Hawking radiation from black holes

One effect of quantum fluctuations in very strong gravitational fields is that
black holes are able to emit (thermal) radjation, as proved by Hawking in 1974
{Hawking 1974). The Hawking temperature for a black hole of mass M is
given by

he?

SnGM

For example, for M = Mg, Ty ~ 8x 108 K. Note that as the black hole loses
energy and mass, it gets hotter, and thus a black hole will eventually evaporate

and disappear. The lifetime can be calculated from the rate of energy loss from
the surface:

kTy =

(7.50)

d(Mc?)
dz

_ 2 4
= 4“R5chw0 Th

where o = n2k4/ (60#° ¢?) is the Stefan constant. Substituting from (7.49) and
(7.50) and integrating, one obtains for the lifetime

G*M3 M3
TRH = const. x o ~1066(;ﬁg) yr (7.51)

Thus, the time for a black hole of a typical astronomical mass to evaporate is
far longer than the age of the universe,

The origin of the Hawking radiation and the form of (7.50) can be made plaus-
ible by the following simple argument. Suppose that, as a result of a quantum
fluctuation at a radial distance r just outside the Schwarzschild radius of a black
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Fig. 7.9 Crcation of an electron- positron pair
just outside the Schwarzschild radius of a
black hole.

hole of mass M, a virtual e*e™ pair is temporarily created (see Fi g.7.9). Ifthe
pair has total energy E it can, according to the Uncertainty Principle, exist for
atime At ~ h/E. In this time the two particles can separate by a maximum
radial distance Ar ~ cAt ~ ch/E. The difference of the gravitational field
strengths at the positions of the two particles is then (2GM /r3) Ar and the dif-
ference AF of the gravitational forces upon them is this quantity multiplied by
the effective mass, E/c?, so that the tida force is AF ~ (GM /r3)jc. For the
gravitational field to be able to create the pair, one requires AF Ar > E, thatis
E < R(GM /r*})/2 The largest value of E will be for the minimum value of r, F
namely » ~ Rgeyw, giving the order-of-magnitude condition
g~ '

GM
agreeing with (7.50) up to numerical constants. In the presence of this strong
gravitational field, the pair can be separated fast enough, such that one of them
gets well outside the Schwarzschild radius and escapes as a real particle, while

the other is sucked back into the black hole.

7.13 Summary

e Stars form from protostars consisting of vast clouds of hydrogen in
gravitational collapse, which contract until the core temperature reaches
kT ~ 1 keV, when thermonuclear fusion of hydrogen to helium com-
mences and the star attains hydrostatic equilibrium. This hydrogen fusion
on the main sequence of the Hertzsprung—Russell diagram continues
typically for billions of years.

e When the hydrogen fuel is exhausted, fusion of helium {0 carbon and
oxygen takes place, at a higher core temperature and on a much shorter
timescale. The star becomies a red giant with a bloated envelope,

s If the stellar mass is of the order of a solar mass or less, the consumption
of helium marks the end of the fusion cycle and of nuclear energy release,
and the star cools off slowly as a white dwarf with a degenerate electron
core.

» In more massive stars, the core temperature becomes high enough for
fusion to continue, with production of heavier elements up to nickel
and iron.




o If the mass of the iron core exceeds the Chandrasekhar mass of 1.4Mg, it
isinherently unstable and suffers catastrophic collapse with the formation

, of a very compact neutron star of nuclear density. About 10% of the mass

i energy of the star is emitted in the form of a burst of neutrinos, and as a
shock wave which gives rise to the optical display of a Type ! supernova.

o Ifthe core massis much larger, around 4-6M,, the neutron star is unstable
and undergoes further collapse to a black hole. Binary systems with a
black hole as one partner are compact and very intense sources of X-rays,
emitted as matter flows into the hlack hole from the companion.,

* Black boles can decay by emission of Hawkin g radiation, which is a
manifestation of quantum fluctuations near the Schwarzschild radius of a
black hole. Intense sources of X-rays from the centres of many galaxies
are attributed toemission from very hot gas flowing into massive (108M_,)
black holes at the galactic centre. Such black holes may be identified with

7 active galactic nuclei, associated with intense y-ray bursts as described

1 in Chapter 6.

- Problems

More challenging problems are marked with an asterisk. #(7.5) Calculate the mass of a black hole with a Schwarzschild

radius equal (o the particle horizon distance for a uni-
verse of age 1. If the universe had a density equal to the
critical density, at what valve of # would the mass of
the universe be equal to that of the black hole?

(7.1) Estimate the maximum rotational frequency of a white
dwarf star, assuming that i( has a mass equal to a solar
mass and radius of 1% of the solar radius.

(7.2) Calculate the luminosity (in W) of the Sun, giventhat its
surface temperature is 5780 K and its radins is 7 x 10° m.
Solar energy is provided by fusion of heljum from
hydrogen. Tf 5% of the hydrogen in the Sun has so far
been converted to helivm, estimate the age of the Sun,

(7.6) Estimate the radius and mass of a hlack hole with a
lifetime equal to that of the universe.

(7.7) Show that, in the reaction Ve+p — e +4n, the cross sec-
tion is of the order of G p? where the CMS momentum

assuming the luminosity to have been constant.

in the final state py ~ E, — Q. Here, E, is the anti-

*(7.3) Find the maximum mass for a body containing nor- neutrino energy, assumed to be small compared with the
mal atormnic matter (density 10* kg m—*) which does not nucleon rest-mass but large compared with the electron
require electron degeneracy pressure in order to maintain rest-mass, which can be neglected, and Qs the threshold
its stability against gravirational collapse. What ohject cnergy for the reaction.
might such a body represent? (7.8) Astar has been observed (in the infra-red} in orbit ahout

(7.4) The slow-down of the Crab Pulsar is assumed to be due a massive unseen object (black hole) at the centre of

to emission of dipole radiation as a result of its rolating
magnetic field as indicated in (7.47). However, onecould
alse ask if the slow-down could be due to gravitational
quadrupole radiation, varying with rotational frequency
as ® as in (6.37). Show that the ohserved values of
@ =190 57" and dw/dr = —2.4 x 10~* would then be
inconsistent with its known age.

our gataxy, identified with the compact radio and X-ray
source Sagiltarius A* (see Physics Today, Feb. 2003 for
references). The elliptic orbit has a period of 15 years and
eccentricity of 0.87, and the closest distance of approach
(perigee) is estimated to be 17 light-hours. Calculate the
mass of the black hole and the orbital velocity of the star
at perigee.




Table of physical
constants

The following table is taken from the ‘Physical Constants’ Table of the Particle
Data Group, published in the European Physical Journal, C15, 1 (2000).
Constants in the table below are quoted only to three figures of decimals.

Symbo] Name Value

¢ velocity of light (in vacuum) 2.998 x 10¥ mg~!

A Planck’s constant/27 1.055 x 1073 J's = 6.582 x 10722 MeV's
Hic 0.197GeVfm = 3.16 x 1072 Jm

€ electron charge 1.602 x 10717 ¢

me electron mass 0.511 MeV/c? = 9.109 x 103! kg

My proton mass 0.938 GeV/c* = 1.672 x 1072 kg = 1836m,
my neutron mass 0.939 GeV/c?

Mo — my, neutron—proton mass difference 1.293 MeV /2

o permeability of free space 47 x 1077 NA~2

g0 = 1/upc? permittivity of free space 8.854 x 1072 Fm™!

o = é? fAmeghc

re = €% JAm sgmgc?
oo = 4weoh? Jmee
Ae=H/mec =reja

2

or = 8nr2/3
pB = €h/2m;
pN = efif2m,
w/B =¢e/m,
Na

k

o = 72k /60K 3
Gg/ (hc)?

sin® Gw

My

Mz

G

au

My = (he/G)!/?

fine structure constant

classical electron radins

=r. /a2 = Bohr radius

= reduced Compton wavelength of
electron

Thomson cross section

Bohr magneton

nuclear magneton

cyclotzon frequency of electron

Avogadro’s number
Boltzmann’s constant
Stefan’s constant

Fermi coupling constant
weak mixing parameter
W-boson mass
Z-boson mass

gravitational constant

astronomical unit = mean Earth—Sun

distance
Planck mass

1/137.036 _
2.818 x 10715
0.529 x 10~10 n;xﬁg“
3861 x 10-¥ m

0.665 x 1072 m? = 0.665 b
5.788 x 10~ Mev T™!
3.152 x 1074 Mey T-!
1.759 % 101 rag s~ Tt

6.022 x 10 mol™!
1.381 x 1072 JK ! = 8.617 x 10~ MeVK~!
5670 x 108 Wm—2K—4

1.166 x 1075 Gev—2
0.2312

80.42 GeV/c?

91.19 GeV/c?

6.673 x 1071 m* kg1 52
1.496 x 101 m

1.221 x 1017 GeV/c? = 2,177 x 10 8 kg

SR IR T T




Table of physical constants 215

I Symbol Name Value
parsec 3.086 x 10" m = 3.262 ly
solar mass 1.989 x 1030 kg
solar radius (equator) 6.961 x 10° m
solar luminosity 3.85 x 100 W
Earth mass 5.975 x 10%* kg
Earth radius (equator) 6.378 x 106 m
Hubble expansion rate 70 (£10) km s~ Mpc~!
CMBR temperature 2725+ 0001 K
age of Universe 14 + 2 Gyr

Conversion factors

1eV=1602x 10771 1ev/c? = 1782 % 10 36 kg

© kT at 300 K = 1/38.681 = 0.02585 ¢V

lerg=10""J; 1 dyne = 10 N; 1 cal =4.18 J; 0°C = 273.15K

1 atmosphere = 760 Torr = 101325 Pa = 1013 gm cm ™2

i 1bam = 10728 m2; & = 3.141592; ¢ = 2.718281828

& pe=0.3Bp = momentum in GeV of singly-charged particle with radius of curvature p in metres in a
s magnetic field of B tesla.
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Relativistic
transformations

B.1 Coordinate transformations

The special theory of relativity, proposed by Einstein in 1905, involves trans-
formations between inertial frames of reference. An inertial frame is one in
which Newton's law of inertia holds: a body in such a frame, not acted on by
any external force continues irrits state of rest or of uniform motion in a straight
line. Although an inertial frame is, strictly speaking, an idealized concept, a
reference frame far removed from any fields or gravitating masses approximates
to such a frame, as does a lift in free fall on Earth. On the scale of experiments
in high energy physics at accelerators, gravitational effects are negligibly small
and the laboratory can, to all intents and purposes, be treated as an inertial
frame. However, on the scale of the cosmos, gravity is the most important of
the fundamental interactions.

We summarize here the coordinate transformations between inertial framesin
special relativity. These are obtained from two assumptions: that the coordinate

wransformations should be linear (to agree with the Galilean wansformations

in the non-relativistic limit); and that the velocity of light ¢ in vacuum should
be the same in all inertial frames (as observed in numerous expesiments). The
relation between the coordinates x', 3, z', #' of an event in an inertial frame X'
moving with velocity v along the x-axis with respect to an inertial frame Z,
where the coordinaies of the event are x, y, z, # is then as follows:

=yx—-v) ¥=y 7=z t':y(t—:—;) B.1)
where y = (1 —v?/¢?)~1/2 is the so-called Lorentz factor. Whenv — 0,y —
1, ¥ = (x— ), and ¢/ — r as in the Galilean transformation, and the
transformation also makes the velocity of light invariant: x2 4+y?2 4+ 77 —c%? =
x% +y? + 22 — ¢%? = 0. The invariant interval or line element is made up of
the squares of the coordinate differences for two events and is defined by

dsz — CZ dtlz _ dxfl _ dylz _ erZ
=P d? — A — dy? — d7?
= dr? (B.2)

It has the same value in all inertial frames, as is easily demonstrated by substitu-
tion in (B.1). The interval is invariant not only under Lorentz transformations
between inertial frames, but also under translations or rotations of the coordinate
axes. In the third line above, 7 refers to the ‘proper time’ that is the time on a

whe
the

atin
OO
con

Or.

in«

int
fi
Wr



clock fixed in the inertial frame (for which dx = dy = dz = 0). The interval ds
is referred to as timelike, null, or spacelike according as ds? is positive, zero,
or negative. Note that if the coordinate increments refer to the passage of a
light ray, ds? = o, using Pythagoras's theorem and the fact that, in inertial
framies, light travels in straight lines. In the case of non-inertial frames, that
is, reference frames accelerating with respect to inertial frames, light does not
travel in straight lines, and space is non-Euclidean or ‘curved’.

If we write the coordinates in (B.1) in a different notation, as cr — Xg, X =x71,
Y = x2, 2 = x3, then, (B.2) can be set in the form of the space-time metrig

ds® = ) gy dx, dx, (B.3)

where the summation is over H,v=0,1,2 3 and Zuv is a 4 x 4 matrix called
the metric tensor. For coordinate frames, in general, including those acceler-
ating with respect to incrtial frames, g,,, will be a function of the space—time
coordinates Xp. However, for inertial frames only, it has a simple form with
constant diagonal elements and all off-diagonal elements equal to zero:

go=1 gn=gn=gy3=-1; g =0 forp#v B.4)

. of, set in matrix form,

1 0 0 o

lo -1 0o @
Ewv=1lo o -1 o
0 0 0 -1

in conformity with (B.2).

In the above we have used rectangular ceordinates, but we can also set the
interval in terms of spherical coordinates ¥, 6, ¢ where r is the radial coordinate,
6 is the polar angle, and ¢ is the azimuthal angle about the z-axis, when we can
write

ds* = 2di® — dr? — r2(d6? + sin?6 dgp?) (B.5)

That is, dxy = ¢ dr, dx; = dr, dx; = rdé, and dxz = rsiné de,

The general theory of relativity proposed by Einstein in 1915 is concerned
with providing an invariant description of physical phenomena in all conceiy-
able reference frames, including those in accelerated motion with respect to
inertial frames, the acceleration being provided by gravitational fields. The
theory is summarized in Einstein’s field equations, which have been solved
for several situations (although no general solution has ever been found). A
Very important solution is the one obtained by Schwatzschild in 1916, for the
metric in the neighbourhood of a spherically symmetric distribution of total

(.., mass M, far removed from other gravitating masses. In this case the elements

of the metric tensor are no longer constant as in (B.4), but functions of the

i, coordinates. The Schwarzschild line element has the form

2 —.l
ds? = [1 - G_’;’] &2 d:2—[1 - 26;”] dr’ —r(d6? +sin? 0 d¢?) (B.6)
c

rc

“Where the coordinates ¢, r,8, and ¢ are those measured by a remote observer

o I adistant inertial frame. This formula can be used to calculate the deflection

B.1
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of light rays by the gravitational field of the mass M, and provided an carly
verification of Einstein’s general theory of relativity, by measurement of the
deflection of a light ray passing close to the Sun——the ‘Einstein star shift’ —jp
the famous 1919 eclipse expedition.

In contrast with (B.5), the coefficients in (B.6) of both d¢ and dr depend
on M and r (however, since there is spherical symmetry, there can be no such
dependence for the angular coordinates). The metric tersor is again a diagonal
matrix with all off-diagonal elements (i.e. with z # v) equal to zero.

An important consequence of (B.6) applies for fixed spatial coordinates r=
dé = d¢ = 0), when the ransformation between time intervals becomes

ds? = ¢*dr? = 2 di? [1 — ZGT ] (B.7)

re

That is, the proper time interval dr measured on a clock at rest in the gravita-
tional field of the mass M is reduced in comparison with the value d¢ on an
identical clock in the remote inertial frame. A clock in a gravitational field runs
slow! When the clock is placed at the radial coordinate r = 2GM/c?,dr = 0,
thatis, the time on thelocal clock appears frozen, The quantity rschw = 2GM/c?
is called the Schwarzschild radius of the mass M. The formula (B.7) can also be
inferred using heuristic arguments from special relativity and the equivalence
principle, as shown in the next section.

B.2 The equivalence principle: clocks in
gravitational fields

Suppose, an obscrver, initially at rest in an inertial frame X, is given a small
acceleration a in the x direction. The space coordinates he records, for an event
with coordinates x, y, z, £in T will be

x'=x—%at2, yfzy, zf=z

With x = x' + 1a and dx = (3x/8x')dx’ + (3x/d1)dt = dx’ + ardy, the E

invariant interval (B.2) is

ds? = P d? —dx? — dy? — d72
=(c? ~ahd? — 2ardx’ dr — dx? — dy? — dz? (B.8)
The second line refers to spatial coordinates measured in the accelerated frame
¥’. The time dr’ elapsed on a clock fixed in this acceleratin g frame of reference,

that is, for which dx’ = dy’ = dz’ = 0, will be given by ds® = ¢?dr? and
hence

2.2
dr? = (1 - %) ar? (B.9)

The instantaneous velocity of the accelerating clock measured in ¥ is v = ar
so that the interval df’ of proper time measured on this clock, as compared with
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the value dr measured on an identical clock at rest in % is also given by

PRV
i dr’2=kl—%)dt‘ (B.10)

which is the usual formula for time dilation following from the Lorentz trans-
. formation (B.1). The interval df’ is here the same as would be measured on
. an identical clock at rest in an inerfial frame T” which is instantaneously co-
¢ moving with the accelerated clock and has velocity v with respect to the frame
*. E. The distance which the accelerated clock has moved after time £ is 5 — %atz,
- so that a%2 = 2aH and (B.9) can be written as

2a
dr? = (1 - cf) dr? (B.11)

] E The principle of equivalence states that a frame &7 accelerating with respect to
$ aninertial frame T is exactly equivalent 10 a system at restin X but subject to a
& homogencous gravitational field. This comes about because of the equivalence
1 of gravitational and inertial mass. The inertial mass of a body is defined as the
ratio of the force F applied to the acceleratjon g prodiiced, that is,

Fr=Mg

"The gravitational mass is defined by the force on the body in a gravitational
eld, due, for example, to a point mass M at distance -

GM
Fo = Mg (-T)
-
H ¥ F1 is the gravitational force F G it follows that the * gravitational acceleration’

is

. Mg\ GM

g= (M; ) — {B.12)
" 50 that £ will be the same for all bodies provided they have the same ratio of
. _gravitational to inertial mass (and if they have, an obvious convention is to
set the ratio equal to unity). The principle of equivalence has been checked
éxperimcntally to a precision of better than 1 part in 1012, using very precise
torsion balance experiments.
., In (B.11) we can therefore replace the accelerated, moving clock by an

identical, stationary clock in a gravitational field providing a gravitational
acceleration g, so that

T 2AP
Wi dr? = (1+ o )dtl (B.13)

T

5 ‘;Where d’ is the time imterval on the clock in the field, dr is that on an identical
i ¢lock in an inertial frame remote from any gravitational field, and Ad = —gH
h the difference in the gravitational potential. For the remote clock, @ = 0,
While for that in the field, ® < 0. Thus, a clock at low (negative) gravita-

Bal potential, such as one at sea-level, should run slower than an identical

¢k at a higher (less negative) potential on 2 mountain top. This predicted
Bravitational shift was verified experimentally by Pound and Snider in 1965. In

he equivalence principle: clocks in gravitational fields 219
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their experiment, the very small (10~'%) increase in frequency of *'Fe yrayy
falling down a vertical 22 m tube was measured by means of an *7Fe absorber
at the bottom, utilizing the Mosshauer effect. The photons from the emitter
at the higher potential are ‘blue-shifted’ compared with the absorption fre.
quency at the lower potential, and this was compensated using the Doppler
effect, by slowly moving the absorber downwards at the appropriate Vtﬂocity
vic = Av/v ~ 1071, Since that time, atomic clocks have been carried on
aircraft to directly verify the above formula by comparing with similar clocks
at ground level.

Relative to our remote clock at & — 0, a clock in the field of a point mass M
at distance  is at a potential ® = —GM Jr and

26M
dr? = [1 - ?] dr? (B.19)

The analysis here has assumed small values of acceleration, that is A® & 2,
It happens by chance, however, that (B.14) is correct even for strong fields, and

gives the same result as (B.7), which follows from the tull analysis using the
general theory of relativity.

B.3 Relativistic kinematics

The transformations of energy and momentum of a particle between inertial
frames in special relativity are easily found from the coordinate transformations
(B.1) by replacing x, y, z by the Cartesian components Px, Py, p; of the three-
momentum p of the particle, and the time component by the total energy E

(using units ¢ = 1 for brevity). Then, the transformations between an inertial .

frame ¥ and another frame T moving at velocity 8 = v/c in the x-direction
with respect to T are

Px =y {px — BE)
p% i (B.15)
pi=r;
E = y(E - fp)
where ¥ = (1 — 87172 and the guantity
E? —p?=E—p* — p? (B.16)

where m, the rest-mass of the particle, is invariant under the transformation.

We already saw in (B.2) that the expression for the square of the interval ds
Was an invariant under a transformation to another inertial frame., The quantity
ds is called a four-vector, since it has four space and time components, and
the invariance under Lorentz transformations is analogous to the invariance in
three space dimensions, of the length squared of a three-component vector under
translations or rotations of the coordinate axes, The general scalar product of
two four-vectors A, and B, is

ZguvAiqu =ApBy —A-B
with g, from (B.4).
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So, in kinematics, we express the quantities in (B.15) as components of four-
vectors called four-momenta p, (1 = 0,1,2,3), where po = E, p1 = p,,
P2 = Py, P3 = p,. The four-momentum squared is a Lorentz scalar with the
value

PP=) gupupy =m* (B.17)

In scattering experiments in high energy physics, the result of the scattering
of a particle by the interaction can be expressed in terms of the invariant four-
momentum transfer g, = p,, — p#, sothat g = (E — E")?2 — (p — p')?, where
the unprimed and primed quantities refer to the values for a partlcle before and
after the interaction. It is left as an exercise to show that ¢ is always negative
'~ in a scattering process.

i In kinematic problems, it is advantageous to evaluate quantities in the centre-
b of-momentum system (CMS), that is, in a coordinate frame where the total
¥ three-momentum p of the colliding particles is zero. Then, the invariant four-
® momentum squared (which can be evaluated in any inertial frame) is just equal
to the square of the total CMS energy, conventionally denoted by the symbol

s= ECMS (but not to be confused with the space-time interval, also called s).

‘B4 Fixed target and colliding beam accelerators

& As an example of the use of four-vectors and the centre-of-momentum frame of
! ¢ reference, we consider fixed target and colliding-beam accelerators. Suppose
g a beam of particles of mass m,, energy E,, and momentum p, collides with
a target particle of mass my, energy Ep, and momentum py,. Then the total

four-momentum squared is given by
s = (Ea+ Eb)> — (Pa + Pv)* =m2 +mi + 2(E.Ey — Pa - Pp)  (B.18)

The energy available for new particle creationis ¢ = S—mp—my X E, > m,
and Ey, >> my, then,

&2 ~ 2(EoEp — Pa - Pb) (B.19)
(a) Fixed target

If the beam of particles a collides with a stationary target b, so that E, = my,
and pp = 0, then,

e ~ (2mpE,)'/? (B.20)
and the available energy rises with the square root of the incident energy.
Examples of accelerators which have used fixed targets are the CERN PS

(Proton Synchrotron) accelerating protons to 28 GeV, and the CERN SPS (Super
Proton Synchrotron) for protons up to 400 GeV.

.. (b) Colliding beams
If the beams of particles a and b collide head-on, then p, - p, = —|pal|pp| and
\M assuming both beams are extreme relativistic, we obtain

&% % [2(EaEp + |Pallpb))] ~ 4E,Ep

In many colliders, the two beams are of particles of equal masses and equal
energies, that is, £, = E, = E, in which case

g~ 2F B21)
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so that the available energy rises in proportion to the beam energy. An example
is the LEP II e*e™ collider at CERN, accelerating electrons and positrons
in opposite directions in the same vacuum tube. The beam energies were

E = 100 GE_EV? so that the 200 GeV available (MS anarov wos ciiffaio .

S RRAet AL LU ROV SVAaLaliC LS CnCIgy was aufﬁ!‘;l

to investigate the reactions e*e~ — W¥W~ and Z°Z0, where the threshold

energies are 2Mw ~ 160 GeV and 2M7 ~ 180 GeV. The HERA machine ig

an example of an asymmetric ep collider, accelerating electrons or positrorig
to 28 GeV energy in one vacuum ring, and protons to 820 GeV in the other
direction in a second ring above the first, the two beams being brought into
collision in two intersection regions. In this case, the square of the CMS energy
is s = 93 000 GeV?, and the useful maximum value of four-momentum transfer
squared between the particles is |g%(max)| ~ 20000 GeV2, about a hundred
times the maximum useful value attainable using secondary muon or neutrino
beams from fixed target machines.

Colliding-beam machines have the obvious advantage of providing much
higher CMS energies for a given beam energy, and have been essential in
identifying the more massive fundamental particles—the W= and Z° mediators
of the electroweak interactions and the bottom and top quarks during the 1980s
and 1990s. They are, however, limited to beams of stable or nearly stable
particles, namely electrons, positrons, protons, antiprotons, heavy ions, and,
possibly in the future, muons (in LT~ colliders).

Fixed target machines achieve lower CMS energies but have the advant-
age that they can produce a range of intense high energy beams of secondary
particles, for example, 7, K*, KO, ., v,.. These were important, historically, in

laying the quantitative experimental foundations of particle physics, including
the establishment of the quark substructure of matter and of CP violation in -

waalr intarantinng in tha 104Ns ad PR, WU T

weax mteractions in the 1960s, and of quanuain cllqulUU)/Il&iTliCS of the stron

interquark interactions in the 1970s. They still have very important applications "~
today (2003) both as injectors for colliders and as sources of neutrino beams -

for the study of neutrino oscillations.
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| The Robertson-Walker
| line element: distances
; and angles in

l cosmology

|E
i

C.1 The line element

d "‘,, For the FLRW model of an isotropic and homogeneous expanding universe, the
ine element (B.5) appropriate to inertial frames in special relativity is modified
& 1n general relativity as follows:

dr?
1 -Kr?

ds? = 2d® — R2(p) ( +7r2d6% + r2sin? 6 d¢2> (C.1)

% where R(t) is the universal expansion parameter, r the radial space coordinate in
‘{; areference frame co-moving with the expansion, and the parameter K describes
" the curvature of space. K' > 0 corresponds to positive curvature, K < 0 to
k negative curvature, and K = 0 to the flat Euclidean space of special relativity.

Equation (C.1) follows from the solution of the field equations of general
i relativity, and we have simply stated the result. However, the form of the
curvature term can be understood from a two-dimensional analogy. The accom-
{ panying figure (Fig. C.1) shows a section through a sphere of radius p, centre O,
A and B being two points on the surface of the sphere. The shortest distance
" between A and B along the surface is the arc AB of a great circle, of length /.
. Denoting the angle subtended at the centre by @ = I/p and the chord AB
through the sphere by r = 2 sin(a /2), and defining the curvature parameter K
i by p = 1/(2v/K), it follows that

1
l= —sin YovK
) TR ( )

_ dr _ dr
cos(IVK) VI—Kr2

‘expressing the element of arc length d! along the surface of the sphere in terms

the curvature K and the corresponding element of arc length dr for the limit
&"= 0. Note however that this two-dimensional analogy applies for K >
¢ .only and that there is no two-dimensional analogue for K < 0.

d! (C2)
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Do=rR(1)

C.2 Distances in cosmology

Consider a galaxy G, of fixed diameter d, fixed angular coordinates 6, ¢, and '

redshift z. To reach a telescope on the Earth at time 15, light pulses must leave G

at time ¢, say. Those leaving opposite ends P and Q of the diameter will subtend l -

an angle at the Earth of A, which can be found by putting d¢ = dt = dr = 0
and d9 = A6 in (C.1), when we obtain (see Fig. C.2)

s = —[R(H)rA)?

where r is the co-moving and time-independent space coordinate of G relative
to the Earth, as in (2.5). However, ds? = —d? since d is the spacelike separation
of P and Q in the G rest-frame. (Note that d, being a galactic quantity, is not
subject to the universal expansion.) Hence,

d d
rR(f) ~ Da

AN
AU =

(C3)

where the quantity
Dp =rR(t)

is called the angular distance of G. The above relation simply states that the light
pulses leave G at time ¢, when its instantaneous distance from Earth is rR(z).
Of course, this is not the distance of G when those pulses arrive at the Earth,
at the later time #o. That distance is larger because since the pulses left G, the

universe has expanded by a factor R(0)/R(t) = (1 + z). We can denote this -
distance by e
------ —E)— A ‘
As the redshift z — oo, this quantity tends to the horizon distance discussed in &
Section 5.1.
A common method of estimating the distance to a pointlike source is from
its apparent brightness or luminosity L, assuming that the intrinsic luminosity
or power output P from the source is known. The distance to the star when the
light arrives on Earth is R(0)r as above. The amount of energy falling on the

Earth per unit area and per unit time, that is, the flux or apparent luminosity
is thus given by

Lo P 1 P
P 4RO T A+22  4xD?

C5)

Here, one factor of 1/(1 + z) arises because pulses of light emitted from the
source over a time interval At arrive at the detector over a dilated time interval
At(147), and the second 1/(1 4+ z) factor arises because the energy per photon

at emission has been red-shifted downwards. The quantity Dy, defined in (2.3)
and in (C.5) is called the luminosity distance, where, from (C.4),

DL =Da(1 +2)®> =Dy(l +2) (C.6)

The distances defined in (C.4)~(C.6) are in terms of r and R(0), neither of
which can be observed directly. We must express these in terms of measurable
quantities, namely the redshift z of the galaxy G and the Hubble parameter H,.
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First of all, we note that light travels along geodesic paths (i.e. paths of least
time) given by ds? = 0. For a light ray travelling to us from galaxy G located
at fixed angular coordinates 6, ¢ we therefore obtain the following differential
relation from equation (C.1):

dr
c(l +z)dt = R(0)——
V1 —Kr?
1dR ( 1 \dz
R dr \1+42z/ dr

r dr tdz c
R(O) A T\/_:K’Q=/C(1+Z)dt—6/0 E:E(;I(Z) (C.S)

where from (2.31) and (2.32) the integral I(z) is defined as

dz
- / [2m(O0)(1 +2)* + 2 (0)(1 + 2)* + Q2,(0) + Q2 O0)(1 + 2)2](1(/:29)

I(z)

‘{._ and the closure parameters $2,, 2, Qy, and Qi refer to matter, radiation,
B vacuum, and curvature terms, and we recall from (2.24) that Q0 =
¥ —Kc?/[R(0)Ho]? and that Qp, + Q; 4+ Qy + Q4 = 1.

%  The integration of the left-hand side term in (C.8) is straightforward and
" gives the relation (cf. (C.2) for the case K > 0)

b3
I
"

1 p1/2
c sin” " (rK'/<)
sinh~! (r|K|1/2)
=R(0)r K =0 Flat (C.10¢)

. Thus, the expression for the distance Dy at redshift z is

Du(@) = RO = 210112 €11

where
Stx) =sinx forK >0

=sinhx forK <0
=x forK =0

- and for K = 0, Dy(z) = R(O)r = (c/Ho)I(z).
(C.11) is the required relation expressing r in terms of z and K. We can use it
»* to calculate the distance to the ‘last scattering surface’ of the cosmic microwave
fadiation when it decoupled from matter at z ~ zgec ~ 1100.
 First, we consider the case of an open, matter-dominated universe with zero
cosmological constant (i.e. Q, = 0). Since we are dealing with values of

C.2 Distances in cosmology 225
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z < 1100 we can also simplify things by neglecting the radiation term, so theg
with = Qp, and Qk = (1 — Q) we get from (C.9) A.

[ dz o dz
J e+ + -0+~ | G+o0 ra9

(C.12)
with the limits z = 0 and z = z. This integration can be performed, for example,

by making the substitution (1 + Qz) = (1 — Q)sec?6, when it has the value

B 1+ cos@ I T+ —-gq)
0= -n (L0 1[40t
() =( ) n 1 —cos® qn P-9l+9

IQ) =

where p? = (1 + Q2), ¢* = (1 — Q) = Q. With sinh X = (¥ — e~%)/2 and
K|1/2 = R(O)HOQi/ 2 /¢, equation (C.12) gives the following expression for
the distance as a function of z:

Du(z) = R(O)r = [;] sinh {m [W“

Ho(1 — Q)172 (p—q9)(1+9)
20— Q-1+ Q)12 -1)
" Hy [ T Q2(1+2) ] €13

known as the Mattig formula, valid, we repeat, for an open, matter-dominated
universe with zero vacuum energy and the radiation contribution neglected.
The value of the angular distance Dy is obtained by dividing Dy by the
(1 +2) factor in (C.4). It has the interesting property that at small values of z it
is proportional to z, as might be expected, but that at large z,z > 1, it varies a§
1/z. Consequently, the angle subtended by objects of fixed diameter, after first

1€ D wAIRALAS ) DERs O ACU GLATTICTT, aiilr 1iisy

decreasing with increasing distance, actually increases at large redshifts (see
Fig. 5.9 for the open universe case). If, instead, we multiply (C.13) by (1 +2) .-
we get the formula for the luminosity distance Dy.. -

For a very distant object at high redshift (but z < 1000 so as to justify our -
neglect of the radiation term in the above), equation (C.13) gives the simple
approximate result

2c i

Dy ~ Hoo (C.14)

In fact, for Q = 1 this is just the expression for the horizon distance in a flat,

matter-dominated universe (see equation (5.2) and Example 5.1). For an open :

universe, the effect is therefore just to divide the distance by a factor 2. 4

The second important case is that of a flat universe, with the dominant contri

butions from matter and from vacuum energy, thatis Q,;, = QandQ, = 1-Q

and Q = Q; = 0. In this case the integral (C.9) has the form

_/ dz
) Q0 +23+ 1 - )72

No analytical solution is possible and the integration has to be performed numer-
ically. However, for values of z > 4 and > 0.05 one can neglect the vacuum
term in comparison with the matter term and perform that part of the integral
analytically, so that only a few minutes work with a pocket calculator are needed
to plot D versus € for a fixed z. We discuss the results in the next section.

1(2) (C.15)
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C.3 Angle subtended at the earth by the horizon
at the time of last scattering of the cosmic
microwave radiation

The distance to the horizon at the time tdec, When the microwave radiation
decoupled from matter, that is, at zge. ~ 1100, can also be found using the above
. type of analysis. This is relevant to the small-angle anisotropies in the cosmic
- microwave background discussed in Section 5.9. Also, at about that time, the
§ energy density of matter and radiation would have been comparable, which
i was the reason for negiecting the radiation energy density in the above analysis
- for z < 1000. In contrast, for values of 7 > 1000, the radiation term becomes
§ dominant and in a first approximation all the other terms in the integrand of
¥ (C.9) can be dropped. Furthermore, since the curvature term is negligible at
large z values, distances are given by the flat universe formula (C.10c). Hence,
integrating from z = z4e. t0 z = 00, the horizon distance is

d
LH:L/ o = — (C.16)
HoJ Q/*(1 + 2?2 Ho(l 4 Zgec) 2

Note that this agrees with the value of Ly = 2ct given in Example 5.1, taking
k. into account that, for radiation dominance, the time elapsed between z = oo
B and z = zgec, as given in (2.33) is £ = 1/[2Ho(1 + zaec)S21/]. Since at the
¥ present time ©2;(0) ~ 2m(0)/(1 + zdec), the result (C.16) can also be written as

c
"7 Ho(l+ 240 72017

i where Q = Qn(0). Dividing by Dy in (C.14), the angle subtended by the
“ acoustic horizon at z = zg.. is therefore found by including a factor 2 for
the total horizon-horizon diameter and an approximate value of 1 /+/3 for the
ratio of sound to light velocity in a situation where radiation is prominent:

(C.17)

T~ B+ 2 10 (.18)

This result applies for the case of an open, matter-dominated universe with no
vacuum energy term. It is based on several simplifying assumptions and the
absolute value of the angle is therefore only approximate. However, the main
= result stands, namely that the angle subtended varies as Q!/2.

For the flat universe case with vacuum energy (C.15), the result of numerical
integration in Fig. 5.7 shows that the angle 6 in this case depends little on the
. way that the total closure parameter Q,; = 1 is divided between the matter
... and vacuum energy terms, S, and Qy = 1 — Qp,, so that the relative values
of the quantities 2, and §2, are not well constrained by the microwave data on
its own.

As indicated in Chapter 5, the era of matter—radiation decoupling specified
by Zdec is very important, as after that era, matter became dominant, electrons
and protons combined to form stable atoms, and the velocity of sound fell
dramatically, allowing large-scale structures to begin forming.

The variation with Q of the angle ¢ submitted by the horizon at z = zge.,

and calculated from the above formulae is shown in Fig. 5.9. Since the angle
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(C.18) varies as Q'/2, the precision on the closure parameter is just twice the

percentage error in the measurement of the first acoustic peak at I ~ 200,

ra!

C.4 Hubble plot for an expanding or
- contracting universe

In the Hubble diagram, the apparent stellar magnitude, or equivalently the
logarithm of the luminosity distance defined in (2.3), (C.5), and (C.6), is plotted
against log z. The value of Dy, as a function of z depends on the present value
Hp of the Hubble parameter and the cosmological density parameters Q,, Qy,
Q (with Qm + Qv + Q = 1; for our present purposes, discussing z values of
order unity or less, the radiation energy density is negligible). From (C.4) we
know that
Dy.(z) = (1 +2)Du(z)

Hence, the dependence of Dy, on Hp and the cosmological parameters is simply
found by multiplying Dy, as computed from (C.11), by the (1 + z) factor.
For empty, vacuum-dominated and matter-dominated universes, it is left as an
exercise to demonstrate the dependence on z as given in Table 4.1 and displayed

in Fig. 4.11. For Qn = 0.35, Q, = 0.65, a numerical integration as in (C.15)
is required.
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| Yukawa theory and the
( boson propagator

i

The propagator term involved in the exchange of virtual bosons in the interac-
tions between elementary particles arises in the theory of quantum exchange first
7. proposed by Yukawa in 1935. Yukawa was seeking to describe the short-range
¢ nature of the potential between neutrons and protons in the atomic nucleus. He
started with the relativistic relation between total energy E, three-momentum p,
and rest-mass m as in (1.1):

E? = p?c? 4 mct (D.1)

 We now substitute the coordinate operators Eq, = —ihd/dt and Pop = —ikV,

i which will yield the expectation values of energy and momentum when applied

¢ to the wavefunction of a particle, so that the above equation then becomes
(dividing through by —h2c?)

18%y R

c2 3t2 hl

14 (D.2)

called the Klein—-Gordon wave equation describing the propagation of a free,
spinless particle of mass m. If we insert m = 0, (D.2) becomes the familiar wave
equation describing the propagation of an electromagnetic wave with velocity c,
with ¥ interpreted either as the wave amplitude of the associated photons, or as
the electromagnetic potential U(r). For a static, radially symmetric potential,
we drop the time-dependent term so that (D.2) assumes the form

1 3 2.2
VU@ = (—\l — (ﬂﬂ\ =" e (D.3)
\r¢Jor\' ar) k2

As can be verified by substitution, integration of this expression yields the
solution

8o r h
Uy = 2o exp( R) R=— (D.4)
In this expression, gg is a constant of integration. In the electromagnetic case,
- m = 0 and the static potential is U (r) = Q/4mr where Q is the electric charge
" at the origin. Hence, Yukawa interpreted go as the ‘strong nuclear charge’.
. Inserting for R the known range of nuclear forces of about 1.4 fm, one obtains
I ome? = hic/R ~ 150 MeV. The pion, first observed in cosmic rays in 1947
Was a particle of zero spin and just this mass. However, the interpretation of
~ Muclear forces in terms of heavy quantum exchange turns out to be much more
..complicated than Yukawa had envisaged seventy years ago—for example it

- ~Ivolves spin-dependent potentials. Nor is the pion a fundamental boson but
Just the lightest quark-antiquark combination. Nevertheless, Yukawa’s theory
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pointed to a fundamental relation between the range of the interaction (D4)
between two elementary particles and the mass of the associated exchar.j-,
quantum, which is just as valid today as it was years ago. ,

Let us consider a particle of incident momentum Pi being scattered with
momentum pr by the potential U(r) provided by a massive source, in which
case no energy is transferred and the numerical value of the momentum p of the
incident and scattered particles are the same. The particle will be deflected
through some angle 6 and receive a momentum transfer ¢ = p; — Pr(=
2p sin[0/2]). The amplitude f(q) for scattering will be the Fourier transform
of the potential U (r), in exactly the same way that the angular distribution of
light diffracted by an obstacle in classical optics is the Fourier transform of the
spatial extent of the obstacle. If g represents the coupling of the particle to the
potential, we can write

f@=g [ Uy exptiq-rav ©3)
J

Assuming a central potential U (r) = U(r) and withq - r = qr cosf and
dV = r’drd¢sin6 dd where 6 and ¢ are polar and azimuthal angles, and
introducing the Yukawa potential (D.4) we obtain

f@ =2ng // U(r) exp(igr cos ) d(cos 6)r? dr

= ggo / exp (_ % ) {exp(iQr) - exp(—itIr)] 2 dr

1qr
___ 88 880
@R T gy 22 ®?@

This result is for a massive potential source, where three-momentum but no .
energy has been exchanged. For an actual scattering process between two
particles, the relativistically invariant four-momentum transfer squared will
be ¢ = AE? — Ap? = AE? — ¢2. So for 9’ in (D.6), holding for AE = 0,
we should substitute —g?, so that the scattering amplitude becomes, in units
h=c=1
880

m? —gq
Thus, the scattering amplitude denoted by |75 in (1.18) consists of the product
of the couplings of the two particles to the exchanged virtual boson, multiplied
by the propagator term, which depends on the four-momentum transferred
(where ¢? is always negative) and on the mass of the free boson. All the above
expressions are for spinless particles and additional factors are required when
spin is introduced.

f@h =

5 D.7)




Perturbative growth of
structure in the early
universe

We start with the FLRW model described in Chapter 2, which assumes a
completely isotropic and homogeneous distribution of matter and radiation
undergoing the Hubble expansion. We assume we are dealing, at least initially,
with tiny perturbations and therefore weak gravitational fields. Further, the dis-
tances involved, although enormous, are assumed to be small compared with
the horizon distance cf so that the Hubble flow is non-relativistic. We begin by

using classical fluid dynamics. There are three basic equations which read as

follows:
d
o+ Vi(ow =0 E.1)
Ju o —_ F/ 1\ 1
Eﬂ_(u‘v)u_-—l—k;) VP-{-VCI)J (E.2)
V20 = 47Gp (E.3)

In these equations, p is the fluid density, u the velocity of fluid flow, P the
pressure, and @ is the gravitational potential. The first equation (E.1) is the
equation of continuity expressing the fact that the rate of decrease of fluid density
with time is just equal to the divergence of the fluid flow, that is, the mass of
fluid flowing out of the volume in unit time. Equation (E.2) is Euler’s equation.
It states that the force VP on a volume element is equal to the rate of change of
momentum of that element, that is, p du/dr = VP + oV if the gravitational
pressure is included. The total rate of change of velocity, applying to a particular

: element of the fluid, is made up of two parts: the partial derivative du/dt,
measuring the change in fluid velocity at a particular spatial coordinate, plus
a term due to the fact that the liquid element is in motion and in time dr has
travelled a distance dr = u dz. Thus,

o= (51) ¢ [on (32) +or(Gm) won(22)]

=dr (:—?) + (dr - V)u (E4)

and the result (E.2) follows upon dividing by d¢. The third equation (E.3) is
Poisson’s equation for the gravitational potential in terms of G and the density.

E.1 Growth in the
matter-dominated era

234
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!"The following relations are useful in evalu-
ating (E.3) and (E.5):

3 3 3
vor=(iZ +;°% 2
r (lax+"8y+ Bz)
x(ix +jy +kz) =3
(v-V)x=(ivx+jvy+kvz)

X ia +'a +ka
ox "By dz

x[ix + jy + kz]
_ 3 + ] . k2
- V"ax Vyay ‘9z
x[ix + jy + kz]

= (ivx +ij +kv))=v

In the absence of any perturbations in density, the above equations have the
following solutions:

Al — p_O
Py = R(t)3
_ RO
u(t,r) = ml’ (ES)
2
®(t,r) = 21 2P

The first expresses the dependence of density on the expansion parameter R(¢).
In equation (E.1), assuming that we are dealing with a homogeneous universe,
we have Vp = 0, while pV - u = p(R/R)V - r = 3p(R/R): the result fol-
lows (see footnote at left bottom). The second is the equation for Hubble flow

u(f, r) = H(Hr in (2.2), and the third follows from integration of (E.3).

Now we suppose that perturbations in the values of u and p occur. It turns
out to be easier to discuss the developments in a coordinate frame co-moving
with the Hubble expansion. In the following, r denotes a position coordinate
measured by a ‘stationary’ observer (i.e. one not moving with the Hubble flow),
and x that in the co-moving frame. Then, x = r/R(?). The velocity of a fluid
particle defined above as u in the stationary frame is then

(E.6)

The first term on the right measures the velocity arising from the Hubble flow, ‘ s
and the extra term v (where v < u) is the so-called ‘peculiar velocity® of the 4

particle relative to the general expansion. In the absence of a perturbation, this
would of course be zero. The perturbation in density p is denoted by Ap < p
and the fractional change, called the ‘density contrast’, is denoted bys = Ap/p.
A gradient in the stationary system is denoted by Vi to distinguish it from that
in the co-moving frame, called V., where

Ve = RV,

Finally, time derivatives of any function, say F, in the two systems will be
related by '

<3F) | (BF) _(V.F)
- = — —Rx.—~
ar ). = \%r ), R

where the velocity of the stationary frame is —Rx with respect to the co-moving
frame. With these definitions, the continuity equation (E.1) will read!

(E.8)

3 R )
[5 - (E) X Vc] p(1+8) + I%Vc 1A+ OHRx+v]=0  (E9)

In evaluating this expression, recall that Vp = 0 in a homogeneous universe.
Further, if the pressure is small, that is, we are dealing with non-relativistic
matter in our cosmic fluid, p o 1/R3, so dp/dt = —3pR/R. The quantity

v

E®7)
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Ve - x = 3, so that (p/R) V. - Rx = +3pR/R. Finally, second-order terms such
as the product v can be neglected. The equation then reads

aé Vv
— =0 .
(8t> + R (E.10)

The Euler equation (E.2) becomes

3 (R R
_ Vo + (BP/’E:,D)VC(I + )] (E.11)

Subtracting the equation for the unperturbed system and again neglecting

nnnnn A cmdoe oo

second-order perturbative terms such as v-Vv gives

av R Vo 2 Vb

aTYRT R TR
where ¢ (assumed to be <« ®) is the gravitational potential due to the perturba-
tion and 9P/3p = v2 determines the speed of sound in the fluid. The Poisson
equation gives V2¢ = 47 Gpé, so that subtracting the time derivative of (E.10)
from the divergence of (E.12) gives -

=0 (E.12)

826 R /35 v2(V2§)
— = | =) —4nGsp — = =0 E.13
az t R(a:) ) (E.13)
The final step is to express the spatial dependence of the pressure and density
perturbation as a superposition of plane waves of wavenumbers k, that is, of
the form
8(x,1) =) & (t) exp(ik - %) (E.14)
so that for a particular wavenumber k, (E.13) becomes
d2s R ds K2
—+2(=)—=[4nGp— —2 )¢ E.15
az * (R)dt (n’o R2) E.15)
{ The terms on the right vanish for a value of & corresponding to the Jeans length:
: 27R 172
=20 (i) (E.16)
’; k \Gp/

First, we note that, if the expansion of the universe is neglected, that is
R(#) = 0, the solution of (E.15) is either periodic or exponential, according
to the following two possibilities:

1. A > Aj:iftheresponse time for the pressure wave is large compared with
the gravitational infall time, the density contrast grows exponentially:

" 1 172
8 — here T = E.17
“CXP(T) v [(4ﬂGP)] E1D
2. A < Ay: in this case the solution to (E.15) is of the form

2V

6 « exp(iwt) where w = (E.18)

so that the density contrast oscillates as a sound wave.
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E.1 Growth in the matter-dominated era

In the early stages of the Big Bang, the universe is radiation dominated and
in that case the velocity of sound is relativistic, with a value v, = ¢/, /3—ca

SRR VRL Vs = O 4/

Table 2.2. This means that, using equation (2.36) with prc? = (3¢? /3275G) /:2, ,

the Jeans length is

N x 72 327\ /2
= =ct| —
J=c 3G, c 9 (E.19)

In this case the Jeans length and the horizon distance are both of the order of ct,
where 7 = 1/H is the Hubble time (i.e. the time since the start of the Big Bang),
Thus, growth in this stage of the radiation era may appear less likely (and it is
also true that our assumption of classical Newtonian mechanics in Euclidean
space might not be valid on such large length scales).

After radiation and matter decouple, that s, at a temperature of k7 ~ 0.3 eV
(see equation (2.56)) when ¢ ~ 3 x 10° yr, the electrons and protons combine
to form hydrogen atoms and the velocity of sound and hence the Jeans length
will decrease abruptly, so that growth of inhomogeneities becomes possible.
At the above decoupling temperature, vy ~ 5 x 103 ms~! only and thus the
Jeans length has decreased by over 10* times.

Let us take the simple case of a matter-dominated universe with p = p. and

Q = 1, usually referred to as an Einstein—de Sitter universe. Then, from (2.12)
and (2.23),

d2s 4ds 2

—+————§= E.20
dr? + 3trdr  3r2 0 (E-20)

which has a power law solution of the form
8 =Ar*? 4+ pr! (E21)

where A and B are constants. The second term describes a contracting mode and
is of no interest. The first term describes a mode in which the density contrast
grows as a power law. Thus, the effect of taking into account the expansion
of the universe is to change an exponential growth as in (E.17) to a power law
dependence. We note from Table 2.2 that

8o 0 \*? RO N
Sdec (rdec) = Rdeg) — U+ e ~ 1100 ®22
where the brackets ‘0’ and ‘dec’ refer to quantities today and at the time of
decoupling of matter and radiation, that is, when electrons and protons started
to combine to form hydrogen atoms. Since today kTp = 0.23 meV, and at
the time of decoupling k7ye. ~ 0.3 eV, (1 + zdec) = 1100, as in (2.57). The
above equation is a result based on the assumption of small perturbations,
and since we started out with a density contrast of order 10~5, such a large
extrapolation may be questionable. Nevertheless, this analysis shows that any
small anisotropies at the time of decoupling of matter and radiation will increase
in proportion to the scale parameter R(z).




Answers to problems

Answers are given to all the problems. Fully worked solutions are given for
those problems marked with an asterisk.

Chapter 1

(1.1) (GM?/R)/(2Mc?): 2.5 x 10~14; 8 x 102!,
(1.2) In terms of quarks the reaction is written as follows:

di+4udu— uds+ds

The strong interactions have a range of order g = 1 fm, hence a typical
cross section of o = :rtrg = 31 mb(= 3.1 x 10726 cm?). The character-
istic time is rg/c = 3 x 1072* 5. Thus, a value of o = 1 mb correspond

s
1 ; i i i —23 e ratia of
to a strong-interaction time in this case of 107 s. Hence, the ratio of

weak coupling to strong coupling is (10723/10710)1/2 ~ 106,

(1.3) 29.8 MeV: 10 GeV: 5.7 GeV.

(1.4) 55 x 10724 5; 134 fm.

(1.5) (a) yes; (b) and (c) no, AS = 2 forbidden to first order in coupling;
(d) no, because of energy conservation.

(1.6) If all final state lepton masses are neglected, the rate is proportional to
©°. In nuclear beta decay, this is known as the Sargent Rule. The decay
rate W in (1.15) has dimensions E~!. The formula includes a factor
E~* from the weak coupling 612? as in (1.27). Hence, the other factors
in the expression for W must have dimensions E5, that is, vary as Q5
as Q is the important energy in the problem. The values of W/Q° in
MeV > s~ ! are as follows: (a) 3.5 x 10~5 (b) 3.6 x 10~ (c) 3.4 x 104
(d) 2.7 x 10™* (e) 3.9 x 1073, The extreme relativistic approximation
for the electron secondary does not hold for processes (c), (d), and (e)
and W/Q’ shows an increase with decreasing Q.

1.7 Mx \* 3
(1.7 E~(—X) x(ﬂ> Mx ~ 2 x 10" GeV
T, My mp

(1.8) We start by considering a massless neutrino of very high energy E,
momentum p colliding with a nucleon of mass M at rest. The square of
the energy in the CMS of the collision will be

s =(E +M)? - (p+0)* = 2ME + M? ~ 2ME

k ' If the quark carries a fraction x of the nucleon mass the result in the
quark—neutrino CMS will be s = 2xME and the cross section from
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(1.27) will be
Gis  2GZxME
T - T

g =

: n waliae 77 117 o 1n—5 w2 ys n ~ s
Inserting the values G = 1.17 x 107 GeV ™%, M = 0.94 GeV,

1 GeV™! = 0.1975 x 1013 cm (see Table 1.1) one obtains ¢ =
3.2 x 10738xE cm? where E is in GeV, or ¢ = 0.8 x 10~38E cm?
for x = 0.25. The actual high energy total neutrino cross section per
nucleon is o = 0.74E x 10738 cm?.

(1.9) From (1.9) and (1.22) we can write for the differential cross section

do g5
dg>  [7(—¢% + M)
where the four-momentum transfer squared has a maximum value

—g*(max) = s, the square of the CMS energy. Hence, the total cross
section, integrating from g (min) = 0 to ¢*(max) becomes

g dg?
o=_"11_3 212
T [—¢q + My]

4 2
K} Gis
= % b d —F— for 5 << M\ZV
My (s + My,) /4
2202
GFMW

fors > M‘Z,V

Inserting the values of the constants, the asymptotic cross section equals
0.11 nb. The cross section reaches half the asymptotic value when
s = M}, thatis E = M%,/2m. = 6.3 x 10° GeV.

(1.10) 6.3 x 10° GeV.

(1.11) 4 x 107 B35,

(1.12) The three decays are identified with electromagnetic, weak, and strong
interactions, respectively. If we set the strong coupling equal to unity,
then, from the data in the table, that for the electromagnetic interactions
will be of the order of 1.6 x 10~2, and that for weak interactions, of the
order of 5 x 10~7, taking the square roots of decay rates as proportional
to the couplings.

(1.13) The diagrams are as follows:

A o A A o B
Y + First order, rate ~ a2
B B’ B A’
o o
e o o e
v Y Second order, rate ~ o
e o o

In the first-order process of electron—electron scattering via single
photon exchange, there are two diagrams depending on how one labels




the final-state particles as A or B. Since all that one observes is the
scattered electron and not the vertices, both diagrams should be included.

The second-order diagrams contain factors o2 in amplitude or o# in
rate, compared with a2 for the first-order process, so they are relatively
suppressed by a factor a2 ~ 104,

(1.14) (a) and (b) are weak processes, (c) is electromagnetic, and (d) is strong.

Setting the strong coupling equal to unity, the weak and electromagnetic
couplings are ~10~8 and 103, respectively.

(1.15) The ratio R = 3 Y (Qi/e)? where the factor 3 is for the number of

(1.16)

possible quark colours and the sum is over the charges Q; of all relevant
quark flavours. As a function of the CMS energy +/s the quark—antiquark
flavours and values of R are as follows:

S UL N QlC as 10110

N
N

ufl, dd, s§, ¢, bb  >10

[#8]

Quarks J5(GeV) R

ui, dd 07 [0+ (3)7] -3

wads s10 (I 3437 =

w.dd s >35S+ (P+(P+@R b
[+ +()+(G 5

)+ ()]

The diagram forete~™ — 7+ + 7~ + 79 is shown below. G represents
a (strong) gluon exchange.

The CMS energy of the pion in the decay A — 7 + p is given by
a little calculation in relativistic kinematics, as E; = (Mi + mi —
Mg)/ZM A = 0.267 GeV (at the resonance peak). The corresponding
pion momentum is p, = 0.228 GeV/c. The CMS wavelength is then
An = ke/pxc = 8.6 x 107 cm. Inserting J = 5.5 =0,5 =1,
I'y/ Tiotat = 0.0055, one finds ¢ = 1.03 mb. This is the cross section for
thereaction y +p — A atthe resonance peak. In the head-on collision of
a proton of high energy E,, with a photon of energy E, , the CMS energy
squared will be s = MS + 4EyE, = M3 if the collision excites the A
resonance. The microwave radiation at 7 = 2.73 K has a mean energy of
2.7 kT, and this corresponds to a quantum energy E, = 6.3 x 10~ eV.
Inserting this in the above expression, one obtains Ep ~ 10?! eV. The
mean free path of these protons through the microwave radiation will
be A = 1/po, where p = 400 cm 3 is the density of the microwave
photons (see Chapter 2). Inserting the above value for the Cross section,
one obtains for the mean free path the value

A =2.5x 10" m ~ 0.8 Mpc

(For further details, see Section 6.6.)
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Chapter 2

Q.1 Bmdmg energy ~10% J. Mass energy ~1070 J.
(2.2) v* > 8nGpr?/3. Inserting v = Hr, the limit on the den nsity i

Gﬂ

¢ ph
T

just the
critical density (2.23), ’
24) 142 =107. T = 12 x 108 yr, assuming matter domination for
z < 107.
(2.5) 5%.
(2.6) 5750 K.

(27) e>5x 10719,

(2.8) For a radiation-dominated universe, p = (3/32nG)/¢* from (2. 36)
while from (2.11) for matter domination R = (6GnpR3)1/3¢2/3, After
integration this gives for the time elapsed to reach a density p

trad = (-- 3,~ \1/2 fmat = ( ! \1/2

\32nGp/) \6nGp )

which can be compared with the free-fall time of collapse of a body of
density p from rest, (see (5.26)):

3n \1!/?
Ifreefall = 32Gp

(2.9) Asindicated in the text (see also Problem 2.14) the freeze out of neutrons
and protons from equilibrium occurs when the interaction rate W in
(2.58), varying as T, falls below the expansion rate H in (2.47), varymg

as T2 g*1/2. Thus, the freeze-out temperature T o g*!/6, where g* =

22 + 7 N,)/4 is the number of states of photons, electrons, positrons,

and neutrmos/antmeumnos and N, is the number of neutrino families
(see Section (2.8)). For N, = 3, g* = 43/4, kT = 0.8 MeV, so that kT
for other values of N, is easily found. Inserting in (2.61), the initial and
final neutron/proton ratios and hence the helium mass fraction can be
calculated as a function of the assumed number of neutrino families.

For a neutron—proton mass difference of 1.4 MeV and three neutrino
flavours, the initial neutron/proton density ratio in (2.62) becomes 0. 174,
leading to a helium mass fraction of 0.21.

(2.10) Let the light signal start off at t = #1, to reach us at t = 3. Consider the
time interval d¢’ where #; < ¢’ < fo. In this time interval the light signal
covers a distance c dr’, but by the time ¢ = 7, this will have expanded to
cdt'R(0)/R(t'), where R(t') is the expansion factorat? = ¢'. From 2.11)
we know that in a matter-dominated universe R(0)/R(t') = (to/1')*/3.
Hence, the total distance travelled by the light signal will be

_ Cdt’_ 2/3 1 173
L=ro [ 5 =i [ = 3“"[1‘(?5)

The redshift is given by (1 + z) = R(0)/R(t;) = (to/t;)*/3. Hence, the
time elapsed is

Telapsed = 3to [1 - ] = 0.85¢,

(l + Z)I/Z




(2.11) Referring to equation (1.18) the cross section for the reaction Ve +n —
€ +pis given by the formula

4, 2
o= mGp(PfC)

Wwhere we have taken v; = v; = ¢. With Gr = 1.17x 10~5(hc)3 Gey -2
this gives o = 1.7(pec)2 x 10-4 cm? with the fina] state momentum
pic in MeV. The width or rate for the reaction Per neutron target js
found from (1.14) as W = ¢ where ¢ = nc is the flux of incident
neutrinos and » is thejr number density as given by (2.40) and (2.45),
that is, ¢ = 2 x 1042(kT)3 in units cm—2 s™!, with kT measured in
MeV. This gives a value of W — 0.05(T)3(psc)? 5! 1o be compared
with H = 0.7(kT)2 s~ from (2.47) for three neutrino flavours. The
value of the final state momentum in the reaction will be prc ~ kT + Q,
where Q0 = 1.29 Mev. Setting W/H = 1 for the freeze-out condition
gives kT ~ 1.5 MeV, as can be found by trial and error. This is an

such effects are accounted for, the freeze-out temperature is found to be
approximately 0.8 MeV.

212) @ < 2, 0r@, > 1,

(2.14) Referring to equation (2.33) and Example 2.3, the expression for the
age to will be given by the integra]

dz

Hofo = / 1+2[Q0 +2 + 1T~ @)1 1 772

where the integral runs from z = O to Z = 00, and the (1 + z)3 and
l (1+2)? terms refer to matter and curvature contributions, respectively,

and Q¢ =1 — Q where O = Q. To perform this integral, first make
P the substitution (1 + 7) = [(1 - 2)/Q1tan? 9, when it reduces to

e FEN T g

Where A = 2Q/(1 — ©)3/2. Tpe limits of integration are from z=0,
whentan’6 = Q/(1 — Q) to 7 = 00, when tan? 6 = o0 and g — /2.
Inserting the numerica] value Q = 0.35, ope obtains Hyry = 0.793 or
o = 10.9 Gyr.

f ' Chapter 3

(3.2) Positive and negative pions are particle and antiparticle. Positive and
negative sigma baryons are not.

. (3.3) The p-mesonhas C = P = —1; f megon hasC =P = 1] The process
P = 1% is allowed as an electromagnetic decay, with a branching

Chapter 3 239
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(3.5)
(3.6)

ratio ~a (actually 0.07%). The corresponding decay for the f-meson §
forbidden by C-invariance.

30 mrad per year. 1.5 x 102 yr.

If p, E., me, and Pp, Ep, and M, refer to the three-momenta, tota}
energies, and masses of the electron and proton, respectively, then the
square of the total four-momentum, equal to the CMS energy squared,
is (see Appendix B)

5 = (Be +Ep)” — (Pe + Pp)? = m2 +m2 + 2(EcEp — p, - pp) ~ 4E.E,

where in the final step we have used the fact that both particles are

extreme relativistic, so that masses can be neglected, and the fact that

the electron and proton momenta are in opposite directions.

(a) Inserting numbers, the value of s = 98 400 GeV?2.

(b) The CMS energy squared of the electron—quark system is s/4.

(c) The cross section for the electromagnetic interaction is given by
(1.23), which assumes that ¢? <« q?nax = s and ¢ represents the
absolute value |¢2|. In this approximation

da) _ 4ma?|Q/el? X
(d—qz em B T (1)

where |Q/e| = % is the u-quark charge. The cross section for the
weak charged current interaction is given by (1.27b) which, after
allowing for the W propagator at high ¢ assumes the form

(), =
dg? ) o (1 + ¢2/M2,)?)

If we make the substitution x = 3Gva2V /4me and set y = g% /M3,
then, equating the above cross sections, gives the quadratic

Yt -2y —-1=0

with solution y = (1 + x)/(x* — 1). Inserting numbers (see
Appendix A) one obtains x = 2.45 and y = 0.69, so that the
cross sections become equal at g2 = 4400 GeV2. Above this value,
the charged weak current cross section exceeds the electromagnetic
Cross section.
[Note: the cross section (i) has been stated in simplified form. At
large ¢ it should be multiplied by a factor [1 + (1 — 4*/q%.)%1/2,
but since the appropriate value of g « s this correction is small.]
(d) Atlarge momentum transfers, neutral current (Z exchange) as well

as photon exchange in the process e +p — e +hadrons will become
important.

(3.7) (a) Under interchange of space and spin coordinates, the wavefunction

acquires a factor (—1)L+5| that is, (—1)° for a system with L =0,
and S =0 or 1. But interchange of spatial and spin coordinates of
electron and positron is equivalent to interchange of positive and
negative charges, so that C = (—1)5. If the positronium decays to
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two photons, it must have C = + 1 so that this is the singlet state of
S =0, while decay to three photons implies C= —1 and S =1. On
. account of the opposite parity of particle and antiparticle, the parity
is P = (—1)L*! = — 1. Hence, the quantum numbers are J°¢ =0~
for the two-photon decay and 1~ for the three-photon decay.
(b) The energy levels are E, = —a’mc? /(4n?) = 6.806/n* eV. The
n =2 — n =1 transition energy is 0.75 x 6.806 = 5.1 eV.
(c) The annihilation process needs the overlap of the electron and
positron wavefunctions inside the volume they occupy, which is
3 of the order of the cube of the Bohr radius a = 2hk/(mca). So,
§ for either decay, a factor (ma)? enters the rate. The two-photon
decay involves two lepton—photon vertices, hence a factor o?, giv-
4 ing an overall factor m>a>. A rate or width has dimensions of energy,
i hence dividing by m? to get the correct dimensions we can guess
- ['2y) ~ ma?. In fact, the true width is just half this, ma? /2. The
' three-photon decay clearly involves a third vertex and hence another
factor of &. The full calculation yields I'(3y) = [2(?—9)/9n)ma®.
Y (3.8) JP€ = 17". a5 ~ 0.7. (A more sophisticated analysis of upsilon levels
gives a5 ~ 0.2.)
(3.9) The transformations are as follows:

e T e

T P

r r -r

p -P -P

o —0 o

E E —-E
{ B -B B

o-E-—0-E —0-E

oc-B o-B o-B
! o-p o-p —o-p

It is seen that an electric dipole moment for the neutron would violate
both P and T invariance. So we can write for the dipole moment

EDM = charge (|e|) x length

x P-violating parameter x T-violating parameter

e ———— e e

The fact that P is violated means that we must introduce the weak coup-
ling, with magnitude Gr = 1.17 x 103 GeV~2. We can get from this a
characteristic length, which has dimensions 1/energy, by introducing a
mass, which can be taken as the neutron mass. Thus, with 1 Gevl = .
1.97 x 10~14 cm, we find for the length [ = GpM;, ~ 2 x 107!% cm.
For the T-violating parameter we assume the CPT theorem and take
the equivalent CP violation rate from neutral kaon decay. The direct
CP-violating rate is &’ ~ 1077, giving as our guess for the neutron
electric dipole moment EDM ~ 10726¢ cm. It is a pure accident that
this is also the present (2003) experimental upper limit to the dipole
i, moment. A full calculation with the Standard Model yields an estimate
i of 103! ¢ cm, but other theories of ‘physics beyond the Standard Model’
yield values as high as 10~%%¢ cm.
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(3.10)

A.1)

4.2)

A polarization asymmetry in proton—proton scattering, that ig,
a dependence of the scattering cross section on the sign of the beam
helicity, would be a sign of parity violation. The expected level will be
of the order of the ratio of weak to strong coupling amplitudes, that ig
of the order of 10~7.

All the decays are allowed, except for

00— 704 n0 (forbidden by Bose symmetry, for which J must be
even)

°> n’+n (C = -1 C = +1 tansition forbidden in e.m.
interaction)

n—>et+e” (C = +1 > C = —1 transition forbidden in e.m.
interaction)

The rate for n° — y + et + e is suppressed by a factor « relative to
the two-photon decay.

Chapter 4

2GM

Ab =
bc?

[Note: This is too small by a factor 2, as compared with the value given
by the general theory of relativity. One reason for the discrepancy is that,
in the Newtonian approach, only the spatial coordinates of the photon
are considered, while in fact the gravitational field also affects the time
coordinate, as explained in Appendix B. This introduces a time delay
(called the Shapiro delay), which must introduce an extra deflection
(as is familiar in classical optics, when the speed of light changes as it
travels from a less dense to a more dense medium).]

(1) Inserting the value of the Fermi constant, and with s in MeV?, the
cross section is found to be 0 = 2.82 x 10™4° s cm?.

(2) If the momentum and energy of the electron and positron are
Pi(= Ey) and pa(= E), then s = (E; + E3)* — (p1 + p2)? =
2E1E>(1 — cos ) where 8 is the angle between the two momenta.
These are isotropically distributed, so that (cos) = 0 and (s) =
2(E)® = 2 x (3.15kT)2.

(3) Again referring to (2.40), the density of electrons or positrons is
Ne = (3) x 2404 x (kT)*/(n213c3) = 2.39 x 103 (kT)? cm 3
(with KT in MeV). Setting the relative velocity v ~ ¢, the value of
1/W = 1/{aNev) ~ 25/(kT) s.

(4) From (2.38) and (2.46) one obtains ¢ = 0.74/(kT)? s for g = 44—3.
Equating ¢ with 1/W gives for the freeze-out temperature k7' ~
3 MeV.

[Note: This is only an approximate value, for several reasons. First,
the calculation of both cross sections and particle densities assumes
all particles are extreme relativistic, and the corrections for electron
mass will reduce the cross section, the particle density, and the relative
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velocity and thus increase the freeze-out temperature. Second, the cal-
culation of the cross section ignores the effects of Z° exchange (neutral
weak currents), which will increase it by about 15% and hence reduce
the critical temperature.]
(4.3) v* = GM/R.
V=170 kms™!
Optical depth 7 = v2/c? = 1076,
$ (44) Er = [4MpMg /(Mp + MR)*1Ep cos? 6
} ER maximum when 6 = 0.
]
i

L e T T

ER(IIlaX) = ED when MR = M‘r):
For Mr « Mp, Er = 4Ep(Mg /Mp)
For Mp « My, Er = 4Ep(Mp/MR).

Er ~ 70 keV in numerical problem.
(4.5) 1.03x 107" ms2 ~ 1012 g,

s,
14
‘.\;

¥
b
{‘Q:‘

Chapter 5

(5.1) T =27 /w = (31 /Gp)'/?
(5.2) v, =360ms™!

Ay =6.88 x 10’ m

M = 7pA3 /6 = 2.2 x 107 kg (cf. Earth mass = 6 x 10%* kg)

(5.3) The Thomson cross section is given in (1.26) as

2h202

[ _ Sre —=0.67b.

T Gmch
The present baryon density from (2.28) is
o =45x10"2 kgm3
corresponding to a proton and electron number density of the order of

Np = Ne = pp/M;, = 0.27 electrons or protons m 3. The mean free
path for Thomson scattering of the radiation by free electrons is then

~

~5x 10%/F
(FoNy) /Fm

where F is the fraction of intergalactic matter that is ionized and there-
fore subject to scattering, y +e — y +e. So the mean free path is large
compared with the horizon distance, of the order of 1026 m, and scat-
tering is not likely to be important. Note that, since matter is conserved,
this result does not depend on details of the expansion of the universe.

L (5.5 1=32%/(c*t)

A=1lcm;t = 10* yr; M = 1016M® ~ cluster mass

A=1mm;z=10°yr; M = 102M g ~ galaxy mass
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Chapter 6

(6.1) E-222
(6.2) 110 m.

(6.3) 24km
(6.4) The probability that a pionis produced in an element of depth dx at depth

x gm cm™2 in the atmosphere by a primary proton is exp(—x/A) dx/A,
where the interaction length A ~ 100 gm cm™2. The probability that
it will then survive to depth y without interaction is exp{—(x — y)/Al,
where to keep the problem simple we assume the same interaction length
for pions and protons.

The connection between the depth x in gm cm~2 and height h is h =
H In(X/x), where X = 1030 gm cm™2 is the total atmospheric depth,
and again for simplicity we have assumed an isothermal, exponential
atmosphere (strictly only true in the top third of the atmosphere) with
H =6.5km.

In traversing the interval x to y the pion covers a distance s =
H In(y/x), and the probability that it does this without decaying, and
subsequently decays in an element ds is

d H
dP = exp <—L) = - __d_y
yct) yet  yer 'y

H “d
X exp [—— In (Z)] =« ({) 2
yCcT x y/) Y
where a = H/yct = Ep/E. Here, E is the pion energy, y = E/mc?,

and m and 7 are the pion mass and lifetime. Thus, the joint probability
that a pion is created in dx and survives to decay in the depth interval

dy is
dx x xX—y x\* dy
P(x,y)dxdy_Texp(—X)exp(— Iy )a(;) ;

and the probability that the pion is produced at any value of x < y and
decays in dy is found by straightforward integration to be

()%

P(y)dy =

a+1

The overall probability that the pion decays anywhere in the atmo-
sphere is found by integrating fromy = O toy = X. Since X >> A the y
integration just gives unity. So, the overall pion decay probability is

o Ey
a+1 E+E

P, decay =

where Eg = Mmc?/ct = 117 GeV.

If the pion is produced at a zenith angle &, the depths remain the same,
but all distances are multiplied by the secant of this angle, so that the
energy Ey is simply replaced by Eg sec 6.
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(6.5) In the pion rest-frame, let the muon and neutrino have three-momenta
p* and —p*. Then, conservation of energy gives, assuming zero neutrino

mass (units c =/ = 1)
mx = /P*? +m? + p*

| Hence, the momentum and energy of the muon in the pion rest-frame
are

{ 2 2 2 1 a2y
i o= (ms% — my) B (mz, +my)
2my 2my

|

In the laboratory system, the muon energy is therefore (see Appendix B,
equation (B.12))

i E, = y(E* + Bp*cos 6*)
{
1

where y = E/mx, B = (1 — 1/y%)"/2, and 6* is the angle of emis-
sion of the muon relative to the pion line-of-flight, measured in the pion
rest-frame. Since the pion has spin zero, the muon will be emitted iso-
tropically so the distribution in cos 8* will be flat and the lab energy
distribution of the muon, in the approximation that B =~ 1, will also be
a flat distribution extending over the range E, = y(E* £ p*), that is,
from E, = Ex to E,, = (1 — @)E,, wherea = (1 — m? /mk) = 0.42.

If the pion energy spectrum has the form E-3dE it follows that
pions in the energy interval dE will produce the following laboratory
muon spectrum at sea-level (neglecting ionization energy losses in the
atmosphere):

\ — (%) (4E
| dN‘(aE)(v)PW)

where P(E) = Ey/(Eo + E) is the pion decay probability from Prob-
lem (6.4). Setting x = E/F and integrating over pion energy we obtain
for the muon spectrum

N 1 / dx
dE, — aE} J x*(1+x)

where the integral runs from x = E./Eytox = E, JaE,.
We can express the integrand in the form

1 Cl—x4x?— (=1l + (=1n
(1 4+x) x" (1+x)

¢ The integration is straightforward and yields the result

_ 3
_dﬁz L [M_(l_bz)(ﬂ)
dE, ~ \aEZ 3 2E
. (B 2 ﬂ)31 [(Eu/Eo+b):|
9 *d “(%)+(% | E/Bo + 1)

where b = 1 — a = 0.58. Typical values for the ratio R(F) of muons at
sea-level with energy E to pions created in the atmosphere with energy
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(6.6)

6.7
(6.8)

(6.9)

E are as follows:

E/Ey ~0 01 10
R 064 056 02

5.0
] 9 0.09

No CP-violating effects are possible with only two flavours in vacuum,
since a CP-violating phase requires at least three flavours and a 3 x 3 mix-
ing matrix. If matter effects in the Earth are taken into account, induced
CP-violating effects, that is a difference in the oscillation amplitudes for
neutrinos and antineutrinos are possible with only two neutrino flavours,
because the Earth is not CP-symmetric, being made of matter without
antimatter.

Am? < 0.064 eV?.

Applying the conservation of energy and the conservation of momentum,
parallel and perpendicular to the direction of the incident neutrino,
allows one to eliminate the energy and angle of emission of the recoil
electron, and there results a relation between the angle of emission 6
of the scattered neutrino and its energy, E’, in terms of the incident

energy E:
1 1
cosb=1-m|———
E E

where m is the electron mass, and the neutrino is assumed massless.
Since E >> m, we can expand cos @ ~ 1 — 62 /2, whence we obtain the

relation
[ /1 1\

9=\/2mkE—E

From the solution to Problem (6.5) we know the energy and momentum,
E* and p*, of the muon in the pion restframe:

2 2 2 _ 2
E*=mn+mu‘ B =m,r m
2my 2my

The laboratory energy of the muon from the decay of a relativistic pion of

Lorentz factor y = Ey/my and B ~ 1 is (see Appendix B for examples
of Lorentz transformations)

E, = y(E* +p*cosb*)

where 6* is the angle of emission of the muon in the pion rest-frame.
As explained in the answer to Problem 6.5, this angular distribution
is isotropic, and the muon energy in the laboratory therefore extends
from (m} /m2)E, = 0.58Ey to Ey, with a mean value of 0.79Ey, so
the neutrino receives an average energy of 0.21E,. In its subsequent
decay, the muon transforms into a positron, an electron-neutrino and a
muon-antineutrino, each receiving approximately one-third of the muon
energy, that is, about 0.26E,. To summarize, therefore, the average

(
(t



energies of the various neutrinos are as follows:

+

s ut 4y, (E(vy)) = 0.21E,

wt > et 4y + vy (E(ve)) = (E(vy)) = 0.26E,,

The numbers here ignore the effects of spin polarization of the muons
from pion decay, which can affect the mean energies by several per cent.

(6.10) P=5pW

(6.12) 3.8 x 10" m ~ 1 kpc. No.

(6.13) 1077,

(6.16) Suppose the jet of relativistic particles emits a light signal at time ¢, and
a second signal at time (fy 4+ Af). Taking the x-axis as the line of sight
to Earth and the y-axis in the transverse direction, the actual transverse
velocity of the jet is Ay/At = vsin 6, but this is not the value observed
at the Earth. Since the jet is moving towards the Earth with velocity
vcos 6, the time on the Earth between the two signals is

A
Mg =Ar- X At[l - Zcow]
c c
Hence, the apparent transverse velocity measured on the Earth is
Urans Ay _ Bsinf
c  cA 1 — fBcosh

where 8 = v/candy = 1/,/1 = BZ. Differentiation shows that u,ns/c
has a maximum value of y8 when sin 6 = 1 /v B, and therefore exceeds
unity when 8 > 1/,/2. On the contrary, when 6 > /2, the ‘away jet’
will be observed to have a transverse velocity less than 8 sin 6.

(6.17) Wereferto (B.15) in Appendix B. Assume the electron travels along the
x-axis, and set p, = 0 for convenience, so the transverse momentum is
Py- The angle of emission in the electron rest-frame is given by

Py Py

tanf* = 2L = Y
Py v(px— BE/c)

where symbols with an asterisk refer to the electron re;

a
those without to the laboratory system, and p} = p,. With Py =psind,
Px =pcosf, and E = pc for a photon one obtains

sin 8
y(cosd — B)

In the electron rest-frame, half of the photons will have §* < /2, or
cosf > B,orsinf < 1/y. For ultra-relativistic particles, the half-width
of the beam of emitted photons is therefore § ~ 1/y.

tan 6* =

Chapter 7

(7.1) @ = 0.63 rads™!.
(7.2) Five billion years.

Chapter 7 247
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(7.3) If the mass M is to be supported by degeneracy pressure, the density js

given by (7.29)

4mg Amp 3 ramy’ 2

= (50)(7) (5)
If M is small enough, pge will fall below normal solid matter densities and
atomic (electromagnetic) forces will then prevent gravitational collapse,
So the maximum mass not dependent on electron degeneracy for stability
is found by setting Pdeg = Pmatter = 104 kg m~2, Inserting the various
constants yields M ~ 5 x 10?7 kg or about 0.25% of the solar mass,
The largest planet in the solar system is Jupiter with M = 0.001M,, for
which the increase in central density due to electron degeneracy would
be only about 10%.

(7.4) t < 660 y1, inconsistent with its origin in AD 1054.
(7.5) The particle horizon distance is nctg where n = 2 for a radiation-

dominated universe and n = 3 for matter domination. If the mass is
M, then,

or

The mass of the universe of age f; and critical density is (471/3) pc(nct)’.
Inserting the values in ST units of o = 9 x 10" and G = 6.7 x 107",
this is equal to the above mass when zo = 1.5 x 101%/nyr.

(7.6) R~ 103 m (about equal to the radius of a proton).

M ~ 10" kg (about equal (o the mass of a typical mountain).

(7.8) 3.7 x 10° solar masses; 5200 km s~!
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Index

Abelian group, 78
absolute magnitude, 35

accelerating/decelerating universe, 15

accelerators, fixed target or colliding
beam 221
accretion disc, 168
acoustic peaks in microwave fluctuations, 144

active galactic nuclei coo ACIN

OSaviL 1ulill, S8 ANTIN

adiabatic fiuctuations, 137

age of universe, 4046

AGN (active galactic nuclei), 99, 112

AMANDA experiment, 181

angular distance, 224

angular momentum operators, 66

anomalous magnetic moments, of electron
and muon, 77

anthropic principle, 119

antineutrino helicity, 71

antiparticies, 6

antishielding, 82

asymptotic freedom, 82

1 e TN S0 o
atmospheric neutrinos, 170 et seq

axions, 105

0 anny amd D
B" meson decay and CP

b quark (bottom aua_k), 3
barn, millibarn, microbarn etc, 17
baryogenesis, 59
baryon-antibaryon asymmetry, 59 et seq
baryon number and its violation, 61
baryon-photon ratio, 58 ez seq
baryonic matter in universe, 44
baryonic dark matter, 103
beta decay, and parity violation, 71
Bethe-Bloch energy loss formula, 159
Big Bang model, 36
binary pulsar, 184
binding energy, of nuclei, 191
Birkhoff theorem, 39
black body spectrum, 48
black holes, 209

Hawking radiation from, 211
blazars, 169
Bohr magneton, 76
Boltzmann factor, 57
BOOMERANG experiment, 141
Bose-Einstein statistics, 5
Bose-Einstein distribution, 50

auon 92

boson exchange, 8
boson propagator, 10
bottom (b) quark, 4

totaa
bound states, 15

Breit-Wigner formula,

bremsstrahlung, 159
Brookhaven laboratory (BNL), 5

Cabibbo angle, 91
calorimeters, 22

cascade showers, 160

Casimir effect, 116

CDF detector, 22

centre-of momentum frame, 17
Cepheid variables, 35
Cerenkov effect, 162
Cerenkov counters, 86, 204
CERN accelerators, 5, 222
Chandrasekhar limit and mass, 200
chaotic inflation, 128

~L

charged weak current, 8

charge conjugation, 72

charge conservation, 75

charm quantum number, 3

charm quark, 3

charmed meson, 31

clocks in gravitational fields, 218
CKM matrix, 91

cloud chamber, 7

closed universe, 36

closure parameter, 43

CMB, see cosmic microwave radiation
coasting universe, 115

COBE experiment, 48, 140

cold dark matter (CDM), 104 er seq, 140
colliding beam accelerator, 221

colour quantum number, 10

colour factor in e*e™ annihilation to hadrons,

20

Coma galaxy cluster, 34

comoving coordinates in expanding
universe, 36

Compton scattering, 22, 137

confinement of quarks, 11

conservation rules and symmetries, 65 er seq

constituent quark masses, 3

continuity equation, 231

coordinate distance, 36

coordinate transformations in relativity, 216

conversion length, 160
cosmic microwave radiation (CMB)
discovery and spectrum, 48
polarizaiion, 145
temperature fluctuations, 140
cosmic rays

H 18&
acceleration, 155

abundances of elements in, 151
east-west effect, 154
geomagnetic effects, 152
hard and soft components, 157
primary energy spectrum, 150, 157
showers, 160

cosmological constant, 41
and dark energy, 117

cosmological principle, 36

Coulomb notential 11 101

LD poteiilial, 11, 171

coupling constants, 10

covariant derivative, 75

CP symmetry, 73, 88

CP cigenstates in neuiral kaon system, 89
CP violation in neutral kaon and B meson

decay, 88 ef seq

CP violation and baryon asym imetry, 61, 90

CP violation in Standard Mode 1, 91
CPT theorem, 88
Crab pulsar, 208
critical density of universe, 43
critical energy, 160
cross-section, definition, 17
examples of elementary cross-sections, 18
and decay rates, 24
forete™ — anything, 20
current conservation, 74
curvature of space in general relativity, 38,
223
curvature parameter, 38
cycloid solution of closed universe, 40
Cygnus A radio galaxy, 168

dark energy, 112 et seq

dark matter, 96 et seq

DASI experiment, 141, 145
decay rates and resonances, 23
A(1232) resonance, 27, 164
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density of final states see phase space factor
diffraction scattering, 25
dipole anisotropy, of microwave radiation, 140
distances in cosmology

angular distance, 224

luminosity distance, 113, 224
distance modulus, 35
distance — redshift relation, 33
divergences, in quantum field theory, 76
Doppler effect, 33

Doppler formula 50

paeT Io1Inig, 0

down quark (d quark), 3

EGRET detector, 167

LaJEas 2 GOllon, 2%

Einstein-de Sitter universe, 113, 234
Einstein radius, 99
effective (running) coupling, 81
electric dipole moment, 105
electromagnetic coupling, 5
electromagnetic interactions, 8, 10
electromagnetic showers, 160
electron, 3

degeneracy pressure, 197

magnetic moment, 77

radiation ioss by, 155
electron neutrino, 3
electron-positron annihilation, 68
electron-positron colliders, 222
electroweak interactions, 8, 13
electroweak couplings, 78
energy densiiies in universe, 41

equation of state, 41

equivalence principle, 219

eta meson (1), 95

Euler-Lagrange equation, 65

Euler’s equation in fluid mechanics, 231
exchange interactions, 8

exclusion principle, 6

expansion parameter, 36

extensive air showers, 161

f-meson, 94
false vacuum, 80, 126
Fermi coupling constant, 13
fermi unit, 2
fermions

pair creation, 7

parity, 69
Fermi energy, 198
Fermi-Dirac statistics, 5
Fermi-Dirac distribution, 51
Fermilab, 22
Feynman diagrams, 9, 19
fine structure constant, 10
fine tuning of €, 123

fixed target experiments, 221

flat universe, 36
flatness problem, 123
flavour quantum number, 3
fluctuations
in microwave radiation, 140
adiabatic or isothermal or isocurvature, 137
spectrum of, 132
fluorescence, from cosmic ray showers, 164

Fourier transform, 24

QU Tansioliil, 24

four-momentum transfer, 223

four vector, 222

Friedmann equation, 38 ef seq

Friedmann-Lemaitre-Robertson-Walker
(FLRW) model, 38

fundamental interactions, table of, 5

fusion probability and timescales, 191, 197

g-factor, for electron and muon, 77
galaxies, 32
spiral structure, 33
clusters, 34
gamma rays
absorption in matter, 160
bursts, 168
point sources, 166
Gamow energy, 192
gauge bosons, 14
gauge invariance and gauge transformations,
73 et seq
geodesies, 38, 225
geomagnetic field, 154
GKZ cut-off, 164
global phase transformation, 74

PPN I

gluuum.l l.ll.iblcl 196

crlnnnc

colour charge, 10
in quantum chromodynamics, 82
g-factor of electron and muon, 77
grand unified theories (GUTs), 84
baryogenesis, 59
proton decay, 85
unified coupling, 85
gravitational constant, 5
gravitational interaction, 8, 13
gravitational blue shift, 220
gravitational collapse, Jeans mass and
free-fall time, 133
gravitational lensing, 98 et seq
amplification, 100
Einstein radius, 99
microlensing, 101
gravitational radiation, 181 ef seq
binary pulsar, 184
laboratory experiments, 185
quadrupole formula, 183
graviton, 5
gravitino, 87
GRO satellite, 167
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hl

hadrons, as quark combinations, 4
halo of galaxies, 97

harmonic oscillator, 117
Hawking radiation, 211

heavy element nrndm‘n oni

helicity,

definition and conservation, 71
helium-hydrogen ratio, in early universe, 58
helium burning, 195
HERA ep collider, 222
Herzsprung-Russell diagram, 195
hierarchy problem, 76

Higgs mechanism, 79

HOMESTAKE experiment, 175
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n stars, 196

horizon problem, 122
Hubble’s constant, 33
Hubble expansion, 32 et seq
Hubble plot, 35
at large redshifts, 112
for accelerating or decelerating universe,
230
Hubble space telescope (HST), 99
Hubble time, 40, 131
hydrostatic equilibrium, in star, 199

identical particles, 5
IMB experiment, 204
inertial frame, 216-219
inflation, 124 et seq

chaotic infl nhnn 128

quantum ﬂuctuatlons and inflation, 130
fluciuation specirum, 131
inflaton, 127
interaction cross-section, definition and
formula, 16 et seq
intermediate vector boson see W, Z bosons
intrinsic parity, 67
ionization energy loss, in medium, 159
ionization potential, 54, 159
IRAS survey, 98, 140
isocurvature perturbation, 137
isospin, 4

JADE detector, 13

Jeans length and Jeans mass, 134 et seq, 233
jets in ete™ annihilation, 13

jets in radiogalaxies, 166

Kamiokande experiment, 204
KAMLAND experiment, 180
K~ mesons (kaons)
K+ and K~ mesons, 88
neutral kaons see K® mesons
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K° mesons
CP violation, 88
decay modes and lifetimes, 89
KL, Ks and K, K> eigenstates, 89
mass difference, 88
Klein-Gordon wave equation, 79, 229

Lagrangian function, 65
Lagrangian energy density, 65, 74
Large hadron collider (LHC), 16
Large Magellanic Cloud, 32, 102
large scale structure, and Jeans mass, 133
last scattering surface, 145, 229
Legendre polynomial, 142
lensing, gravitational, 98 et seq
lensing optical depth, 102
LEP e*e™ collider, 222
leptons, table and masses, 3
lifetime
and widths of hadrons, 25
equality and CPT theorem, 88
light element abundances
and nucleosynthesis, 59
and spallation in cosmic rays, 152
LIGO experiment, 186
lobes, of radio galaxies, 168
longitudinal polarization in beta decay, 70
loop diagrams, 83
Lorentz factor in radio jets, 168, 189
Lorentz transformations, 216
LSP and WIMPs, 107
luminosity distance, 35, 113, 224

M31 galaxy, 33
MACHO:s, 100 et seq

magnetic moments, of electron and muon, 77

magnetic monopoles, 125

magnitude (astronomical), 35

main sequence, 195

MSTO (main sequence turn-off), 195

mass equality, for particle and antiparticle, 88

mass generation, in electroweak theory, 79

matrix element, 17

matter-antimatter asymmetry, in universe, 59

matter-dominated universe, 37

matter-radiation equality, 55

Mattig formula, 226

MAXIMA experiment, 141

Maxwell distribution of velocity, 192

mean free path between collisions, 18

mesons, as quark-antiquark combinations, 4

metric tensor, 217

microlensing, 101

microwave background, see cosmic
microwave radiation

Milne model, 39

Moliere unit, 161

monopole problem, 125

MSW mechanism, 176 et seq

muon, 3

muon decay rate, 24

muon decay in atmosphere, 158
muon-neutrino, 3

negative energy states, 6
negative pressure, 42
neutral weak currents, 8

PSP |

inieraciions and couplings, 72

role in supernovae, 206
neutral K-meson, see K® meson
neutral pion, 73

and soft component, 158
neutrinos

as dark matter, 104

atmospheric neutrinos, 170 et seq

decoupling in early universe, 104

experiments at accelerators and reactors,

180

flavour number, 27

helicity, 71

interaction cross-sections, 23

mass limits, 3

mass eigenstates, 171

muon, electron and tauon flavours, 3

solar neutrinos, 173 et seq

supernova neutrinos, 201207
neutrino interactions, examples, 23
neutrino flavour oscillations, 170
neutrino matter oscillations, 176
neutron

neutron-proton ratio, and nucleosynthesis,

57

electric dipole moment, 105
neutronisation, 202
neutron stars, 207-209
neutron stars and pulsars, 207
Newtonian coupling constant, 5
Newton’s law of spheres, 64
Noether’s theorem, 65, 73
nuclear binding energy, 191
nuclear emulsions, 149
nucleosynthesis and light elements, 59

Olbers’ paradox, 37
omega hyperon, 30
open universe, 36

parallax, 35
parity

intrinsic, 67 et seq

of particle and antiparticle, 69

of pion, 68

operation, 66

violation in weak interactions, 69
partial width, 25
particles and antiparticles, 6
particle-antiparticle congugation, 72

Index 255

particle horizon, 122

Peccei-Quinn symmetry, 105

Pauli principle, 6

peculiar velocity, 232

perturbation theory of structure growth,

231 et seq
phase-space factor, 17
photino see supersymmetry
photons

and gauge invariance, 73 et seq
mass limits, 76
polarization in positronium decay, 68
polarization of microwave radiation, 145
physical constants, table of, 214
PHZ (Peebles-Harrison-Zeldovich) spectrum,
132
pions (see also neutral pion)
as quark-antiquark combinations, 4
mass and decay modes, 156, 188
pion and muon decay in atmosphere, 158
spin and parity, 68
Planck mass and length, 15
point sources of gamma rays, 167
point sources of neutrinos, 179
Poisson’s equation, 132, 231
polarization
of leptons in beta decay, 70
of photons in positronium decay, 69
of cosmic microwave radiation, 145
positron, discovery, 7
positronium
decay modes and lifetimes, 68, 94
pp cycle in Sun, 191, 175
primordial abundances of elements, 59
primordial nucleosynthesis, 56
propagator term, 10, 230
proton decay, 85
proton-antiproton annihilation,

CP eigenstates, 90
proton-antiproton collider, 14
pseudoscalar mesons, 70
pulsars, 207-209

. quadrupole moment, 183

quantum chromodynamics (QCD), 82
quantum electrodynamics (QED), 82
quantum exchange, 8 et seq
quantum fluctuations (in inflation), 130
quantum gravity, 77
quark confinement, 11
quark-gluon plasma, 16
quark flavour mixing in weak interactions, 91
quarks, table of, 3
quasars, 165 et seq

lensing double image, 100
quintessence, 119

radiation and matter eras, 52-56
radiation-dominated universe, 51
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radiation length, 159
radiation loss of electrons, 159
radiative corrections, 76

in electroweak theory, 83
radiative transfer in stars, 193
radio galaxies, 165
radio lobes, 168
radicactive decay, 18
reactor neutrino experiments, 180
recombination era, 55
redshift

cosmological, 33

gravitational, 219
reheating, after inflation, 126
relativistic transformations, 216
renormalization in field theory, 76
resonance, and Breit-Wigner formula, 25
resonances in astrophysics, 28
RHIC, 16
rho (p) meson, 94
Robertson-Walker line element, 223
rotation curves, of galaxies, 96
rotation operator, 66
running coupling, 81 et seq
Rutherford scattering, 19

SAGE and GNO experiments, 175
Saha equation, 54
Sakharov criteria, 61
scale parameter, 36
scale-invariant fluctuation spectrum, 132
scattering amplitude, 25
Schroedinger equation, 176
Schwarzschild line element, 217
Schwarzschild radius, 210, 218
shielding effects, in field theory, 82
shock front
in cosmic ray acceleration, 156
in supernovae, 206
shower development, 160
sigma hyperons, 31
Silk damping, 137
SLAC laboratory, 5
SN1987A, 204 et seq
SNO experiment, 175
solar neutrinos, 173
spark chamber, 3
spherical harmonics, 67
spin function for two fermions, 67
spin-statistics relation, 5
spiral galaxies, 33
spontaneous symmetry breaking, 80

Standard Model of particle physics, 83 et seq
stellar equilibrium, 199
stellar evolution, 191 et seq
stellar collapse, 200
strange particles and strangeness, 4
string model, 77
strong CP problem, 105
strong coupling, 5
strong interactions, 10
Superkamiokande (SUPER-K) detector, 86,
175
superluminal expansion, 125
supernovae
in Hubble plots, 35, 112
light curve, 207
neutrinos from, 204
type Ia, 112
type 11, 201
supersymmetry (SUSY), 5
and grand unificatio, 85
and hierarchy problem, 86
table of SUSY particles, 87
lightest SUSY particle, and dark matter,
107
symmetries in particle physics, 65 et seq
symmetry groups U(1), SU(2), SU(3), SU(5),
77 et seq
synchrotron radiation, 166

tau lepton, 3

temperature fluctuations in microwave
radiation, 140 et seq

Tevatron, Fermilab, 22

time reversal (T) invariance, 88

thermonuclear reactions, 190 et seq

Thomson cross-section, 23

Thomson drag, 137

three-jet event, 13

time delay, in gravitational lensing, 103

time reversal (T) symmetry, 88

top quark, 3
discovery, 21
mass from Standard Model Fits, 83
production rate, 21
properties, 3, 21
track length integral, 161
transition matrix, 17
transverse momentum, 12
triangle anomaly, 12
triple alpha process, 28, 196
true vacuum, 80, 126
turn-off point on main sequence, 195

Uncertainty Principle, 9, 130, 116, 211

unification of electromagnetic and weak
interactions, 78

unification energy in GUTs, 84 et seq

unitarity condition, 92

unitary symmetry, 77

units in particle physics, 2

unitarity triangie, in B-meson decay, 92

up quark (u-quark), 3

l_lps_i]nn meson, 95

100 INeson,

vacuum energy, 41, 44
and Casimir effect, 116
vacuum expectation value, 80
vacuum polarization, 82
vector interactions, and helicity conservation,
71
virial theorem, 185
virtua] particle exchange, 9

W boson, discovery, 14

. W and Z boson mediators, 5, 9

masses in electroweak theory, 78
weak interactions and weak coupling, 5, 8, 12
weak mixing angle in electroweak theory, 83,
176 '
weak neutral currents see neutral currents
WHIPPLE observatory, 163
white dwarfs
and degeneracy pressure, 197-200
cooling rates, 40
width, of resonance, 25
WIMPs, 86 et seq
annihilation cross-section, 107
experimental searches, 111

X, Y leptoquark boson, in GUTs, 85
X-ray pulsars and X-ray bursters, 208

Yukawa coupling, 9
Yukawa potential, 9, 229
propagator term, 10, 230 -

70 boson
mass and width, 27
resonance in e*e~ annihilation, 27
zero point energy and vacuum energy density,
117

e
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Fundamental constants

Bohr radius for hydrogen 4 egh?/moe? = ay 5292 x 10711y
Velocity of light in free space c 2.9979 x i0°ms™
Electronic charge e 1.6022 x 10~ 1°C
Gravitational constant G 6.673 x 107" Nm? kg2
Planck’s constant h 6.626 x 10734Js

h/2mw = h 1.0546 x 107347Js
Boltzmann’s constant kg 1.3807 x 1072 JK"!
Electron rest mass mo 9.109 x 10731 kg
Proton rest mass mp 1.6726 x 1072 kg
Avogadro’s number N 6.022 x 1023 mol !
Molar gas constant R 8.315 Jmol 1 K™!
Rydberg’s constant a’moc/2h = Roo 1.0974 x 10’ m~!
Rydberg’s constant for hydrogen Ry 13.606 eV
Standard molar volume Vi 22.414 x 1073 m3 mol !
Fine structure constant e2/Anephc = a (137.036) !
Electric permittivity of free space €0 8.854 x 107 12Fm™!
Bohr magneton UB 9.274 x 10~2* Am? or JT™!
Nuclear magneton UN 5.051 x 1072’ Am2? or JT!
Magnetic flux quantum h/2e = @y 2.0678 x 10~15 Tm?
Stefan’s constant o 5671 x 1078 Wm2K*
Magnetic permeability of free space Ho 4w x 10°"Hm™1

hc
Energy equivalents for photons £ = hv = kgT = -
E v T A A1
€) (eV) (Hz) (X) (m) (m~1) (cm™1)

1 6.242x10'%  1.509x10%3 7.243x1022 1.486x10~2 5034x10%*  5.034x 10?2
1.602x10~19 1 2.418x10"  1.160x10*  1.240x10~% 8.066x10°  8.066x 103
6.626x1073* 4.136x10715 1 4.799x10711  2998x10®  3.336x107° 3.336x10~!!
1.381x1072> 8.617 x10~> 2.084x10!° 1 1.439x1072 69.50 0.6950
1.987x1072° 124010~ 2.998x108 1.439x10-2 1 1.0 0.01
1.987x1072  1240x10~% 2.998x108 1.439x10~2 1.0 1 0.01
1.987x10"23  1.240x10~* 2.998x10!° 1.439 0.01 100 1




